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ABSTRACT. In this paper we consider an optimal dividend problem for an insurance company which risk process
evolves as a spectrally negative Lévy process (in the absence of dividend payments). We assume that the management
of the company controls timing and size of dividend payments. The objective is to maximize the sum of the expected
cumulative discounted dividends received until the moment of ruin and a penalty payment at the moment of ruin
which is an increasing function of the size of the shortfall at ruin; in addition, there may be a fixed cost for taking out
dividends. We explicitly solve the corresponding optimal control problem. The solution rests on the characterization
of the value-function as (i) the unique stochastic solution of the associated HJB equation and as (ii) the pointwise
smallest stochastic supersolution. We show that the optimal value process admits a dividend-penalty decomposition
as sum of a martingale (associated to the penalty payment at ruin) and a potential (associated to the dividend
payments). We find also an explicit necessary and sufficient condition for optimality of a single dividend-band
strategy, in terms of a particular Gerber-Shiu function. We analyze a number of concrete examples.
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1. OPTIMAL CONTROL OF LEVY RISK MODELS

The spectrally negative Lévy risk model. Recall the classical Cramér-Lundberg model
Ny
(1.1) Xi—Xo=nt=5, Si=Y» Cp—Amt,
k=1

which is used in collective risk theory (e.g. Gerber [22]) to describe the surplus X = {X;,t € R;} of an insurance
company. Here, C) are ii.d. positive random variables representing the claims made, N = {Ny,t € Ry} is
an independent Poisson process with intensity A modelling the times at which the claims occur, and pt, with
p =1+ Am, represents the premium income up to time ¢, with profit rate n > 0 and mean m < oo of Cf.

In later years, the model (IT)) has been generalized to the “perturbed model”
(12) Xt_XO = UBt+77t—St,

where B; denotes an independent standard Brownian motion, which models small scale fluctuations of the risk
process.
Since the jumps of X are all negative, the moment generating function E[e?X¢] exists for all # > 0 and ¢t € R,

and is log-linear in ¢, defining thus a function (6) satisfying:

2
(1.3) E[e?(Xt=X0)] = ¢(0) () = %92 +n6 +/ (e — 1+ 0z)v(da),
(0,00)

where v(dz) = AF¢(dx), € Ry, with F the distribution function of Cy, is the “Lévy measure” of the compound
Poisson process Si, and n = ¢’(0) is the mean of X; — Xj.

The cumulant exponent 1(6) is well defined at least on the positive half-line, where it is strictly convex with the
property that limg_, . ¥ (f) = +00. Moreover, v is strictly increasing on [®(0), 00), where ®(0) is the largest root
of (0) = 0. We shall denote the right-inverse function of ¢ by ® : [0, 00) — [®(0), 00).

An important generalization is to replace the process S in (L2) by a general subordinator (a nondecreasing
Lévy process, with Lévy measure v(dz),z € Ry, which may have infinite mass). Under this model, the “small
fluctuations” can arise either continuously, due to the Brownian motion, or due to the infinite jump-activity.

Taking S to be a pure jump-martingale with i.i.d. increments and negative jumps with Lévy measure v(dz),
one arrives thus to a general integrable spectrally negative Lévy process X = {X;, t € Ry} i.e. (see Bertoin [13],
Kyprianou [31], Sato [44]) a stochastic process that has stationary independent increments, no positive jumps and
cadlag paths with X, integrable for any ¢ € R,, defined on some filtered probability space (2, F,F,P), where
F = {Fi}ier, is the natural filtration satisfying the usual conditions of right-continuity and completeness. The
assumption that X; has finite mean for any fixed ¢ € R, is equivalent to the requirement that the Lévy measure v

satisfies the integrability condition
V1,00 ::/ zv(dr) < oco.
[1,00)

To avoid degeneracies, we exclude the case that X has monotone paths. We denote by {P,,z € R} the family of
probability measures that correspond to the translations of X by a constant, that is, P,[Xo = z] = 1.

An alternative characterization of spectrally negative Lévy processes is via the “g-harmonic homogeneous scale
function” W(®, a non-decreasing function defined on the real line that is 0 on (—00,0), continuous on R, with
Laplace transform given by

o0
(14) | et way = o) - 0> o)
0
Despite of the diversity of possible path behaviors displayed by spectrally negative Lévy processes, a wide variety

of results may be elegantly expressed in a unifying manner via the homogeneous scale function W (% bypassing thus



2 FLORIN AVRAM, ZBIGNIEW PALMOWSKI, AND MARTIJN R. PISTORIUS

“probabilistic complexity” via unified analytic methods. This paper further illustrates this aspect, by unveiling the
way the scale function intervenes in a quite complex control problem.
De Finetti’s dividend problem. Under the assumption that the increments of the surplus process have
positive mean, the Lévy risk model has the unrealistic property that it converges to infinity with probability one.
In answer to this objection, De Finetti [I§] introduced the risk process with dividends

(1.5) UF=X,—-Df, t>0,

where 7 is an “admissible” dividend control policy and DJ denotes the cumulative amount of dividends that has
been transferred to a beneficiary up to time ¢, and where UJ_ = Xy = = > 0 is the initial capital.

Writing 7™ = inf{t € Ry : UF < 0} for the time at which ruin occurs, the objective is to maximize the expected

/ e_qthf] ,
[0.77)

with E,[-] = E[| X, = z] and where II denotes the set of all admissible strategies and ¢ > 0 is the discount rate.

cumulative dividend payments until the time of ruin

vi(z) = sgg E,
K

Note that ruin may be either exogeneous or endogeneous (i.e. caused by a claim or by a dividend payment).
A dividend strategy is admissible if ruin is always exogeneous, or more precisely, an admissible dividend strategy
D™ = {D7,t € R} } is a right-continuous F-adapted stochastic process that will satisfy that, at any time preceding
ruin, a dividend payment is smaller than the size of the available reserves:
ADT :=D] — D} < (Xt — Dfﬁ) v 0, and
(1.6) for any t < 77,
Df(c) — D < p(t —u) for all u € [0,¢), in the case 11 < 00,

where D™(©) denotes the continuous part of D™ and
(1.7) pi=n+1vp1 + V1,00, With vg1 1= / azv(dx).
(0,1)

The second line in Eqn. (L)) states that, if the jump-part of X is of bounded variation, it is not admissible to
pay dividends at a rate larger than the premium rate p at any time ¢ that there are no reserves (i.e. U] = 0), as
this would lead to immediate ruin.

Single barrier policies. Recall first the simplest case when there are no transaction costs. One possible
dividends distribution policy is the “barrier policy” m, of transferring all surpluses above a given level b, which

results in the optimal value:

w (@
/ e tdD?| = A, x €[0,0],
0,7) W@ (b)

and vp(x) = x — b+ vy(b) for x > b, where 7, = inf{t > 0: X, < D!}, and D = D™ is a local time-type strategy,
given explicitly in terms of X by D§_ =0 and

vp(x) = v, (x) = E,

Db =sup (X, —b)", teRy,
s<t

with 27 = max{z,0}. As this equation shows, a non-zero optimal barrier must be an inflection point of the scale
function, if the latter is smooth.

Multiple bands policies. However, single barrier strategies might not be optimal cf. Gerber [20, 21]. The
optimal strategy may be a “multi-bands strategy”, involving several “continuation bands” [a;,b;),i = 0,1, ... with
upper reflecting boundaries b;, separated by “lump-sum dividend taking bands” [b;,a;11),i = 0,1, ... of jumping

to the next reflecting barrier below b;, by paying all the excess as a lump-sum payment (see also Hallin [27], who
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formulated a system of time dependent integro-differential equations associated to multi-bands policies). Azcue &
Muler [10] established the optimality of multi-bands strategies under the Cramér-Lundberg model in the presence
of proportional and excess-of-loss reinsurance, adopting a viscosity approach. Recently, Albrecher & Thonhauser [2]
proved the optimality of bands strategies, in the case that the reserves attract a fixed interest rate.

Gerber showed also that for exponential claims (and with no constraints on the dividends rate), the optimal
policy involved only one barrier (and one continuation band); however, constructing examples where more than one
band was necessary remained an open problem for a long time.

Optimality conditions for single barrier strategies. The interest in bands strategies was reawakened by
Azcue & Muler [10], who produced the first example (with Gamma claims) in which a single constant barrier is not

optimal. Let
(1.8) b* = sup {b >0: W b) < W (z) for all x}

denote the last global minimum of the derivative of the ¢-scale function.
Avram et al. [§] showed that

(1.9) (Tvps — qup= ) () <0, for all x > b*,

where I' denotes the infinitesimal generator of X, is a sufficient optimality condition for the single barrier strategy
under a general spectrally negative Lévy model. In fact, the condition (LY)—([L9) is both necessary and sufficient,
as follows by examining the variational inequality characterizing the problem — see [34] Lemmas 1, 2].

A simpler sufficient condition for the optimality of single band policies was obtained by Loeffen [34] [35] (with and
without transaction costs), who showed that it is enough to check that the last local minimum of the g-scale function
is also a global minimum. Even more direct optimality conditions in terms of the Lévy measure v were provided by
Kyprianou et al. [32], and Loeffen & Renaud [36], who showed respectively that log-convexity of the density and of
the survival functions suffice (the second condition is more general). Note that the second result allowed also for an
affine penalty function with slope less than unity, and that both results imply complete monotonicity of the Lévy
density, and constitute therefore powerful generalizations of Gerber’s unicity result [20, 21].

It turns out that b* in (L) is always the right end point of the first continuation band. As already demonstrated
in the rather terse Azcue & Muler example [10, pp. 274], left and right end points of subsequent bands can in
principle be determined recursively (the former by ensuring the ”smoothness” of the value function, and the latter
similarly with b*, by selecting last global maxima of updated value functions, adjusted by using the values of
previous bands as stopping penalties). However, an explicit smoothness condition (6I1]) seems not to have been
reported previously.

Balancing dividends and ruin penalties. Several alternative objectives have been proposed recently, invol-
ving final penalties w(z) at ruin, [I'7, 23] 9], or continuous payoffs until ruin [Il [I6]. For example, the case where
the insurance company is bailed out by the beneficiaries every time that there is a shortfall in the reserves was
investigated in [§], and in Kulenko & Schmidli [30].

Our paper continues the investigation of the impact of a general final penalty and transaction costs on the optimal
dividends policy. Assuming that the management of the company controls timing and size of dividend payments
and is liable to pay a penalty that is a function of the shortfall at the moment of ruin, we solve the corresponding
optimal control problem by constructing explicitly its solution. To show that the constructed function solves the
stochastic optimal control problem, standard verification arguments that rely on the application of It6’s lemma
cannot be employed, due to a lack of smoothness of the value function. In particular, it will follow from the form of
the value-function and from results concerning the smoothness of scale functions (Kyprianou et al. [32], Lambert

[33]) that, in general, the value-function is continuous but not C* on R;\{0} if X has bounded variation, and is
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C! but not C? on R, \{0}, if X has unbounded variation. The approach followed in this paper is probabilistic
in nature and rests on the characterisation of the value-function as stochastic solution of the corresponding HJB
equation, and on a dual representation of the value function as the point-wise minimum of stochastic supersolutions
(Thm. B4)), which yields as a consequence a comparison and local-verification result (Cor. B5)). We also show (in
Cor.[39) that the optimal value process admits a dividend-penalty decomposition as sum of a martingale (equal to
the conditional expectation of the penalty payment at ruin) and a potential (related to the dividend payments).

A key point in our approach is the decomposition of the value function preceding and within a continuation band
[a, b]

f(l'), xz <a,
(1.10) Va,b(7) =
F(z) + W9 (z) G(a,b), x € [a,b],

into a nonhomogeneous solution F'(z), which we will call Gerber-Shiu function, and the product of the homogeneous
scale function W@ (z) by a ”barrier-influence” function G(a,b) defined in (5.2)), which needs to be maximized at b
and be smooth at a.

Note that that the function G in the decomposition (II0) is only determined up to a constant, but becomes
fixed once F' has been selected — see ([B.2]).

To ensure smoothness at a, it seems then natural to use a “smooth Gerber-Shiu function” F(z) associated to
a given penalty f(z),z € (—o00,a). Informally, Fy(z) is the “smooth nonhomogeneous solution” of the Dirichlet
problem on {z > a} with boundary condition f(z),z € (—o0,a). More precisely, it is defined in Defs. 1] and
in Sect. @ by subtracting a multiple of the homogeneous scale function W@ (z) out of the solutions of either the
two-sided, or the reflected exit problem, such that the remaining part is continuous on R if f is continuous, and
continuously differentiable on R if f is continuously differentiable on R_ and X has unbounded variation. This
results in the explicit formula (4.8]).

For exponential penalties w(z) = e, the Gerber-Shiu function takes a simple form (2], which may be used
also as a generating function for the expected payoffs associated to polynomial penalties 2*, k = 0,1, ...

The decomposition (I.I0) with Fy(x) chosen to fit the imposed penalty f(z) = w(z) already determines the value
function on the first continuation band (and the value function in the lump-dividend taking bands surrounding it)
—see Prop. 6.l and Thm. It also leads to an explicit necessary and sufficient criterion for optimality of single
dividend barrier policies —see Thm. in Sect. Bl which is analogous to (LJ), modulo replacing the function
1/W(@'(b) by the two variables function G(a, b).

Quite paradoxically, it is possible that beyond the lump-sum dividend taking band following the first continuation
band, waiting for higher barriers b;,7 > 2, may become again optimal. The level as where the second continuation
band starts may be determined by examining the family of functions Gga)(b) defined in Eqn. (6I1)), which are
computed from a second Gerber-Shiu function, which uses the first value functions as stopping penalties, and so
on, leading ultimately to all the optimal band levels —see Sect. [71

Fixed transaction costs. It is interesting to consider also the effect of adding fixed transaction cost K > 0 that
are not transferred to the beneficiaries when dividends are being paid. The objective of the beneficiaries becomes

then to maximize vy g (x):

wellg

vi(x) = sup vr g(x), where v g(z)=E, l/ e "dDT — K
[0,77) [0,77)

e_qtht’T] ,

where N™ = {N]",t € Ry} is the stochastic process that counts the number of jumps of D™ in the interval [0, ¢],

(1.11) N =#{s €[0,¢] : ADT > 0} teR;.
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To avoid degeneracies the set Il is taken to be equal to the collection of admissible strategies for which any
dividend payment is larger or equal to K. For any 7 € Ilx the range R(D~1) is discrete and N7 is equal to the
number of times a dividend has been paid out by time ¢. In the sequel we will drop the subscripts K and write
Il =1l and v; = v; x when no confusion is possible.

The introduction of a fixed transaction cost K > 0 has the usual effect of changing the optimal reflection
boundaries b into strips [b_, b4 ], so that when U; = b4, a lump-sum dividend b4 — b_ is paid, and the reserves
process is diminished to the lower “entrance” point b_. To emphasize this disappearance of reflection barriers, we
will always use the term band when K > 0, and also when more than one barrier is present.

The typical optimal dividend strategy consists of “lump sum payments” [4], with 7 of the form = = {(J, Tx), k €
N}, where 0 < T < T, < ... is an increasing sequence of F-stopping times representing the times at which a dividend
payment is made and J; > K is a sequence of positive Fr,-measurable random variables representing the sizes of

the dividend payments. Then,

N
D =2 _ Ik
k=1

where N7 = #{k : T); <t} is the number of times that dividends have been paid by time t.

For single bands policies for example, the dividend distribution consists of the fixed amount J; = b; 4 — b; —.

Contents. The remainder of the paper is organized as follows. In Sect. [2 the dividend-penalty problem is
phrased and its optimal solution is presented, and Sect. [3is devoted to the characterisation of the value-function as
stochastic solution of the HJB, and as minimal stochastic supersolution. Sect. dis concerned with two stochastic
boundary value problems associated to the value of dividend payments in the presence of a penalty, and Sects.
and[f] are devoted to single and two-bands strategies. In Sect.[flthe value function is constructed, and some examples
are analyzed in detail in Sect. B Sects. @ and [I0 contain the proofs of the results in Sect. Bl and [7] respectively. A

number of the proofs are presented in the Appendix.

2. THE DIVIDEND-PENALTY CONTROL PROBLEM

Assume that the beneficiaries control the timing and size of dividend payments made by the company, and are
liable to pay at the moment 77 of ruin the penalty —w(U:), which may be used to cover (part of) the claim that

led to insolvency, where w is a penalty.

Def. 2.1. A penalty w: R_ — R_, with R_ = (—00,0], is an increasing function that is left-continuous at 0 with

a finite left-derivative w’(0—), and satisfies the integrability condition
(2.1) / |w(—2)|v(dz) < cc.
(1,00)
The collection of penalties is denoted by P. We shall also consider the class R of functions that contains P.

Def. 2.2. We denote by R the set of Borel-measurable functions w : R_ — R that are left-continuous at 0, admit
a finite left-derivative w’(0—), and satisfy the integrability conditions

(2.2) (1) wu(y) < oo Yy € Ry \{0} and (ii) / / e DY) (y — 2) — w(0)|r(dz)dy < oo,
0 Y
where the function w, : R4 \{0} — R is defined by

(2.3) wy(y) = /( : {wly —2) —w(0)}v(dz),  yeR\{0}.
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The beneficiaries seek to maximize the sum of the expected discounted cumulative dividends and an expected
penalty payment by paying out dividends according to an admissible policy. The present value of the penalty
payment discounted at rate ¢ > 0, considered as function of the level of reserves, is called the “Gerber-Shiu penalty

function” associated to the penalty w, and is given by
Wi (z) == E, [e_‘”ﬂw (UL )} : z e Ry.

Under condition ([2.1)), it holds that, for any level of initial capital x € Ry, WZ (z) is bounded uniformly over 7 € II
(see Lemma [0.3)).
The objective of the beneficiaries of the insurance company is described by the following stochastic optimal

control problem:

(2.4) ve(x) = Tsrlelg vr (), vr(z) = Wi (z) + E,

/ e-qtmat)] . aeRy,
[0,77]

where IT denotes the set of admissible dividend policies 7 and pk is the (signed) random measure on (R4, B(R4))
defined by

(2.5) i ((0,t]) = Df — KN,

with N equal to the counting process defined in Eqn. (ILII]) and DJ equal to the cumulative amount of dividends
that has been paid out by time ¢. We will restrict ourselves to the case of positive net income (or infinitesimal
drift), n := E[X;] > 0. Here we note that we have pux({7"}) = 0 for any admissible policy = € II. A solution to
the stochastic control problem in Eqn. ([24]) consists of a pair (u,7*) of a function u : Ry — R and a policy 7* € II
such that v, () = u(z) = v« (z) for all z € R

3. STOCHASTIC SOLUTION APPROACH

In the literature two common approaches to solving stochastic control problems can be distinguished. In the
guess-and-verify approach a candidate solution is constructed and, provided the candidate solution is sufficiently
regular, optimality is subsequently verified using It6’s lemma. The wviscosity solution approach commences with
establishing that the value function solves the Hamilton-Jacobi-Bellman (HJB) equation in the viscosity sense and
proceeds with deriving the form of the optimal policy—this is the approach taken in e.g. Azcue & Muler [I0] where
an analysis is presented of a dividend distribution problem with reinsurance under the Cramér-Lundberg model,
using viscosity methods. A direct approach was developed in Schmidli [45] where a recursive algorithm is provided
to find, in terms of solutions to certain integro-differential equations, the value function of the optimal dividend
problem under the Cramér-Lundberg model in the absence of a penalty. We will follow below a stochastic approach
to solve the optimal control problem in Eqn. (2.4]), which will permit to by-pass the issues associated with the lack of
regularity of the value-function in the setting of a general spectrally negative Lévy process. It is shown (Thm. [3.8)
that the value-function of the stochastic control problem in Eqn. (24)) is the unique function that is both a stochastic
supersolution and a stochastic subsolution of the HJB equation associated to the dividend-penalty control problem.
The concepts of stochastic super- and subsolution (described in Def. below) bear similarity to the notions of
viscosity super- and subsolution (see [I0, Def. 3.2 and Cor. 5.2] for the definition and the existence and uniqueness
result in the Cramér-Lundberg setting described above) but differ in one important aspect: whereas viscosity sub-
and supersolutions are defined pointwise, stochastic sub- and supersolutions are defined in terms of some super- or
sub-martingale property that these functions possess. In the course of showing that the value-function is a stochastic
supersolution it is also established (Thm. B) that the value function admits a global dual representation as the

pointwise minimum of such stochastic supersolutions. Drawing on Thms. [3.4] and B.8] we provide in Section [ an
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explicit step-wise construction of the solution of the dividend-penalty control problem in terms of scale functions of

the Lévy process X.

3.1. Dynamic programming. The analysis of the stochastic optimal control problem starts from the observation

that the value function satisfies a dynamic programming equation.

Prop. 3.1. (i) Extending v, to the negative half-azxis by v.(x) = w(x) for x < 0, we have for any T € T, the set of
F-stopping times,

(3.1) ve(x) = sup vy (), vrr(z) = Ey le_Q(TATﬂ)v*(UfATﬂ) —I—/
[0

e-qm;uds)] .
mell

,TATT]

(ii) For any fivzed m € II and x € Ry, the process V™ = {V],t € Ry} given by
(3.2) Ve = e N )+ [ e (),
[0,77 At]
1s a P, -supermartingale.
The proof of Prop. BI[i) follows by straigtforward adaptation of classical arguments— see e.g. [10, pp.276-277],
while that of Prop. BI(ii) is deferred to Appendix [Al The corresponding HJB equation is given in terms of a

gradient-type constraint, as follows:

(3.3) max {Lg(z) — qg(x),1 —dy(x)} =0, x>0,
where
inf 9(z) —glz—y) + K, in the case K > 0,
(3.4) dy(z) = { ve©2) y
gy (z), in the case K =0,

with ¢, (x) denoting the right-derivative of g at x, subject to the boundary condition

w(zx), forall z <0,
(3.5)
w(0), in the case {02 > 0 or vy 1 = oo},

where £ denotes the infinitesimal generator of the Feller semi-group of X which acts on f € C2(R..) as follows (cf.
Sato [44] Thm. 31.5]):

2

Lf(@) =

Cr@ @ [ (e - f@) @), e Ry,

R \{0}

where f’ denotes the derivative of f.

Remark. The boundary condition at = 0 is of the form as stated in Eqn. (33]) because of the fact that ruin is
immediate (that is, 77 = 0 Py a.s.) if and only if X has unbounded variation which corresponds precisely to the

case {02 >0 or vp1 = o0}.
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3.2. Stochastic solutions and dual representation. The solution of the stochastic control problem in Eqn. (2.4)

is based on a characterization of the optimal value function v, as stochastic solution of the HJB equation.

Def. 3.2. (i) For given a,b € Ry with a < b, a function g : (—o0,b] — R is a local stochastic supersolution on the
interval [a,b] of the HIB equation (B.3)—(B.3) if g|}4, is continuous,

Tab

(3.6) M~ = {e_‘J(MTa’b)g (Xint,,), t€ R+} is a uniformly integrable (UI) P,-supermartingale,

for any x € [a,b], and g satisfies the condition
(3.7) g(x) —glz—y)>y—K for all x,y € [a,b] with y < z,
and the boundary condition

(3.8) g(x) = vi(z) forall x € (—o0,a) U {b},

g(a) =v.(a) in case {02 > 0or vy1 = oo}

The family of local stochastic supersolutions on the interval [a, b] is denoted by gjb.
(ii) A function g : R — R is a stochastic supersolution of the HJB equation in (3.3)—(B.5) if g|r, is continuous,

(3.9) M= {e_q(MTJ)g (XMTO—) , te R+} is a Ul P,-supermartingale, for any x € R4,

and g satisfies the conditions in Eqns. (3.5) and @1). The family of stochastic supersolutions is denoted by G*.

(iii) A function g : R — R that is such that g|r, is continuous (in the case K > 0), and g|r, is continuous, g(x)
is right-differentiable at any = > 0, and ¢/, |(9,cc) is right-continuous (in the case K = 0), is a called a stochastic
subsolution of the HIB equation in [B3)—(BX) if ¢ satisfies the boundary condition stated in Eqn. (B8] and we
have

(3.10) M9 = {HfAHég — M, te R+} is a UI P,-submartingale,

with Hp = inf{t € Ry : X; ¢ O,}, for any z € O, and any open interval O, (with closure O,) satisfying
Oy CCq:={z Ry : d4(x) > 1}.

The family of stochastic subsolutions will be denoted by G

(iv) A function g : R — R is a stochastic solution of the HJB equation in 3:3)— (33 if we have g € Gt NG™.

Rem. 3.3. For any stochastic subsolution g the corresponding set C4 is right-open, that is, for every > 0 with
dg(z) > 1 there exists an € > 0 such that for all y € [z, + €] we have d4(y) > 1. In the case K > 0 this can
be seen to hold by noting that for any z > 0 satisfying, for some § > 0, g(z) — g(z —y) > (1 + )y — K for all
y € (0,z), the continuity of g on [0,z + 1] implies that there exists an ¢ € (0,1) such that also the inequality
glx+e)—glx—y+e)>(1+6/2)y— K holds for all y € (0,2 + €). The argument for the case K = 0 is similar.
Note that, since the set C is right-open, it is equal to a countable union of intervals with non-empty interior. As a

consequence, the interior Dy = ]RJF\@g of the set
Dg = C; = R+\Cg
is a countable union of disjoint open intervals.
Thm. 3.4. The value function v, is the smallest stochastic supersolution of the HJB equation in (B3.3) —(B3):

(3.11) vy (x) = min g(x) for all x € Ry.
gegt

In particular, for any a,b € Ry, a < b, Eqn. I) remains valid if G is replaced by g;b.



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 9

The proof of Thm. [34] is given in Sect. As direct consequence of the dual representation in Eqn. (3IJ), the

dynamic programming equation and the definition of v, we get a local verification theorem.

Cor. 3.5. If there exist b > a > 0, 7 € II and g € Gt such that g(x) = vrrx(x) for all x € [a,b] where
T4 =inf{t > 0: U] < a}, then we have v.(x) = vr +=(x) for all x € [a,b].

This verification result will be used in the piecewise construction of the value-function, in Sections BH7l
In the next result it is shown that given the optimal value function v, a corresponding admissible optimal strategy

T, can be constructed.

Def. 3.6. To a stochastic solution g € G™ N G~ of the stochastic control problem in Eqn. 24 is associated the
policy 7(g) = {Df(g),t € Ry} € II defined in terms of the sets C, and D,, the controlled process U = U™9) and
the level y*(v) := sup{u € [0,v] : g(v) — g(v — u) + K = u} (with sup® = 0) as follows:

(a) In the case K =0, let D = D™9) be the increasing right-continuous F-adapted process that satisfies

Uy=X,— Dy € aq, for any t € [O,TW(Q))7

/[0,7'7’(9)) {S'XS_DS* ¢DQ}( ) t

where 1 4 denotes the indicator of the set A.
(b) In the case K > 0, pay AD, = y*(U;) as lump-sum dividend whenever we have U; € D, and y*(U;) > 0.
(¢) Otherwise, pay no dividends.

Rem. 3.7. The Skorokhod embedding lemma implies that the strategy w(g) = {D:(g),t € Ry} in Def. Bffa) is
explicitly given by
D:(g) = sup (Xs-10(s)) VO, where b(s) = by(s), t(s)=inf{n e N: Xy, — D, < an},
s€[0,tAT™(9)]
where we denoted the interior DY of Dy by D) = Uy (bp, an) with 0 < b, < a,, such that the intervals (b, a,) are
disjoint. The condition in Def. [B.0(a) implies that the dividend strategy m(g) is chosen such as to pay the minimal

amount of dividends that will ensure that the process U™(9) takes values in the set C, (the closure of the set C,).

Thm. 3.8. (i) The optimal strategy for the stochastic control problem in Eqn. Z4) is given by m. := m(vy), that
18, Vs = Up, .

(i) The value function v, is the unique stochastic solution of the HJIB equation in B3)—@3) satisfying the
condition

v4(0) = min g(0),

which reduces to v.(0) = w(0) in the case {02 > 0 or vy = co}.

The proof of Thm. 3.8 is given in Sect. The set D will be identified explicitly in Sect. [[] in terms of the scale
functions of the underlying Lévy process X.

From Thms. B.4land B.8 a decomposition can be derived of the value-function v* of the stochastic control problem
in Eqn. (Z4) into the sum of the classical Gerber-Shiu function (which definition is recalled in Eqn. ([@7)) below)
and the expected discounted dividend payments adjusted for the additional penalty payment that will be incurred
due to dividend payments that have been made (compared with the benchmark penalty payment in the case that
no dividends had been paid out). The dynamic counterpart of this decomposition states that the discounted
optimal value e~ 7t To )y, (XMT(;)7 which is a supermartingale by Thm. [3.4] is equal to the sum of a martingale
(the collection of Fi-conditional expectations of the discounted penalty at ruin) and a potential (the conditional

expectations of the remaining cumulative discounted dividend payments until the moment of ruin, again adjusted
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for the risk of incurring an additional penalty payment at ruin due to the dividend payments that have been made).

This potential is explicitly expressed in terms of the interior D¢ of the set
(3.12) D, ={xeRy:d,, () =1}
where d,, is defined in Eqn. (34) and of collection {J*(z),x € D¢}, with
J*(x) =" (0) + /000 [vs(z — 2) — vi(z) + 2] v(d2) — qui(2), z € DY,
where v, is extended to the negative half-line by v, (z) = w(x) for z < 0.
Cor. 3.9 (Dividend-penalty decomposition). (i) The process S* = {Sf,t € Ry} given by
Sy = e*q(t/\TJ)v* (XtAT;)
admits the decomposition

(3.13) S =E {eqTf’ w (X ‘ft} + <]E {A*TO

]:t:|_Ar)7 tE]R-i-a

where A* = {A},t € Ry} is the increasing process given by

tAT;
(3.14) Ar = / e x gy (Xao)]ds,
0
(i1) In particular, we have
v (2) = V0o (2) + E, [A*T,] . zeR,,
0

where V3% denotes the classical Gerber-Shiu function defined in Eqn. [{T) below.

Proof. (i) Since the process S is a Ul supermartingale (Thm. B4]), the Doob-Meyer decomposition (e.g. [43, Thm.
7]) implies that S} can be decomposed as S} = M;" — A}, where M* is a local martingale and A* is a increasing

locally natural process. It follows that A* is dominated by the random variable A*T, that is integrable since S* is

0
uniformly integrable. As a consequence, the process M* is a Ul martingale. Thus, we have for any ¢ € R

S;+ A =M;=E [M;U }'t] =E [e—qTo w (X ) - Ay ]—"t} .
The proof that A* is of the form stated in Eqn. (814 is given in Sect.
(ii) The statement follows from part (i) by taking expectations under the measure P, in Eqn. (3813). O

Rem. 3.10. In Sect. [6] we encounter a generalisation of the control problem in Eqn. (2.4) that is used in the
construction of its solution and is phrased as follows: assume that in addition to deciding the timing and size of
dividend payments the management of the company also has the option to “wind up the company” at any stopping
time 7 before the ruin time 77. The beneficiaries receive the payment f(U7) if 7 is before the ruin time 7™, and
are liable to pay a penalty payment — f(U™,) if ruin occurs before the company is wound up, for some pre-specified
function f : R — R. In this control problem the controls are pairs (7, ) of dividend strategies = € II and F-stopping

times 7 € T, and the value-function is given by
TNTx
(815)  wi(@)= sup Tpefla),  Vresla) =E, [ / eI R (dt) + e~ F(UT, )
TET,mell 0

As generalisation of Thm. B4 we then have the following representation of the value function v}

(3.16) v(z) = gnengr; 9(@),
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where Gy denotes the set of stochastic supersolutions of the control problem in Eqn. (81H), which is equal to the

collection of functions g € G satisfying in addition the requirement
(3.17) g(z) > f(x), for all z € R;.

The corresponding local verification theorem (that generalises Cor. B states
If there exist b>a >0, m €II, 7 € T and g € Gy such that g(x) = vz r ¢(z) for all x € [a,b], then
we have v}(z) = vr, - ¢(z) for all x € [a,b].
In particular, the dynamic programming equation in Prop. Bl implies that when the pay-off function f is specified

by f(@ =0,1(sq for some a € Ry, we have Vi) = Vs

4. TWO RELATED EXIT PROBLEMS

The local verification theorem suggests to construct the optimal value-function step-wise, by identifying at
each stage a policy that is “locally optimal”. Such a strategy and the corresponding value-function are explicitly
constructed in Sects. [ and In preparation for these sections the problem under consideration in the current
section is the identification of the solutions of the two-sided exit problem (with two absorbing boundaries) and
the mixed absorption/reflection exit problems, in terms of the g-scale function W@, We note that these two
solutions can both be expressed in terms of a common “continuous nonhomogeneous solution”, which we chose to
call Gerber-Shiu function — a non-standard terminology — see Defs. 1] and

It is well known that, on (0,00), W@ is non-decreasing and everywhere right- and left-differentiable (with
finite derivative). Throughout the paper, we will denote by W (9’ (zx) the right-derivative at = > 0, which is right-
continuous on (0,00). We also recall that, if the Gaussian coefficient o is positive, then W(?|g, is C? (see [32]),
and W@’ (04) = %.

To state the stochastic representation of the solutions to the two-sided and mixed absorption/reflection problems
some extra notation is needed. Given a € Ry, b € Ry U {+00}, a < b, let Tb+, T be the first entrance times of X
into the sets (b, 00) and (—o0, a),

T,F =inf{t € Ry : X; > b}, T, =inf{t e Ry : X; < a},

a

with inf @ = +oo, and let T, , = T, AT, denote the two-sided exit time from the interval [a,b]. Also consider, for

any a,b € R with a < b, the first-passage time into (a, c0)
7o = inf{t € Ry : Y < a}
of the process Y = {Y}? ¢+ € R} that is equal to the process X reflected at the level b,

YP=X,-X, with X, =sup(X,—b)Vo0.
s<t

The solutions V& : (a,b) — R and U%® : (a,b) — R to the two-sided exit problem and the reflected exit problem
are given by

(4.1) Vil(e) = B lexp{-qTupbw (Xpo ) 1pe gy ] + 0Be [exp{=aTus} g opy] -
(4.2) Uust(z) = E, lexp {—q7a} w (Yfaﬂ + BE, {/ ' e_qsdyz} ,
0

for ¢ € Ry, 8,0 € R, and any given Borel-measurable function w : (—oo0,a] — R (the “pay-off”) satisfying the

integrability condition

(4.3) /(b : lw(xz —y)|v(dy) < o for all x € [a, b].



12 FLORIN AVRAM, ZBIGNIEW PALMOWSKI, AND MARTIJN R. PISTORIUS

Def. 4.1. Let a < b < 00, §,5 € R and pay-off w : (—o0,a] — R be given. We will call F: R — R a Gerber-Shiu
function for payoff w if Flg \oy is right-differentiable, with right-derivative at > 0 denoted by F'(x), and the
following hold:

(4.4) Vab(z) = Fz—a)+ W9 (x - a)%, x € (a,b),
(4.5) Ut(x) = F(z—a)+WD(x- a)%(bb:aa)), x € (a,b).

Of course, such a function F' is not unique. In this section, we construct special Gerber-Shiu functions that are
continuous on R for continuous payoffs w and continuously differentiable on R if X has unbounded variation and w
is continuously differentiable (note that neither V% ©%* nor W@ are continuous or continuously differentiable
on R in general). Note that in the literature V%> is often called a Gerber-Shiu function. The proofs of results in
this Section are deferred to Appendix [Bl

To each payoff w in the set R (which was defined in Def. 22]) we associate a scale function F,:

Def. 4.2. Let ¢ € Ry and w € R. The function F,, : R — R is given by Fy,(z) = w(x) for x < 0, is continuous on
R, and has Laplace transform given by

(4.6) / ¢ PRy (x)dz = () — )" | 5 [w (0-)] + —Fw(0) —wi(9)|, 6> ®(q),
0

where w}, denotes the Laplace transform of w,.

Rem. 4.3. Key properties of the function F,, are collected in Appendix [B.4

The classical Gerber-Shiu function V%:°°(x) corresponding to penalty w can be explicitly expressed in terms of

F,, as follows (See Biffis & Kyprianou [I5] for an equivalent representation of V%> in terms of W(@):

Prop. 4.4 (Classical Gerber-Shiu function). Let w € R. For any x € R it holds

(4.7) VO(2) = Bx [oxp { Ty }w(Xp 1 ] = Fula) — WO ()i,
where
o? q
4.8 K 1= —w’O——l——wO—w,f(I)q].
(1.5 |0 0-) + Fu(0) - ub(0(a)
In particular, the following martingale properties hold true:
(4.9) (e*q“ATa’ @) (XMT; - a) te R+) and
(4.10) (efq(tATai)Fw (XMT; — a) b e R+) are P,-martingales, for any x,a € R.

Denoting the composition of a function f with a translation 6, over a € R by

(4.11) of = fob0s:=f(+a)
a regular Gerber-Shiu function is identified as follows:

Thm. 4.5. Let w € R and a € R.
(i) The function F ., is a Gerber-Shiu function for the payoff ,w.
(i) If qw is continuous, then F ., is continuous.
(iii) In the case w € CY(R_) and {0 >0 or vy = oo} we have F,,, € C1(R).
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4.1. Notation: generator and boundary condition. To express explicity the dependence of the infinitesimal
generator of the Feller-semigroup of X on the function w and the domain, we will denote by ,L£Y the operator

LY 1 C?([a,0)) = D([a,0)) for a € R that is defined by

0,2

(412) WL f(z) = S f@)+ M+ 7z —a))f (@) = (g + (2 = a)) f(2)

o Ueen-s@ e @i+ [ w2z

(2—a.,00)

where 7(z) = v((x,00)) and 71 (z) = |

(2,00)

yv(dy). In case that X has bounded variation the operator LY takes

the following equivalent form:

LLSE@) = pf @+ [ (e~ s@va + [ we gy
(4.13) - (¢+7(x—a))f(x), x> a.
The operator LY, coincides with £, that is, Lf(x) = L g(x) for z > a, where g = f|[4 ) for functions f in the
set {f € CZ(R) : fl(~o0,0) = Wl(~c0,0)}-
5. SINGLE DIVIDEND-BAND STRATEGIES

We will first consider the case of single dividend band strategies. The value vy(x) := v, (x) associated to the

single dividend band strategy m at a non-zero level b when X is equal to x, is given by
Ty
(o) =B, | [ ettt + )]
0

where pb. := p7, UY := U™ and 7° = 7™ = inf{t € R, : U < 0}. In the following result vy, is explicitly expressed
K K + t

in terms of scale functions.

Prop. 5.1. Forby >b_ >0 and x € [0,b4] it holds that

w(zx), x <0,
(5.1) vp(z) = W@ (z) G(b—,by) + F(z), x€][0,by],
(E—b.g_‘f"l)b(b.’_) ZC>b+,

where F' = F,, and
be b — K — (F(b) — F(b-))

K>0, by >b
W@l —wap) 0 T
(5.2) Gb_,by) ==
1= F(b)
, K=0,by=b_.
W@ (b,)

Proof. Consider the case K > 0. Taking note of the fact that no dividend payment takes place before X reaches
the level by it follows that {X;,t < Ty, } and {Uf*,t < 7™} have the same law. In view of the strong Markov
property of X and the absence of positive jumps it follows then that for all z € [0,b,] and with v = vy:

v(r) = E, e_qui (v(b-) + Ab— K)l{Tb++<TO}} +E, {eqTow(UTo) 1)
(@ (x @) (3

where I = F,, and we used the form in Eqn. (£4) of V", for w =0 and ¢ = 1, and the definition of a single dividend
band strategy. Evaluating Eqn. (53] at = b_, solving the resulting linear equation for v(b_) and inserting the
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result in Eqn. (53)) yields the stated form. The case K = 0 follows by a similar line of reasoning (using the form of
Eqn. (&3) with 8 = 0, w = 0 which was established in [§]). O

We next turn to the determination of the candidate optimal levels. The form of G suggests to define the level
b* = (b*,b%) as a maximizer of G(z,y) over all z,y > 0 in the case K > 0, and similarly, to define b* as a maximizer
of G(x,x) over all x > 0 in the case K = 0.

Rem. 5.2. Observe that in the case K > 0 the partial right-derivatives of G(x,y) are given by

G W(q)’(x) oG W(Q)/( )
64 o) = G - GH@) Gy = e G y) - GH)l.
where W@ [z, y] := W@ (y) — W@ (z) and G#(z) is given by
(5.5) G#(z) :== %

Therefore, an interior maximum (z*,y*) will satisfy G(z*,y*) = G#(2*) = G#(y*), and a candidate optimum may
be found by fixing d = y — x, and optimizing the left end-point z(d) for fixed d (graphically, this would amount to
determining the highest value of the function G# where the “width” y(d) — x(d) of the function G# is d).

In the case of strictly positive K we fix therefore d > 0, we let
(5.6) b* =b"(d) =sup{b>0:G(b,b+d) > G(z,z+d) Yz >0}

denote the last global maximum of G(z,x + d).
We choose now d* to be the last global maximum of G(b*(y), b*(y) + v):

(5.7) d* = sup{d > 0: G(b*(d),b"(d) + d) = G(b*(y),b"(y) +y) Yy =0},
where inf ) = +o0.
The candidate optimal levels are then defined as follows:
(5.8) b* = (b*,b}) with b =b"(d"), b} =0"(d")+d".
In the absence of transaction cost (K = 0), we set
(5.9) b% =b* =sup{b>0:G*(b) vG¥#(b—) > G¥#(z) Vz >0},
where we denote G#(0—) = G#(0).
Thm. 5.3. We have b}, < oo and it holds
(5.10) v, (z) = WD (2)G# (b3) + F(x), x € [0,07%],
where F' = Fy,. In particular, if Xo € [0,b%], it is optimal to adopt the strategy my-.

Proof. b3 is finite: On account of the facts that the map = G#(x) defined in (5.2) is right-continuous and
monotone decreasing for all z sufficiently large (Prop. [CIl), there exists an z* € Ry such that sup,s, G#(z) =
G#(z*) vV G*(2*—) where G¥(0—) := G#(0). In the case that K is strictly positive, G attains its maximum at
some (z*,y*) € (R4 \{0})?, since G(z,y) is continuous at any (z,y) with y > = > 0, is monotone decreasing for
y sufficiently large and fixed x (Prop. [C] Appendix [C) and tends to minus infinity if z \, ¥ and tends to the
constant x,, in Eqn. [@8)) if |z| + |y| /* oo such that = < y.

Verification of optimality: We claim that the function h, : R4 — R defined by the right-hand side of Eqn. (510) is
a supersolution in the sense of Def. B2 and hence dominates the value-function v,. In fact, since hy(x) is equal to

the value vy« (x) of the strategy m« for any level x of initial reserve smaller or equal to b% , Cor. [3.4] implies that
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h«(x) is equal to the optimal value v, (z) for all € [0,b%]. That h, is a supersolution follows from the facts that
we have that (a) e"7*\ 70 )h, (X, AT(;) is a martingale and (b) h, satisfies the inequality

ho(x) —hi(y) >z —y—K for any 0 <y < z.

Fact (a) in turn follows from the martingale properties of F,, and W@ while (b) follows on account of the definitions
of b* and G#. In the case K = 0, we have

B (x) = W (2)G# (b*) — F! (z) > WO ()G, (z) — Fl(x) =1, 2 >0.
Similarly, if K > 0 and @ > y, hu(z) — h.(y) = (WD (z) = WD ()G (b* ,b% ) — F,(2) + Fyy (y) is bounded below by
(WD (z) = WD (y)G(y,2) — Fula) + Fuly) =z —y - K.

The two displays imply that h.(z) — h«(y) > ¢ —y — K for any z,y, K > 0 with 2 > y. This completes the proof
of Thm. 0

6. TWO-BANDS STRATEGIES

When the level of the reserves is larger than b} then it may be optimal to pay out the overflow over b* as a

lump-sum dividend payment, and then adopt the policy 7« —necessary and sufficient conditions for such a strategy
to be optimal are given in Sect.[7l In this section we consider a complementary case in which it is optimal to have
a second dividend band. The problem to find the optimal levels of the second dividend band differs from the

single-band optimisation problem in two respects:
(i) at any time ¢ prior to the time of ruin it is possible to make a lump sum payment to bring the reserves
down to the level b* , yielding a pay-off of vy« (Uy) = Uy — b7 + vy (b%), and
(ii) it is not optimal to place a barrier at levels close to b7 .

The observation in item (i) in combination with the dynamic programming principle and Thm. yields the

representation

(6.1) ve(z) = sup E,
nell,reT

TATx ﬂ
/ e T g (dt) + e 9T Ay (U:J* Mﬂ ’
0

where 7. = inf{t > 0 : U7 < b%}. In this section we consider the generic form of this optimal control problem
(which will also turn up in the case the optimal strategy takes the form of a general multi-dividend bands strategy

that is considered in Sect. [7)), given by

(6.2) VS/(z) = sup VT{F(I), VT{F(I) =E,
rell,reT

3

TAT™
/ e U ufe(dt) + e AT (UL )
0

where, as before 7™ = inf{t > 0 : U < 0}, and the function f: R — R satisfies

(6.3) flr, is given by f(x) =« + ¢ for x € Ry, for some c € R,
(6.4 F(0-) =1,

(6.5) oL f(u) > 0 for some u > 0, with w = f|g_ ,

(6.6) imsnap (V) = F(0)/e < 1.

where V7 (z) is the value associated to the single band strategy g1 (0) at the level B%(0) that is defined in Eqn. (6.13)
below.

The following result shows that in the setting of the stochastic control problem in Eqn. (G the conditions in

Eqns. (63)—(6.6) are satisfied.
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Lem. 6.1. If we have vr,. (x) < vi(x) for some x > b7, then the function f: R — R defined by f(x) = vp- (b3 + )
satisfies the stated conditions in Eqns. (6.3)—(G.4]).

The proof of this lemma is given at the end of this section. Next we specify candidate optimal policies for the
control problem in Eqn. (62). Since, as suggested in item (ii) above, we expect that it is not optimal to place a
barrier at levels sufficiently close to 0, and consider the strategy (77, 7) to pay out dividends according the single
dividend-band strategy mp at levels (b_,b1) and to stop at the first moment 77t = inf{t > 0 : U;"* < a} that U™
falls below the level @ > 0. Another strategy that is worth considering in case K > 0 is to refrain from paying
dividends and to stop at the first moment that the reserves process exits the interval [a, b ]; we denote this strategy
by (7%, Ty, ). The value associated to the strategies (77, 7°%) and (7%, T, 4, ) is given by

a

e .
Vi, 4, () = E V et e (at) + e (U2) | VIS (@) = B [T g (X, )]

where pb = pre. In the following result, which can be derived by a line of reasoning similar to the one used in the

proof of Prop. Bl the functions Vaf b by and Vaf ;ﬂ are explicitly expressed in terms of scale functions and of the

families of functions (y, 2) — G(fa) (y, 2), G(a%(y, z), a > 0, that are defined as follows:
by —b_ — K — (F9(by —a)— F@(b_ —a))

K>0
@ W@ (b, —a) - W@ (b_ —a) e
(6.7) G0 by) = ,
G (b,) = L E (b — ) K—0
fi#\Y+) = W(q)l(b+ — a) ) — Y,
(a) ~ fb) = F9(by —a)
(68) Gl = e e
where F(9) = F; is the Gerber-Shiu function for pay-off ,f = f(a + -).
Prop. 6.2. For any b_,by,a such that by > b_ > a > 0 the following holds true:
f (), z € [0,a),
(6.9) Vi @) = (WO —a)GY (b b))+ F@(z—a), € laby],
z—by+ VI, (by), z € (by,00);
0 f(x), z ¢ [a,by],
(6.10) Vi) () =

W (z — a)Gg%(b_k) + F9(z —a), x€la,by]

Next we turn to the determination of the candidate optimal levels. Focussing first on the case where dividends
are paid and fixing a for the moment, we define ﬂ;(a) = (B;ﬁﬁ(a), [3;#(@)) to be the pair that maximizes cha),
similarly as was done in the case of the single dividend-band strategy. Hence, in the case K > 0 we set B;f y(a) =
Bi(a,d%(a)) + 0% (a) where

Bi(a,d) = sup{b >a: G(fa)(b,b+d) > G(fa)(x,x—l—d) Ve > O},

6%(a) = sup {d >0: G;“) (ﬂ;(a,d),ﬁ}i(a,d) + d) > G;a) (ﬂ;(a,y),ﬂ;(a,y) + y) Yy > 0} ,
while in the case K = 0, we define the levels 3} | (a) = 8} _(a) by

B, (a) = Bi_(a) = B} 4 (a) := sup {b >a: G (0) VG, 0-) > G (2) Vo> o} .

)

The candidate optimal specification o} of a is given by

(6.11) o = inf {a >0: G\ (85 _(a), 85 _(a) + dj(a) > o} ,



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 17

in the case K > 0, and by

(6.12) o = inf {a >0: GV, (85, 4(a)-) VG, (B;4(a) > 0} ,
in the case K = 0, and we have
(6.13) Bi = (B1—»B54)»  Br- =08 (a7),  Bis=Pf(af).

Next we turn to the strategy to continue without paying dividends and stop upon exiting a finite interval. It will

turn out that in the case K = 0 such a strategy will never be optimal. In the case K > 0 we define

(6.14) Biola) = sup {b >a: G(faq))(b) > G(faq))(:t) Vo > O} ,
(6.15) ajo = inf{a=0:GY (B1@) >0}, Bg=Bfola}):

The levels ﬁ;y 4+ OFs ﬁ? ¢ and a? ¢ given above are finite and strictly positive:

Lem. 6.3. Suppose that f satisfies the conditions in Eqns. ([63) —([6.6) and denote © = f|r_.
i) In the case K =0 we have 0 < o < 5%, < o0 and G(»a?) Bi—)V G(»a?) B%) = 0. Furthermore, we have
f fit f# NP f .4 NI f
oL f(u) <0 for all u € (O,a}).
(ii) In the case K > 0 it holds 0 < o}y < B}y < 00 and GE‘?@},@)( ) = 0. If we have in addition o’y < oo, then
it holds 0 < o} < B}, < o0 and G;af) (B;) = 0. Furthermore, we have o L% f(u) < 0 for all u € (O, a}m).
(iif) If either (a) K >0 or (b) K =0 and X has unbounded variation, then we have o’y < 35 .

The proof of Lem. is given in Sect.

Rem. 6.4. The choice of a} coincides with what would be found by applying the principles of continuous and
smooth fit from the theory of optimal stopping (see [40, Ch. IV.9]), which state that in this case it can be expected
that v, be continuous and continuously differentiable at the level o* if o* is irregular for (—oo,a*) or if o* is
regular for (—oo, a*) for U™, where 7. denotes the optimal strategy, respectively. Since in our case o* is regular

for (—oo, a*) if and only if X has unbounded variation, the heuristic yields that
o satisfies V. 5.(a+) = f’(a*—) if X has unbounded variation,

and

o satisfies Vi g+ (o) = f(a") if X has bounded variation.

The equation in the first display equation is equivalent to the expression in Eqn. (GI1]) on account of the form of
Va,p and the facts (i) £/ ;(0+) = f'(a—) for any a > 0 and (ii) W@"(04) € (0,00]. The equation in the second
display can also be equivalently expressed as Eqn. (611]), in view of (i) the form of Va{ b, i Eqn. (€39) and (ii)
the fact that W(‘Z)(O) is strictly positive precisely if X has bounded variation.

We next state the solution of the optimal control problem in Eqn. (6.2]) for small levels of the reserves.

Thm. 6.5. Suppose that f satisfies the conditions in Eqns. (63) —(G.0]).
(i) When we have either K =0 or {K >0 and o} 4 > a}}, it holds

Vi(z) = Vo{;},ﬂ}f (x) Jor any x € 0,57 ..

a*

Moreover, for Xg € [O, B;)J it is optimal to adopt the policy (140", mp+).
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(i) In the case {K >0 and o 5 < a}}, then we have

f 1.0
V*() Vf(()’ﬂfw

(x) for any x € [0, [3;@}
Moreover, for Xg € [O, B; 0] it s optimal to adopt the policy (Ta; 0B w’W(D)'

Furthermore we have

f(z), z € [0,a"),

(6.16) Vi) =
F(a )(‘I - CL*), TE [a*vb*]v

where F(*) = F 4 and (a*,b*) = (a?,ﬁ;ﬂ_) in the cases K = 0 or {K > 0 and o}y > o}}, and (a*,b%) =
(a})w,ﬁ;@) in the case {K >0 and o}y < o}

Proof of Thm.[6A (i) Analogously as in the proof of Thm. it follows from the definition of 8} and the form of
the function V = VO{f B3 given in Prop. that we have the inequality

(6.17) Vi)-V(y)z2x—y—K

for all z,y > 0 satisfying > y > a}. Taking note of the fact V'(z) =1 for z € (0, a}), we see that the inequality
in the previous display is in fact valid for all  and y satisfying x > y > 0.
Next we verify that V satisfies the inequality

(6.18) V(z) > f(x).
for all z > 0. To see why this relation holds true, we first note that we have V(0) = f(0), as a consequence of
the form of V' (Prop. [6.2) and the fact a} > 0 (Lem. [6.3). In the case K = 0, Eqn. (6.18) is hence a special

case of Equ. (6.17) (with y = 0). In the case {K > 0 and o}, > o}}, the definitions of a} 4, 8}y and G&aé, the
monotonicity of the map z +— W9 () and the fact B} 4 < Bty (Lem. B3(ii)) imply

F®(x—a) > f() for all z € [0, 85 (a)] and a € [0,a% ],

which yields the inequality in Eqn. ([6I8), in view of the facts V(z) = F(®)(z —a) for x < b := B} 4 and V(z) =
V(b) +x — b for x > b (Prop. and Lem. [63(i)).

In view of the observations

—q( AT,
(6.19) e q<t/\ ’ af)f (XMTO . ) is a P,-supermartingale, for all z € (0,}), and

7
t >
(6.20) o I\ (a}) (XMT - a}i) is a P,-martingale, for all z > a7,

and the pasting lemma, it follows that
o a(tA Ty ) plaf) (XMTJ — a}) is a P,-super martingale, for all z € Ry.

Here, the supermartingale property in Eqn. (6.19]) follows from Lem. [6.3)i), reasoning as in the proof of Lem. [[.13]
below, while the martingale property in Eqn. (620) follows from Prop. 44l

This supermartingale property and the inequalities in Eqns. (617) and (BI8) imply that F©7P (z — aj) is a
stochastic supersolution for the stochastic control problem in Eqn. ([6.2]). Since we have VO{;”@; (z) = FD (z — o)
for x < 8}, the assertion follows from Rem.

(ii) The line of reasoning is analogous to the one in part (i), and omitted. O
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FIGURE 1. [Illustrated in the figure on the left is a path of the risk process U™ in the absence of transaction
cost (K = 0) for a three-bands strategy with the lowest level b equal to zero. The figure on the right
pictures a path of the risk process U™ in the case K > 0 and 7 is a two-bands strategy with b, = b7 . The
vertical dashed stretches represent the claims, while lump sum dividend payments are indicated by arrows.

At the moment 7 of ruin a penalty payment w(U-) is required that is a function of the shortfall U,

Proof of Lem[61. We verify that the conditions in Eqns. (G3)—(G.0) are satisfied. Firstly, we note that the condi-
tion in Eqn. (€3) holds since we have vy« (x) = & — b + vy« (b%) for > b% and vj. (b —) = 1. Furthermore, if the
condition in Eqn. (6X) does not hold then we have vy« = v, by Thm. in Sect. [ below. In view of the definition
of b* in Eqns. (5.8) and (5.9) (as last supremum) it follows that we have G(b* , b3 +c¢) — G(b* ,b%) < 0 for all ¢ > 0.
Hence, the identity in Eqn. (CI)) in the Appendix implies

(6.21) F) . (c)>1forall ¢ >0,

Vp*

so that G(fo) (83(0)) < 0. That the condition in Eqn. (6.6)) is satisfied follows from the form of Va{b,,b+ in Eqn. ([G9)
and the facts (from Thm. @) F,. ,,.(0) = v+ (b%), and F), _(0) = vj. (b5 —) = 1 (in the case {c? > 0 or vp; =
T

Vp*

o0}). O
7. MULTI DIVIDEND-BAND POLICIES: THE RECURSION FOR THE DIVIDEND BAND LEVELS

A flexible class of dividend strategies are the so-called multi dividend-bands strategies, that generalize the single

and double dividend-bands strategies and are specified as follows:

Def. 7.1. The multi dividend-bands strategy T, 1, associated to sequences a = (an)n, b~ = (b; )n, bT = (b)), with

an, by, , bt € [0, 00| satisfying the intertwining conditions

n»’n
a1 =0<bl <ay<by <..<a,<b<..., b, <bl,

is described as follows:

(i) When we have U2
(ii) When we have U%t = b} make a lump-sum payment b} — b,

keep U%? below b, = b if K = 0;
(iii) While we have U%% € [a,,b;") do not pay any dividends.

Umst =y € (b, ani1), make a lump-sum payment y — b, ;

if K > 0, and pay the minimal amount to

The strategy 72 is called an N-dividend-bands strategy if b}, < oo = an 1.

Analogously s in Rem. B.7 it follows that in the case K = 0 a multi dividend-bands strategy 7, consists in

a,

paying out “the minimal amount to keep U, % below the boundary b(t)”, where

with p(t) = min{i > 1: Utg’g < a;}.
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In this case the process U%2 is equal to the process X is reflected at the level b:( £ and the corresponding cumulative
dividend process D%? is equal to a local time of U%? at the boundary b = (b(t))ter, - In the case of a positive fixed
transaction cost K the “reflection boundaries” b} widen to strips [b,,,b;}] and the “local time” type payments are

replaced by lump-sum payments b;” — b, where b, may lie below a,,_1 (see Figure [7).

7.1. Optimality of single band policies. A necessary and sufficient condition for the optimality of the single
band policy 7y~ at levels b = b7 = (b*,b%) defined in Eqns. (5.8)-(5.39) can be explicitly expressed in terms of the
function G* : (b* ,00) — R given by

y—b —K—(F(y) - F())

— , if K >0,
GH (@) = Tt ok if K =0.

We present next necessary and sufficient optimality conditions for single barrier policies, which generalize the

results of [8]. These conditions are expressed in terms of the following function:

Def. 7.2. For ¢ € Ry, v € Ry, the function Z(¢?) : R — R is defined by Z(@¥)(z) = e** for < 0 and, for > 0,
by

(7.2) 299 (z) = & 4 (g — ¥(v)) / " @) () dy.

Recall that a function f : (a,00) — R, \{0}, a € R, is completely monotone if (—1)*=1f(F)(z) > 0 for all k € N

and = > a, where f(*) denotes the kth derivative with respect to z.

Thm. 7.3. (i) The single-band policy my- at level b* = by is optimal for the stochastic control problem (Z4) if and
only if

br (Loovpy — qopy )(z) <0,
or, alternatively, if and only if Z* : (P(q),00) — R is completely monotone, where

&b

(7.3) =) = - / 602 2@ ()G (d2).
(b ,00)

(ii) In particular, if G* is non-increasing on (b’ ,00), then the strategy my- is optimal.
Thm. [[3|(ii) yields a useful very simple sufficient optimality condition:

Cor. 7.4. (i) The unimodality of the function G* implies the optimality of single dividend-band policies.

(i3) In particular, in the case K = 0 and if G is monotone decreasing, then a “lump sum” strategy mo is optimal.
The proof of Thm. is given in Sect. [[0.2]
Rem. 7.5. In the absence of transaction cost (K = 0), the function Z* in (73] can be equivalently expressed as

=(0) = G* (57 ) Lo(6) + O =D g 1) — 7)),

92
where ey denotes an independent exponential random variable with mean =1 and Lo : R \{0} — R is given by
9) —
01— Lo(f) := % E[W @' (b* + eq) — WD/ (b%)].

In particular, if the penalty is zero and there are no transaction cost (w = K = 0), the necessary and sufficient
optimality condition simplifies to the complete monotonicity of Ly(¢) on the interval (®(g),c0). This observation

appears new even in this particular case.
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Rem. 7.6. The integral in Eqn. (73) is a Stieltjes integral with respect to the function G*, which is equal to a

difference of two monotone real-valued functions (cf. Lem. [B:2|(vi)).

Rem. 7.7 (Lump sum strategy). In the absence of transaction cost (K = 0), the “lump sum” strategy mo is
to “pay out all the reserves to the beneficiaries and subsequently pay all the premiums as dividends, until the
moment of ruin.” Note that 7y is a single dividend-band strategy at level 0. In the case that X is given by the
Cramér-Lundberg model, the first jump (claim) arrives after an exponential time e, with finite mean A\~!, and the

value vg of the liquidation strategy is equal to
ex
vo(z) = E, [3: + p/ e dtdt + e 1Tw(AX,, )}
0

T [w 1= ) e w(AXe,) — w(0) + w(weqe*}
P 1 A p+ wy(0) + Aw(0)
= —— t/—w(0)+—w(0)| = ;
{I+)\+q+)\+qw(>+)\+qw( )] |:117+ Ntq
where AXe, = X(ex)—X(ex—), and w, : R4 \{0} — R is defined by [23]). If X is zero and X has infinite activity,

ruin occurs immediately if strategy m is followed, that is, in this case 7™ = 0, Pp-a.s. and vo(z) = = + w(0).

Hence, the value of the lump-sum strategy is equal to vo(x) = (2 + Yw)1l{z>0} + w(2)1{z<0y Where

qJ%g [p + w,(0) + 7w(0)], in the case 7 := v(Ry) < oo,
Yw = V0 (O) = .
w(0), in the case 7 = 0.
If G# is monotone decreasing, it attains it maximum over R, at zero and the function Z is completely monotone,
so that 7 is optimal (Thm. [[3|(ii)).

Rem. 7.8 (Single barrier strategies at positive levels). In the absence of transaction cost (K = 0) we will call
a penalty w € R severe if (i) w(0) < 7, = v9(0), and (i) w(z + y) — w(y) < z for all z,y € R_. Condition
(i) states that the penalty payment for ruin occurring without shortfall is not smaller than the expected value
minus transaction cost of liquidation (i.e. the sum of the expected premium income until the moment of ruin and
the expected penalty payment), while condition (ii) implies that the additional penalty payment for an additional
shortfall of size x is at least x.

We have the following explicit condition for optimality of a single barrier-strategy at a positive level:

Cor. 7.9. In the case {K =0 and b} > 0}, if v admits a convex density v’ and the penalty w is severe, then the

strategy mp: is optimal.
The proof of Cor. is given in Appendix

7.2. Optimality of two-bands policies. When a single dividend-band strategy is not globally optimal for the
stochastic control problem in Eqn. (2.4]), it is not optimal to pay out a lump-sum dividend at all levels above b7
and will be optimal to postpone paying dividends when the reserves process is in a certain region of (b}, 00). In
this section we consider the case that it is optimal to adopt a two-bands policy with only one additional band. The
candidate optimal two-bands strategy mq« - is fixed at the levels a* = (0,a3) and b* = (b}, b3) where the levels
by = (b*,b% ) associated to the first band have been defined in Eqns. (5.8)-(E3), and where the levels associated to

the second band are given by

(anb5) = b {ag., (Bhe _,Bh- )}, inthe cases K =0 and {K >0 and o, ; > aj,.};
G/*, ¥ px + s s s
2 bt {a* (b*_, . @)} , in the case {K >0 and aj . j < aj,« }

Vpy 507
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where we denote

w* = b»l«#vbs{
and the levels ay., a7 . 4, B _, Bi- . and 37, , have been defined in Eqns. (G.11)(G.14).
Necessary and sufficient conditions for the two-bands policy 74+ = to be (globally) optimal are expressed in terms

of the functions Z* defined in Eqn. (Z3) and the function

Eay b (w*) in the cases K =0 and {K >0 and . ; > a;.},

EESJJS (w*) in the case {K >0 and aj. y < aj,.},

where for any levels a, b_ and by with a <b_ < b, and any f € P the functions Z,;_ 4, (f) and 52 by (f) are given
by

o0bt

Ea)b77b+(f) 10— —

T Jy 2O 42,
4,00

—0 e —0z r7(q,0)1 (a)

D000 =G [ ARG ),

with, for any z > b_, Ggf)lgi (2) = G}a) (b_, z), where the functions G(faq)) and G}a) have been defined in Eqns. (G.8)
and ([6.7).
Before stating the optimality condition for this two-bands policy, we first state a condition for (global) optimality

T g%

of the policies (Ta}ﬁf , FB;) and (Ta; 08507 7T®> in the auxiliary stochastic optimal control problem in Eqn. (B15).

Thm. 7.10. Suppose that f satisfies the conditions in Eqns. ([63]) —(G0]).

T g%
(i) Suppose that we have either K =0 or {K >0 and o} 4 > a}}. Then the strategy (Ta;f , 71'5;) is optimal for
the stochastic optimal control problem in Eqn. (318 if and only if the function Ea;”@; B (f) is completely
monotone.
(i) Suppose that we have {K > 0 and o} y < a}}. Then the strategy (Ta; 083 w,7r®> is optimal for the stochastic

optimal control problem in Eqn. BI8) if and only if the function Eay (f) is completely monotone.

w1ﬁ;‘y0

The relationship between the stochastic control problems in Eqns. (2:4]) and (BI5) (cf. discussion at the beginning
of Sect. [6) immediately yields necessary and sufficient conditions for the two-bands strategy m,- p= to be an optimal
policy (from Thm. [.T0) and the form of the optimal strategy that should be applied when reserves are below b3 ¢
(from Thm. [65)).

Cor. 7.11. (i) The two-bands strategy mq~ p= at finite levels a = (0, a3) and b= (b, b3) is optimal for the stochastic
control problem in Eqn. 24)) if and only if E* is not completely monotone and Z** is completely monotone.

(i) If Z* is not completely monotone then the levels a’ and b3, are finite, and it is optimal to adopt the two-bands
strategy Tq- b+ when Xo € [0,05 (], and it holds (with F£a3‘+) =F., ..)

2,4

W () lebis) ), @ e 0,57,

W(q)/(bi+)
(7.4) ve(@) = Qo — bt + v (b] ), xe (b}, a3,),
(a3,4) . o s
F.o* " (x—a3 ), x € as ., 05 ]

The proof of Thm. [[.10]is given in Sect. [[0.2
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7.3. Large levels of the reserves. From the form of the infinitesimal generator £ it can be deduced that the

value-function is affine for large levels of the reserves.

Prop. 7.12. Suppose that either K = 0 or {K > 0 and v(Ry) < oo}. Then, for sufficiently large levels of the
reserves, it is optimal to immediately pay out a lump-sum dividend, and for some y € Ry, the function v, restricted

to [y, o0) takes the form
ve(2) =2 —y +ui(y) for any x —y € Ry.
The proof rests on the following observation:
Lem. 7.13. Suppose that the function £, : [y,00) — R defined by £,(z) = x — y + v.(y) satisfies
(GLLL) ) <0 Vosy,
Then {e~9t Ty, (X

MT;), t € Ry} is a Py-supermartingale for all x > y.

Proof. An application of Itd’s lemma (which is justified since ¢, € C?([y,c0))) shows
- AT,
(7.5) e 10 (X, ) — / e ?°(LL,)(X;)ds is a P,-martingale, for z > y,
v 0

Here we used that we have fOT; 1ix,—yds =0, Pp-as. for all z >y, Lem. [LT3 and Eqn. (Z5) imply the asserted

supermartingale property. O

Proof of Prop.[713 We claim that in the cases K = 0 and {K > 0 and v(Ry) < oo} we have the inequality in
Lem. for all y € R, sufficiently large. The assertion in Prop. follows by combining Prop. @5 Lem.
and the shifting lemma, Lem. below.

We next show that the criterion in Lem. [[.13] is satisfied. Observe that, for any = € R,

M6 GLEL)@) = wh@) e+ [ (G2~ )+ @)
R4\ {0}
- n—Q(x—y+v*(y))+/ [os(@ — 2) — va(y) + 2+ y — 2w(dz).
(z—y,00)

Since we have v, (z—2) —v.(y) < x—z—y+ K for all z € (z—y, x) on account of Lem. @I below, and since w is non-
positive, it follows that the integral term in (Z.6)) is bounded above by Kv(z —y,z) + f[mm)(z +y—z—v.(y))v(dz).
Moreover, since v, is bounded by an affine function (Lem. [0.3[ii)) and 14, is finite, the integral tends to zero
when z = y + a and y tend to infinity such that a = z — y is fixed to be equal to a positive constant. As we have
ve(y) — o0 as y — oo (Lem. [03) and Kv(a,00) is bounded under the assumptions (a) and (b), it follows that
(y L2 ¢,)(x) is strictly negative for all y sufficiently large and all x > y. O

7.4. General solution of the stochastic control problem. Repeatedly solving optimal control problems that
are of the same form as the one in Eqn. (BI5) but with suitablly updated choices of reward functions f and
successively applying Thm. [6.5] would suggest that the candidate optimal policy is given by a multi-dividend-bands
strategy my+ p+ with levels a*, b™ specified in the recursive construction given below, and with corresponding value

function Vg« p+ = vr,. ,. given by

W@ (z)Cf + Fy(z), z¢€ lay 1,0} ,],i=1,
(7.7) Varpr(x) == & — bi _ + Va, b, (b;_), o= (bf7+,af+1),i > 1,
Fy(z = a), x € [af, b ],i> 1,

%
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where f; : R_ — R is given by fi(z) = V,_p (a;_; +x),4 > 1, and
* * * * *
Cl - G(bl,fv b1,+) \ G(bl,fv b1,+_)'

The recursive procedure for obtaining the candidate optimal levels a*, b™ and b’} is given as follows:

Recursion to find the candidate optimal band levels
[0] Set i< 1,a"« {0}, 0" < {b"}, f ¢ 42 vy and E < E*(f), where =*(f) is given by Eqn. (Z.3).

[1.] If Zis completely monotone, set a* < a* U {co}. Return {a,b}.
2] Elseif K =0orif {K >0and o}, > a}} define
(af11,0541) < (b§,+ +af bl + ﬁ.?) ;
where the levels o} and 8} are defined in Eqns. (G.I1) and (6.13) above.
Else if {K >0 and o}, < a}} define
(af1bi1) = (i + g {1 b + 870 ) -
with
bt = inf {07 Vo e (04 + B g) = Ve (0) = B+ b14 —bi_ — K |
where the levels o} 5 and (3} are defined in Eqn. (€14) above.
3] Seta®<aU{aj 1}, 0" < bU{bi i}, f v, Varp, B4 Egrpe(f), i i+ 1

[4.] Go to step 1.

Rem. 7.14. There may exist a limit point v, = lim;_, b; 4 = lim;_, aj of the band levels. In that case the

procedure will converge to the value-function V. ;« corresponding to the levels a* = (a}), b = (b}), and needs to

be re-started as follows:

[0/] Set i<+ 1,a*«+a*, b" «b s [ Ve EE

“(f)-

1o

FEY
a,

In the following result it is confirmed that the constructed candidate policy 74+ 4= is indeed optimal:

Thm. 7.15. The multi dividend-bands strategy mq~ v+ is an optimal strategy for the control problem in Eqn. (2.4)

and the optimal value function is given by v* = Vg= p=.

Rem. 7.16. In Shreve et al. [46, p. T4] an explicit example is given of an optimal control problem in a diffusion
setting in which a multi-dividend-bands strategy is optimal with countably many bands. Azcue & Muler [I]
provide an example of an optimal strategy with infinitely many bands below a finite level, for the classical De
Finetti’s dividend problem with bounded dividend rates in the setting of a compound Poisson process. It is an open
problem to construct an explicit example in which a multi-dividend-bands strategy with countably many bands is

optimal in the dividend-penalty problem.

8. EXAMPLES

8.1. Exponential and polynomial boundary conditions. In the case that the penalty w is exponential, w(z) =
—e® for x € R_, or polynomial, w(x) = 2% for x € R_ and k € N, the solutions of the two-sided and mixed
absorbing /reflected exit problems from Sect. @ can be expressed in terms of the function Z(%*) specified in Def.

and closely related functions Zj that are defined as follows:
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Def. 8.1. With n the largest integer such that f:olo |z|"v(dx) < oo, the related family of functions Zj : R — R,
k=0,...n, is defined by
8k

= —— 7@V (),
k| _,

-+

(8.1) Zi(a)

Note that, for any q,v € Ry, Z(q’”)hlh is C1, as a consequence of the continuity of W(q)hlh.

Let e,(z) := e"1gr_(x) denote an exponential pay-off, and e, , :=_, e, the translated version. In the case
§ = B = 0 and with pay-off w = e, the functions U, and V", are given as follows (with proof given in
Appendix [B4):

Prop. 8.2. For g€ Ry and v € Ry, Z(@) js a Gerber-Shiu function with payoff €y,q- In particular, the following
hold true:

. B ) Y . 7@ (b — a)
(8.2) Vet (o) = E, {e qTapt+o(Xr, , )1{T;<T;} = 7@ (g —q) - WD (2 —q) @b —a)"
. Z@ (b — a)
a,b o —qTa—i-v(YTa—a) _ (q,v) _ _ (9) _ -~ 7
(8.3) UL (w) =B, [e 20 (@ —a) =Wz —a)Jprma—

For use in the sequel we record the special case of the kth moment of the overshoot
(8.4) mi(z) = Eq {equ“’b(XTa,b - a>k1{T;<Tb+}} ’ () = By [e™7 (V2 — )],

which follows as a direct consequence of Prop.82l If E[|X;|*] < oo, then 1(")(0) and m,.(z) are finite forr = 1,..., k,
and it follows that my(z) and m(z) are equal to the kth derivative of (82) and ([83]) with respect to v at v = 0.

This implies the following form of my(x) and my(x):

Cor. 8.3. Let k € N. Suppose that f__olo |z|Fv(dy) < oo. Then, for x € [a,b], my(x) and my(z) are finite, and are

given by
Zk (b - a)
k

In particular, Zy is a Gerber-Shiu function with payoff w(z) = (z — a)".

Z4(b — a)

() = Zi(w = a) =W (@ — o) g — -

mi(x) = Zi(x —a) — W (z —a)

8.2. General computations for processes with rational Laplace exponent. The determination of the opti-
mal policy start with the identification of the last global maximum of the barrier influence function G. For example,
in the presence of an exponential penalty w(z) = ce’™ or a linear penalty w(z) = cx + ¢p, we must compute the
extrema of the functions

1 —cZ@V ()

—C /;[; — C (2) T
(8.5) GO (z) = T 1 —cZi(z) — cogW'?V(z)

CTYI (I) = W(q)’(a:) ’

respectively.
Therefore, our first step will be computing the homogeneous and generating scale functions W (@) (), Z (g,v) (x),

for processes with rational Laplace exponent. We will assume the typical case
W@ (z) = ZAZ.eCi(q)gc7
with A; € R and the roots (;(¢q) of the Cramér-Lundberg equation ¢(¢) = ¢ being distinct.
This implies

(8.6) Z(x) = (14 (q—v(v)) /Om eTVW D (y)dy) = e + (g —¥(v) Y Ai

i

eci(q);ﬂ — evT
Gilg) —v
_ A e
87) = W) )Y e,

v —Gi(q)

%
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where we have used that > e = w(v) . In particular,

eC’L

(88) ZW(x) = qZ

eCZ

(8.9) Zi(x) = 7<‘”<x>—w'< qz

and

v —Gi(q)

The simplest examples may be completely analyzed by studying the sign of the functions that are given by
D#(x) = —G#(2)W@(2)?, and D*(z) = —G*(2)W @’ (z)?, which determine the critical point b* (in particular
whether it is 0), and the eventual unimodality after b*, which implies optimality of the single barrier policy. To

2@ (2) = 20 (2) + 3 Asebi@r 2 (W”)_ q )

alleviate notation, we will omit the #, * in this section, since the function considered can always be inferred from
the absence/presence of transaction costs.

For exponential and affine penalties, we must compute therefore
DwW (z) = —G(v)/(,’b)W(q)/({IJ)Q - W(q)//(x) + C(W(q)/(w)z(qﬂv)//(w) _ W(q)//(x)Z(qﬂv)/(w))j
Di(z) = =Gy (a)W @ (z)?
= W (@) — o(Z{ (x)W D" () = 2] (@)W D (2)) = co(Z(2) WD (@) = 2" (@)W D ()
= W (2) — (ZD ()W D" (&) = ZD ()W D (2)) + (i)' (0) = cog) (WD (@)W D (z) — (WD (2))?),

which results in

DW(z) = W(q)”(:v)(l—cZ(q’”)'( )) + eZ@ ()W D (1)
= ZA Gj(g)%eS ZZ Gla o E’“ é (U)_ CSE((S?)Z A Agel @+ @),
J k>J
Di(z) = Z A;Gi(q)%e9 DT —cq > Z + C’“ (G(9) +Gl9) (¢(q) — Cr(@)? A Apelss(@FCu(@)e
] J k>
+(e (0) — cogq ZZ ¢i(q )2A; Ake(CJ )+ (@)
J k>3

(Note that the coefficients of ¢ and ¢y)’(0) — coq are the intervening Wronskians, and that the function D™ (x) —
W(@”(z) is a generating function for the corresponding functions obtained with polynomial penalties).
Let us record also the form of the function (,£I v — qu)(x) in case v is the linear value function following a

continuation interval x > b > a,

Liv—qu)(@) =p— (A +q)(@ —b+v(b))

r—b T—a oo
+ ( | @y—vrooman < [ e+ [ s y>u<dy>> ,

where v(z) = v(z, a,b) = F(z)+G(a,b)W (x), is the value in the preceding continuation band, and f(z) denotes the
value function in previous bands (which is equal to the penalty w on the negative half-line), which is the cornerstone
in the determination of the optimal dividend band policy. The three integrals correspond respectively to jumps

above the barrier, in the preceding continuation band, and in the “preceding stopping domain”.



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 27

8.3. Cramér-Lundberg model with exponential jumps. We analyze now the Cramér-Lundberg model (L))
with exponential jump sizes with mean 1/, jump rate A, and Laplace exponent ¢ (s) = ps — As/(p + s). The
homogeneous scale function is:

W@ (z) = Ayt @r _ g o @e

where A1 = pil%, and (T (q) = ®(q), (" (q) are the largest and smallest roots of the polynomial (¢(s) —

q)(s+p) =ps® +s(pp — A — q) — qu:

_ gt A—ppE /(g + A — pp)® + dpgp

(*(q) %
Hence, we find
@(p) — A Hor A c@e) o (o o _ - (g
Z29(x) = q 7" =N =pu (C (q)A—e - (9Aye )
_ (= (@)@ 4+ (CF(g) —g)e @
(Hlg) — ¢ (a) ’

v e<+(Q)I — egi(Q)m

vtp (Hg)—¢(q)

Z(qﬂv)(x) - Z(q)($)+/\

DW(z) = W@ (x)+ ‘o C:fg))(; - A @ = C @ ~(g)))el¢" (@< oD
= 0, g @y g o€ @+ @)z
where
ar = ALG@PS0 a=AC@P>0 Ot G@)+ ¢ (a) = L >0
a — _P Cap _ Ap* 1 _

vtuplp PP vtp
Then, differentiating v — Z@)(z), v = a, or by §83) and using that ((T(¢) + ¢ (q))/(CH(q) ¢ (q)) =

¥(0)/q — 1/p, we find

71e<+(‘1)z — o (@)=
((a) = ¢ (a)

Di(z) = ay e @7 _ o o @7 o o(CT@HCT (@)

Zi(x) = A = et @ 08 @z

where C1 = £ "1 (¢ (q) — ¢ (¢))~ ! and

+ —
a1 =ALA_(CF — C_)2(CqCC++CE —c))'(0) + coq)
C A
= Z3(00(1 - 0%) = p—g(cw —c).

Let us recall now that in the absence of penalty and costs (w(z) = K = 0), the function W9’ (z) = G(z)~ ! is
unimodal [8] with global minimum at
e _
o1 log (et i the case W0(0) <0 & g+ A — phu <0,
tla) = ¢ (a) o, in the case W(@”(0) > 0 < (¢ + \)? —pAu > 0.
(Since W"(0) ~ ¢*(q)* (1 +¢H(a)) = ¢ (@) (1 +¢(@)/(CT (@) = ¢ (a)) = (¢+A)* —pAp , the optimal strategy
is always the barrier strategy at level b*).
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We show next that the functions G(*) and G; continue to be unimodal when w is exponential or affine and
K =0, as a consequence of the Lemma [R 4 below, and hence single barrier policies continue to be optimal, in view
of Lem. [[4] (in the case of affine penalties this has already been established in [36] []).

Lem. 8.4. Let oy, M\ € R, i =1,2,3 satisfy a1 > 0 > ag, and A1 > A2 > A3. Then the function f(z) := 23 Aiw

=1 ;e
has a unique oot ¢* of f(c*) =0, and it holds f'(c*) > 0, and

f(x)>0 for all x > c*.

Furthermore, if h : Ry — R is such that b/ (x) = k(z) f(z) for x > 0, where k : Ry — R1\{0}, then h is unimodal.

Proof. The function g(z) := e~ f(x) tends to +0o and to az < 0 as x — +oo. If we have ay > 0, g is strictly
convex and strictly increasing. In the case as < 0, ¢ attains a minimum at the unique root of ¢’. In both cases
the equation g(c¢) = 0 admits a unique root ¢, and it holds ¢’(¢) > 0. Hence we have that ¢ is a unique root of
f(e) =0, with f'(¢) > 0 and with f(z) > 0 for > ¢. In particular, h has a unique stationary point where it attains

a maximum, so that it is unimodal. Il

Let us next characterize the optimal level b*.

(1) For K = 0 and in the case of an exponential penalty, b} , = 0 iff

2
GO(0) <0e (g4 N2 = A\up > —eAg——.
(0) < (g+XN) Wz A

as follows from the expression for D(*)(z). Similarly, in the case of linear penalty, it holds by . =0 iff

G1(0) 0 & (¢4 A)* = Aup > Ag(e — cop),
in view of the expression for Dy (z). If b% is positive, it is a stationary point, and hence solves the equation
G (b)) =0<0=DW () = a+e<+(q)b —a_ et (@b L CQUG(U(QHC’(Q))b,
if the penalty w is exponential and
G1(b) =0 0= D;(b) = a+e<+(q)b —a_e$ @b 4 ale(ﬁ(q)"’ﬁ(q))b,

if w is an affine penalty.

(2) Suppose next K > 0. Then b% is strictly positive as a consequence of the positive transaction cost K, and
the optimal levels (b, b% ) are given by (b*,b* + d*) where (b, d) maximizes over (b,d) € Ry x R;\{0} the
function

d— K — BpeS (@b(el"(@d _ 1) 4 B_el (0b(¢™ (04 _ 1)

A eCT @b (eCT(@d 1) — A_eb (@b(el (@d _ 1)
if w is an exponential penalty, and the function
Gy (b.d) s d— K — C e @b(elT(@d _ 1) 4 CjeC’(q)ib(eC’(q)d —-1)
ApeSt@b(ect(@d — 1) — A_eS™ (@b(el (@ — 1)

G . (b,d) —

if w is an affine penalty.

The following result sums up the form of the optimal dividend policy:

Lem. 8.5. Consider a Cramér-Lundberg process {I1l) with exponential jump sizes with mean 1/, and fized cost
K > 0. The optimal dividend policy is given by a single dividend-band strategy my« for the following Gerber-Shiu
penalties w:

a) Exponential penalties: w(zx) = ce®™, ¢ < 0.

. 2 *
(i) In the case {K =0 and (q+ \)? — Aup > —cAqf ) then b* =0.
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(ii) In the case {K = 0 and (¢ + \)? — \up < —a\q%}, then b* is the unique solution b € Ry\{0} of the
equation D) (b) = 0.

(iii) In the case K >0, we have b’ = b* + d* where b* and d* mazimize over b >0, d > 0, the function GO,

b) Affine penalties: w(zx) = cx + ¢co, ¢ > 0.

(i) In the case {K =0 and (¢ + \)? — Aup > A\q(c — cop)}, then we have b* = 0.

(ii) In the case {K = 0 and (¢ + \)? — Aup < Aq(c — cop)}, then b* is the unique solution b € Ry\{0} of the
equation D1 (b) = 0.

(iii) In the case K >0, we have b’ = b* +d* where by _ >0 and d* > 0 mazimize over (b,d), the function Gy

8.4. Cramér-Lundberg model with Erlang jumps. Suppose next that X is given by the Cramér-Lundberg
model (L.I)) with the Erlang (n, u) jump sizes. The corresponding Laplace exponent is equal to ¢ (s) = ps—l—% =,

and by Laplace inversion it follows that its g-scale function is given by
n
W@ (z) = ZAjGCj(q)z, x>0,
j=0

where (o(q) > 0> C1(q) > —p > C2(q) > ... are the n + 1 roots of the Cramér-Lundberg equation ¢(¢) = ¢, and

A — Gilg +m)"
T Py, (G(@) = Gil9)

Let K = 0 and w(z) = ce’ an exponential penalty (¢ < 0), and denote by b the point where G(*) attains its

maximum. In general a single dividend-band strategy may not be optimal. A necessary and sufficient criterion for

optimality of 7, is the complete monotonicity of the function =, : (®(g),00) — R4 given by

=(5) = YL / e (WO )G 1)~ [1 - F/(2)]) de = 1(s)- WO ()71 1,(s),

s b
where
I(s) = s [ps+% —/\—q} ,
s) = s) — ¢ (¢ (q) = Gi(@)*(v = Gilg) — ¢i(q) A o(Ci@)+¢ ()b
e ot Jz>: (s = Gi(@)(s = Gi(g)) (v = ¢ (g)) (v — Ci(Q))AJAl ’
Io(s) = /0 T (WD b+ z) = WD b)]dz =D A, Y —aronY (Sci(‘giq))éf(q)b.

7=0
If in addition there is no penalty (w = 0), the expressions simplify. If b denote the minimum of W (9", 7 is optimal

precisely if Zg : (®(g),00) — Ry is completely monotone, where
Eo(s) = I(s) - Io(s).

The Azcue-Muler example. Let us consider the example in Azcue and Muller [10], with pure Erlang claims of

ordern =2, with u =1, A\ =10, p = %7, q=15,0= W70 and Laplace exponent 9(s) — ¢ :ps—i-)\(uis)2 —A—q=

(M_LSP(S +¢)(s+ C2)(s — Co), with {p ~ 0.0396, (1 ~ 0.0794, (5 ~ 1.4882. In addition we consider a linear penalty
w(z) = cx, ¢ € Ry. We will analyze below four particular cases ¢ € {0,0.2,0.6,1.0}. In cases ¢ € {0.6,1.0} the
optimal strategy is a single dividend band strategy at level by, while in the cases ¢ € {0,0.2} it is optimal to
adopt a two-band stratregy with by = 0 (in the case ¢ = 0 we thus recover the form of the optimal strategy found
in [I0]) . The parameters of the three optimal strategies are summarised in the following table (with v; denoting

the difference of the value function and the identity x +— = at the end of the non-empty continuation band):
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bo V1 ay b1
c=0 0 ~244 | ~1.83 | = 10.45
c=0.2 0 ~1.72 | 190 | ~ 1047
c=0.6 | =10.96 | =~ 1.71 00 %9
c=10| 1137 | = 1.30 o0 o0

In the cases ¢ € {0.6,1} a plot of the function G defined in (§H]) reveals that Gy is monotone decreasing on the
right of the level at which attains its unique global maximum which implies the optimal strategy is a single-dividend
band strategy at this level (Thm. [73). In the cases ¢ € {0,0.2} a plot of G; shows that this function attains its
global maximum at 0 but also attains a second local maximum at some strictly positive level. The optimal value

function in these cases is given by

T + v, ap=0< 1z <ay,
’U((E) = Fl(x—al), T € [al,bl],
T+ v, x > by.
Here v1 = —b1 + F1(by —ay) and vy = qugc = % is the value of the strategy (at zero) of paying all premiums

as dividends until the moment the first claim arrives, which is also the moment of ruin, and Fj(z) is given by

Fy(2) = plar + v0)W @ () — / WO (@ — ) foan (1)),
with
foaly) = / (a— 2+ vo)k(y + 2)dz + ¢ / (a— 2)k(y + 2)dz,

where k(y) = Au?ye ¥ denotes the Lévy density at y.
The function v is the value function of a two-band strategy at levels (bg, a1, b1) with by = 0. The unknowns a1, by
are determined by the optimality equations F{((by — a1)—) = 1 and F{((by — a1)—) = 0 which yield the following

system of two non-linear equations for a; and by,

b1—l11
1 = p(al + UO)W(Q)/(bl - al) - p_lfu,lh (bl) - / W(q)l(bl —a; — y)fl/,m (y)dy
0

blfal

0 = plar+vo)gW' D" (by —ar) —p~ ' £l 4, (b1) = WD (0) fa, 1 (b1) — / WD (by — ay — y) fo,a, (y)dy,
0

with Wj(Lq/) (0) = L9 25, The two-band strategies at the levels (ay,b1) = (1.83,10.45) [c = 0] and (a1,b1) =
(1.90,10.47) [c = 0.2] are indeed optimal since it holds (p, LLv — qu)(y) < 0 for all y > b1 and (o LZv — qv)(y) <0

for all y € (0,a1).

9. PROOFS OF THE STOCHASTIC SOLUTION APPROACH

This section is devoted to the proofs of Thms. [3.4] and and Cor.

9.1. Properties of the value function. Before proceeding to the proofs of Thms. 3.4 and and Cor. B9 we

collect a number of properties of the value function v, for later reference.
Lem. 9.1. (i) For every z,y > 0, with >y, it holds
(9.1) (@ —y = K) < vulz) —vi(y).

(i1) The function x — v*(x) is continuous on R.
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Proof of Lem. [ (i) Let x > y. Denote by m.(y) an e-optimal strategy for the case Uy = y. Then a possible
strategy is to immediately pay out x — y and subsequently to adopt the strategy m.(y), so that the following holds:

0i(@) 22—y — K +vr,(y) > v.(y) — e+ 2 -y — K.

Since this inequality holds for any e > 0, the lower bound in Eqn. (@) follows.

(ii) To prove the stated continuity we first establish an upper bound for the difference v, (z) — v (y) with x > y.
Let 7. (x) denote an e-optimal strategy for the case Uy = x for a given € > 0. Then a possible strategy is to refrain
from paying any dividends until the first time that the reserves hit the level z, and to subsequently follow the policy
7. Hence the following bound holds:

W@ (y)
* > T — Lw w .
) 2 g (0 (2) = Ful)) + Fuly)
Rearranging and letting e tend to zero yields the upper-bound
(9-2) vs(@) —va(y) < (1 - 7”,((1) ) [ve(2) = Fu(2)] + Fu(z) = Fu(y), =2y
= (q) (,’E) ) -

In the case K = 0 the bounds in Equs. (@) and ([@.2]) yield that v, is continuous on R;. In the case K > 0
continuity of v, on Ry follows by combining the upper bound in Eqn. [@2) with a different lower bound that we
derive next.

For fixed € > 0 and given initial reserves Uy = y for some y > z, a possible strategy is to adopt 7(x) until the
first moment that the reserves U fall below ¢ := y — z, and to follow then a waiting strategy m,, (of not paying any

dividends). Then we have, with 7 = 7.(x),

ve(y) —ve(z) = Ey

Tgr - T
/0 IR+ T w (U ) Lyrg gy + 0 T vm, (U ) 11 d}] e

= vx(z) —vi(x) + E, [ef‘”g (w (U;_sgr) —w (Ufg — 5)) 1. :T(;r}} + fe(z,y)
> —e+ fe(z,y), y =,

where we denoted 7§ = inf{t > 0: U] < §} and

e =5 [0 (s (V7)1 (05 ~9)) ]
and where we used the monotonicity of w. We claim that f.(x,y) tends to zero when § = y — z tends to 0. Given
this claim and the bound in Eqn. [@2) it follows that we have (since € was arbitrary)

(9.3) |Eg%gf0[v*(y) — vy (2)] > 0.

Similarly, it follows limsup,_,_,o[v«(y) — v«(z)] < 0. Combining the two limits yields that v.(z) is continuous at
each x € R.
Finally, we turn to the proof of the claim that f.(z,y) tends to zero. We have the estimate

(9.4) fe(z,y) < ( sup vr,, () —w(—5)> Eyle™ " 1rr <rry]-

z€[0,4]

If X has unbounded variation, then we have v, (0) = w(0), so that the left-continuity of w at zero, the right-
continuity of V%> (y) at y = 0 and the fact v,, = V%% combined with the inequality in Eqn. (@.4) imply f.(x,y) — 0
when § =y —x — 0. If X has bounded variation, v, (0) is (in general) not equal to w(0), and we show that the
second factor in Eqn. ([@.4) tends to zero if 6 — 0. Note that the policy 7.(z), being element of IT = Ik, consists of
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only finitely many dividends payments almost surely. Denoting the times of the dividend payments by 71,7, ...,

and the values of U™(*) at those times by Uy, Us, ..., the strong Markov property of X implies

Eyfe™ 1{T§r<7'6r}] = Z Eyle™ 1{T§r<"'5r""§r€[”’ﬂ“)}]
< Z]Ey[e‘qTil{n«;;}EUi [e™ " 1 g oyl

As X has bounded variation, we have P,(X(Ty ) < ) = 1 for all z € [4,00) so that it follows that, for any
x € [0,00), the probability P,(T, < T, ) =P,(0 < X(Tj ) < ) tends to zero as § tends to zero. By the bounded
convergence theorem it follows that the right-hand side of the previous display converges to zero when § tends to
0. This completes the proof of the claim in Eqn. ([@.3]) (Il

In the following result additional regularity of the value-function v* is established in the case K = 0.

Lem. 9.2. In the case K = 0, v*(x) is right-differentiable at any x > 0, and x — vy (x) is right-continuous on
(0, 00).

Proof. Let x > 0 be arbitrary. Following the procedure in Sect. [[4] a stochastic supersolution g for the HJB
equation in Eqn. (B3)) can be constructed that is equal to the value-function of some admissible strategy on the
interval [0,z + 1]. Cor B then implies that v* is equal to g on this interval [0,z + 1]. In view of the form of g (see
Eqn. (C1)) and the fact that the g-scale function W@ and Gerber-Shiu function F,, are right-differentiable at any
x > 0 with a derivative that is right-continuous (Lem [B.2]), the proof of the assertion is complete. ([

Lem. 9.3. (i) For any ¢ > 0, and w € P, there exists a C € Ry\{0} such that the following bound holds true:

sup sup B, [e"Tw(UT)] > —C.

zeRy mell
Furthermore, for any © € Ry, we have
t t
(9.5) E, | sup {eqt Ul 1crmy —|—/ e ®dD7T +/ eqSXSds} < 00,
teR, ,mell 0 0

with Xy = Sup,<; Xs denoting the supremum of X, over the s € [0,].
(i1) vs is dominated by an affine function: for any x € Ry, v,(0) — K < v, (z) —z < ﬁ , and the process

VT ={V™ t € R} defined in Eqn. B.2) is UI under P,.
Proof. (i) The following bounds hold true:

o0
(9.6) sup e_tht’Tl{KTﬂ} < sup e X, < sup/ ge” X (ds.
teRy teR, teRy Jt

Since the running supremum yn(q) at an independent exponential random time with mean ¢! follows an exponential
distribution with parameter ®(q) (e.g. [I3, Cor. VIIL.2]), the expectation under P, of the expression on the rhs of
Eqn. (@6) is bounded by x + 1/®(q).

The compensation formula applied to the Poisson point process (AX;, ¢t € Ry), the monotonicity of w and the

fact that w(0) is non-positive yield that the following inequalities holds true, for any = € Ry:

E, [e_qTﬂw(Ufﬂ) > w(-1)+E, [e_qTﬂw(U”,r)l{U;rﬂ<,1}}

T

w(—1) + / N / Ty - 2)Lyse_1p(d) RY(dy)

—
©
-3

S~—

Y

o R4 — 1 Oow—zu z
w(—1) + / / w(—=)Ri(dy)v(dz) > w(-1) + / (—2)u(dz),

q
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where RZ(dy) denote the g-potential measure of U™ under P,,
~ o0
Ri(dy) = / e 1'P, (U] € dy,t < 717).
0

The rhs of (@.1) is bounded below, since the bound in Eqn. (21]) holds as w is element of P.
(ii) In the case K = 0 integration by parts, the non-negativity of w and the condition (6] of “no exogeneous

ruin” imply that

IN

vy () E, =E,

/ e 1dDT / ge *DTds 4+ e~ DT,
[0,77) 0

™

/ ge” ¥ Xyds + e 9 X
0

IN

E, <E, [/ qe_qsysds} =x+
0

1
®(q)’

where we used X, ;) ~ Exp(®(¢)). In the case K > 0, then the above bound remains valid since the value v, (z)

decreases if the transaction cost K increases. The lower bound for the value-function in (ii) follows from Eqn.
in Lem. (with = 0). The uniform integrability of V™ follows by virtue of the fact that V™ is dominated by an
integrable random variable, in view of Eqn. (@.5) and the bounds in Lem. 0.3(ii). O

9.2. Controlled representation of the value function. The proof of the dual representation in Thm. 3.4 is
based on an alternative representation of v, as the point-wise minimum of a class of “controlled” supersolutions of

the stochastic control problem.

Def. 9.4. For any y € Ry and z € Ry U {oco} with y < z, a Borel-measurable function H : R — R is called a
controlled supersolution on the interval [y, z] (in the case z < 00) or on [y, 00) (in the case z = 0o ) for the stochastic

control problem in Eqn. (24) if we have
. T;‘:z/\t
e TN g (UT, L)+ / e~ 7% (ds) is a UI Py-super martingale, for any z € [y, z), © € II,
Y,z 0
where 77, = inf{t > 0: U[" ¢ [y, 2]}, with boundary condition
H(xz) > vi(x) for z € (—o0,y), and for x = z in the case z < 0o,

H(y) > v.(y) in the case 02 > 0 or v; = oco.

The family of such functions will be denoted by H,, ..

Prop. 9.5. For anyy € Ry and z € Ry U{oo} with y < z the value-function v, restricted to [y, z] (in the case

z < 00) or to [y,00) (in the case z = co) admits the following representation:

ve(T) = Hrenﬁn H(zx) for all z € [y, z).

The proof of the representation of the value function v, in Prop. rests on the fact that for any admissible

policy 7 € II and any “uncontrolled” supermartingale there exists a corresponding “controlled” supermartingale.
Lem. 9.6 (Shifting lemma). (i) Let g € GT. If
(9.8) 7 — {M: = e*q(tATJ)g (XMT(;) ,t € R+} s a Ul P,-supermartingale for all x € Ry,

then, for any m € II and x € Ry, M9™ = {Mtg’ﬂ,t € Ry} is a Ul Py -supermartingale, where

™

__ . TNt
(9.9) 3T = TG ) [ e ()
0
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(ii) Let g € g;b for some a,b € Ry, a < b. If the stopped process
T = {Hf,\Ta,b,t € R+} 1s a UI P, -supermartingale,
then, for any m € Il and z € Ry
MO™Tds = {]\’/ftgA’:;’b,t € R+} is a UI Py-supermartingale,

where 777, = inf{t > 0: U ¢ [a,b]}.
(iii) Let g € Gt NG~. If the process M’ giwen in Eqn. @8) is a UI Py-martingale for all x € R, then the
process M9™ with m, = m(g«) is a UI Py-martingale for all x € Ry.

Proof of Prop.[33 Fix z,y € Ry and z € Ry U{oo}, and let H be any element of H, ., and = € II any admissible
policy. The supermartingale property with boundary condition in Def. [0.4] and the uniform integrability yield the

following:

H(z)

Y

t—o00

T;z/\t
lim E, leqﬁJ,zM)H(U:,, a) / eqsu}’((ds)]
Y,z 0

E, [e_qT;zv*(U% ) + / e—qm;;(ds)].
,Z 0

Y

Taking the supremum over 7 € IT and using the dynamic programming equation (Prop Bl show that H(z) > v.(z).
Since H € H,, . was arbitrary, it holds thus
inf H(x)> .
pif (@) = vs(2)
The inequality in the display is in fact an equality since v, is a member of H, ., by virtue of the fact that V7 is a

UI supermartingale in view of Prop. Bl Lem. and Doob’s optional stopping theorem. O
9.3. Proof of the shifting lemma The proof of the shifting lemma is based on the following auxiliary result:

Lem. 9.7. Let a > 0 and x € [0,a] be given and suppose that the function g : R — R is such that glg_ € P, g|r,
is continuous and g is right-differentiable at a > 0. If M = {M,,t € Ry} with

M, = efq(MTO’“)Q(XtATo,a)

is a Py-martingale, then Z = {Z;,t € Ry} with
tATo —a
Zi= e g (V) - 908) o) [ e
0
is a Pp-martingale, where g’ (a) denotes the right-derivative of g at a, X = sup,<;(Xs—a) V0, and Y = X' X.

The proof of this result rests on an application of Itd’s lemma and a density argument. Details are omitted since

these follow straightforwardly from [39, Prop. 1].

Proof of Lem.[9.8, part (i). Fix arbitrary Xo =z € Ry and 7 € IT and s,t € R4 with s < ¢, and denote
_ . TTAL
(9.10) MP™ = A+ B = (e " g(UT ) {p<rey) + ( WU ) Lrmssy + / e‘“uads)) |
0

Since g is continuous, ]\Ajf’7T is Fi-measurable. Also, the collection of random variables {4;,¢t € R4} is bounded
below by a finite constant (since g is bounded, in view of the inequality in Eqn. (371)) and is locally bounded
above with localisation denoted by (T},,) (since U has no positive jumps and g is continuous), and the collection
{B¢,t € R;} is dominated by an integrable random variable (by Lemma [0.3)).
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Consider the sequence (7, )nen of strategies defined by m, = {D{",t € R} } with

sup{D] :v <u,veT,}, u<7", k
DT = P ' T, := ({tk =t—(t—s)5-,keNU {0}} U {0}) NRy.
Dﬂ'n ’UIZT#, 2

T —>)

Note that the dividend process D™ satisfies D™ < D7 and is constant on the interval [77, 00). The remainder of

the proof rests on the following martingale property:
Lem. 9.8. For everyn € N, M(™ = (M%7 :u € T,} is a Py-supermartingale.

Given this result we have the following inequalities:

®) i~ _
fwﬂ] < liminf M%7 < aror, @ ppo

E {Mf*”

(@) . ~
Fsnre| < liminfE [ M7

This series of (in)equalities can be seen to hold for the following reasons: (a) On account of the form of m,, it
follows D™ DT as n tends to infinity, which, combined with the Monotone Convergence Theorem (MCT)

and an integration-by-parts, implies fOT N e~ 9*dDi~ N fOT Ate’quD;T. Also, we have in the case K > 0,

fOTﬂM e IdN 2 fOTﬂM e~ 9dNT. Thus, by continuity of the function g we have
(9.11) M — MET. as n — oo.

Since, in Eqn. ([@I0), A; is bounded below and B; is dominated, Lebesgue’s dominated convergence theorem and
Fatou’s lemma imply that the inequality (a) holds true. Inequality (b) follows by the supermartingale property in
Lem. and the fact that the grid T,, contains both s and ¢ for each n € N. Equality (c) is a consequence of
the pointwise convergence in Eqn. ([@I1]) (which also holds with ¢ replaced by s) while (d) follows since we have
Msg*” = ]T/[/f,’\fﬂr (by definition of the process M9™ in Eqn. ([@3)). Since s and ¢ are arbitrary, it follows that M9

is a Py-supermartingale. O
Next we turn to the proof of the Lemma

Proof of Lem. [T8. Denoting T; := Ty, AT™ At; (where T}, is the localization used in part (i) of the proof of Lem. [.6])

and M = M (- AT,,), D = D™ (- ATy,), we can write

2n 2'”
My— M, =Y Yi+> Z,
i=1 i=1
where Z; = e~ T (Q(XTi — DTi) — g(XTi — DTi—l) + ADTi — K)]-{ADi>O} with AD; = Dy, — D, _, and
Y= e_QTig (XTz - DTi—l) - e_QTFlg (XTi—l - ‘DTi—l) .
The strong Markov property of X and the definition of U imply
(912) E[K|‘FT171] = e_qTiilE {e_q(Ti_Tiil)g (UTi—l + XTi - XTi—l) -9 (UTi—l) |]:Ti—1:|
e7qTFIIE‘UTi,1 [eiqng (XTI) - g(XO)} ’

where we denoted 7; = T; 0 07,_, with 6 the translation-operator. The right-hand side of Eqn. ([@.I2]) is non-positive
as a consequence of the supermartingale property in Eqn. (@8) and the discrete time version of Doob’s stopping
theorem. Furthermore, in view of Eqn. (87) it follows that all the Z; are non-positive (in the case T; = 7™ the
positivity can be seen to hold since we have, by construction, AD™ (7,7) = 0 where 7,7 = sup{v <77 : v € T, }).
Hence, the tower-property of conditional expectation yields
on
E[M, — M| F) <> 1z, 5B [E[Yi|Fr,_,]IF] <0,
i=1
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and we deduce that M = M™) (- A Tm) is a supermartingale. Letting m — oo and applying Fatou’s lemma and the

Lebesgue’s Dominated Convergence Theorem (in view of the decomposition in Eqn. (@I0)), we may remove the

localisation Tvm, and conclude that M (") is a supermartingale. ([
Proof of Lem.[9.8, part (ii). Apply the reasoning of part (i) to the process M9 Tas, O

Proof of Lem.[T8, part (iii). The proof is a modification of the proof of part (i). Note that the set of different

epochs T at which lump-sum dividend payments occur is countable:
T={T;: ADz >0} with T; = inf{t > T;_1 : X]¥ — D['? € D}, i € N with Ty = 0

and inf ) = co. Indeed, in the case K > 0, ruin will occur if more than C(k,1)/K dividend payments are made
in any time-interval [k, [], where C(k,l) := sup,cyy Uy is finite Py-a.s. for any x,u,v € Ry, u < v. Hence, as no
dividend payments take place at or after the moment of ruin, it follows that the sequence T is in fact discrete. In
the case K = 0, the form of the strategy m(g) implies that the sequence (UT)z is decreasing with Uz, — Uz >0
on the set {TZ < oo}. In particular, it follows that that T is countable.

Write D = D™9) and M = MW’, fix t € Ry and denote T; = Ti At. We have

M =>Yi+ > Z,

i>1 i>0

where we denoted Z; = e~ (¢(X1, — D1,) — g(X1, — D1,—) + AD; — K)1{Ap,>0} and

(913) Y= eiqTig(XTi - DTi—) - eiqTiilg(XTifl - DTi—l) - / equstv
(T;-1,T3)

with AD; = Dy, — Dp,_,. By definition of the strategy m(g) we have Z; = 0 for all i.
In the case K > 0 the integral term in Eqn. ([@.I3]) vanishes and we have Dy, , = Dr,_ for i > 0. By reasoning
as in part (i) we find that the equality in Eqn. ([@I2)) holds. By combining Eqn. [@I2)) with the fact that g is a

stochastic subsolution, with Doob’s optional stopping theorem and with the definition of T; we have
E[Y;|]:Tz'71] = e_qTFlEUTifl [e_qng (XTZ) - g(XO)} = 07

where we denoted 7; = T; o O7,_,. The tower-property hence yields E[M; — M,|Fs] = 0 for any s < ¢, so that M is
a martingale.

In the case K = 0, the definition of 7(g) implies that the process {Ur, ,++,t < T; — T;—1} conditional on Fr, ,
has the same law as the process {Y,?,t < 7,(a)} with Xo = b= Ur,_, and 75(a) = inf{t > 0: Y’ < a}, conditional
on Ur, ,, where Y? is independent of Uz, ,. The strong Markov property of Y implies

EY:|Fr, ] = e "By, | e g(Y) ) — g(Yo) — /

eqsdyz] .
(0,7%(a))

This expectation is zero in view of Lem. and the fact that ¢/, (a) = 1. Again, an application of the tower-property
yields E[M; — M,|F,] = 0 for any s < ¢, so that M is a martingale. O

Proof of the dual representation (Thm.[34)). The identity in Eqn. (8.11)) follows from Prop. in view of the ob-

servations that
(a) G is contained in Hg o and
(b) v, is an element of the set GT.

Observation (a) follows on account of Lem. [0.6{i), while observation (b) is a direct consequence of Prop. Bl (taking
7 equal to the waiting strategy 7, of not paying any dividends) and Lemmas and The proof of part (i)
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follows by a line of reasoning that is analogous to that of part (ii), using the facts G, C H,p (Lem. [0.6(ii)) and
v €GF. O

Proof of existence and uniqueness (Thm.[Z38). That v, is a stochastic supersolution follows from Thm. B4l To
complete the proof we will next show that we have

(a) v is a stochastic subsolution of the HIB in Eqn. (83),

(b) v, is the unique stochastic solution of the HJB in Eqn. (83), and

(€) ve = g,

(a) Proof that v, is a stochastic subsolution: We give a proof by contradiction. Note first that Lemmas
and imply that v, is continuous on Ry (K > 0) and is continuous on R, right-differentiable with right-
continuous derivative v, | (K = 0). Also it is clear that v, satisfies the boundary condition in Eqn. (3.3) (in view of
its definition). Denote M = M~ and M = M"* with M" " and M"* defined in Eqns (39) and (3.10), respectively,
and recall that v, is a stochastic supersolution (by Thm. B4l). To show that v, is a stochastic subsolution it
remains to verify that v, satisfies the requirement in Eqn. (BI0) in the definition of stochastic subsolution, which
we establish by a proof by contradiction.

Assume hence that, for some open interval 0= (a,b) C C, we have that the process M = {M,,t € R, }, with
M, = M7 and T = T, , is a P,-supermartingale for all z € (a, b) that is not a P, -martingale for some zq € (a, b).
Consider the function g, : Ry — R given by

~ _ + _ —
(9.14) Jab(z) = Eg [MT(a,b)] = v (b)E, {e T 1{T;<T;}} + E, {e T v, (Xp-) (T >Tr}| -
Since M is a zero-mean strict P, -supermartingale, it follows
(9.15) v(20) > Gap(20)-

By definition of the set C and right-continuity it follows that, for any pair (a’,b") with a < a/, ' < b, we have

e(a,b') = inf (o pr) do, () — 1 > 0. In particular, since we have gq 1 (a') = vi(a'), gar v (a’) = v.(0') it follows
(9.16) Gar b (V') > Gar pr (a') + (V' — ) (1 + €(d, 1)) — K.
Denote e1(x) = E, {equ;' 1{T:,<T;,} and
es(z) =E {equai/Z;, (X )1t g e } e3(z) = gar v (a’) (1—E [equbtl S D
2 T a’,b Ta’ {Tb’ >Ta/} ) 3 Ga’,b T {Tb’ >Ta/} .

Since we have e1(z) 1, e2(z) \, 0 and ez(z) \ 0 as x /Y, and €(a’,b’) > 0, there exist o’ = ag,b’ = by and
7 > 0 with

z0 € (bo —m,bo), bo — 1 > ap > a and by < b and

(9.17)
(bo — ao)(1 + €(ao, bo))e1(x) + ea(x) —es(x) >z —aop for all x € (bg — 1, bo).

Denoting g = gao,b, and €9 = €(ao, bo) and combining Eqns. (@.14), (@.16) and (@.I7) yields

~ ~ —gT+ —oT— ~
g(x) > (3la0) + (bo — a0) (1 + o) = K)Exle 0L |+ Bale™ o0 g(Xpo )1 gt sy
= glao) + (bo — ao)(1 + €) — K)ei(z) + ea(x) — e3(x)
(9.18) > glag)+x—ap— K,
for all x € (bo — 1, bo). Hence, g is a local supersolution for the HIJB in Eqn. (83) with the property g(zo) < vs(20).
But this yields a contradiction with Thm. 34l Thus, it follows that v, is a stochastic subsolution.

(b) Proof of uniqueness: Let h be a stochastic solution. As v, is the pointwise smallest supersolution (Thm. 34),
it follows v, < h. We will now verify that also the opposite inequality, h < v,, holds true. Denote by 7(h) the policy
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corresponding to h given in Def. Since the processes Mv+m(h) and ]Tjh’”(h), which were defined in Eqn. (@), are
a Ul supermartingale and a UI martingale (by Lem. [0.6] parts (i) and (iii), respectively), Doob’s optional stopping

theorem implies

ve(2) — h(z) > lim E, [M”*’ﬂ(h) A } =0, r € Ry,

100 tATT(h) T g apT(h)

where we used P, (77" < o0) =1 for all 2 € R, together with the boundary condition

NP = em(h) =g i)y

ey = Mam )
This completes the proof of (b).
(¢) Proof of identity: Since v* is a stochastic solution, the shifting lemma, Lem. [0.6](iii), implies that the process
e ATy (Ul ) + f[O,t/\T,,*) e”?pu7z (ds) is a Ul P,-martingale for all x € Ry. In particular, the uniform

integrability and the boundary condition imply the identity

ve(z) = E,

e—qr”*w(Uf:*) + / e Iyl (dt)] = v, (), xeRy.
[0,7x.)

9.4. Proof of the dividend-penalty decomposition. Cor. is a direct consequence the following result:

Lem. 9.9. Let S* = {S},t € Ry} be the stochastic process with S} = e_‘J(t/\TJ)v*(XMTJ) and let D¢ be the
interior of the set D, defined in Eqn. 812)). The Doob-Meyer decomposition of S* is given by S* = M* — A* where

A* = {Af,t € Ry} is an increasing and locally natural process given by

tATy
Ap = / liyer,:x, eDg}(S)J* (X,-)ds, teRy
0
and M* is a martingale.

The proof is based on an auxiliary result concerning the form of v, restricted to the set D?. Recall that, since
the set D2 C Ry is open, it is of the form D? = U, (ay,by,) for some a,,b, € Ry that are such that a, < b, and

(@n, by) are disjoint intervals.

Lem. 9.10. The value function v, satisfies
(9.19) V() = — ap, + vi(an) for all x € [an, by),
where an, by, € Ry, a, < by, are such that we have D2 = U, (an, by).

Proof. In the case K = 0 the statement holds since by definition of the set DZ, we have v, | (z) = 1 for all
x € (an,by) and v, is continuous at a, (where v/, | (z) denotes the right-derivative of v, at x).

In the case K > 0 the stated linearity follows by combining the following two facts: (a) for any z € (an,by,)
it is optimal to immediately make a lump-sum payment of size y*(z) > 0 (Thm. BS) and (b) we then have
ve(2) = z — (z — y*(2)) + vi(z — y*(2)) — K for all z € [an,z]. We next establish point (b): On the one hand,
Lem. [0.I(i) implies that v* satisfies the inequality v.(z) > z — (z — y*(x)) + vi(z — y*(z)) — K for all z € [an, x].
On the other hand, the definition of y*(z) and again Lem. @.{i) imply

ya) - K+v(e—y'(z) = vila)
> z—zn+y(z1) —K+4uv(izi —y"(z1) =2 — 2+ vi(21)

& vuzn) <z - (2 -y (@) toulz -y (@) - K

Combination of the two inequalities yields the statement in point (b), and completes the proof. ([
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Proof of Lem.[2.9. Let x € Ry be given and recall that S* is a Ul P,-supermartingale by Thm. [3.4] and denote
by S* = M* — A* the Doob-Meyer decomposition of S*. We identify the Doob-Meyer decompositions of an
approximating sequence (§€“)n of processes and find the form of A* by passing to the limit.

For given € > 0 denote by D¢ the strict subset of D? given by D¢ = U, (ay, + €dn, by, — €0,,) where 6, = b, — ay,
(recall that D? = U,(an,b,) where a,, < b, and the intervals (a,,b,) are disjoint). Consider the sequence of
stopping times (T¥);en given by

Tf=0, T5=inf{t>T5 ,:X, eDVAT;,  Tsy =inf{t>Ts5: X, ¢ DIYAT, .

By right-continuity of the paths of X, we have T5; < Ty; ; on the set {T5; < T; }. By Doob’s optional stopping
theorem, the process S€ = {S¢,t € R, } given by

(9.20) St =" (Siazs,,, — Sins,)

ieN

is a UI P,-supermartingale, with increasing process in the Doob-Meyer decomposition denoted by A°. The difference
S — e = {5} — §§, t € Ry} is a Ul P,-super-martingale that can be represented by

(9.21) Sy—=Si=>" ( AT, — S:ATgifl) :

i€N
By a line of reasoning analogous to the one used in Lem. [10.2] it follows

(9.22) E.[S; — 5] — 0 as € \, 0, for any ¢t € Ry

We claim that the process S€ 4+ A€ is a Ul P,-martingale and A€ is an increasing locally natural process, where the
process Ac = {Z;, te R+} is given by

~ tATy;
(9.23) Af =" / e [—J*(X,-)]ds
7 t/\TZEZ 1
(i)

Proof of claim: An application of Ito’s lemma to the processes M = = {M,Ei), te R+}, 1 € N, given by

— () . . tATy; 41 Cgs 1
My~ =( tATS, 1 t/\T;i) - . e” PJ* (X, )ds, teRy,
AT,

(which is justified since v*| (an,by) is & C-function by Lem. [@10) yields that M Y

and ¢ € N. The process A is increasing (as S¢is a supermartingale) and is locally natural since A6 _ is integrable
0

is a P,-martingale for all x € R

(as S is a uniformly integrable) and ¢ — A§ is continuous.
Since D¢ increases to D¢ and we have

Ty At

Ty At ~
(9.24) / e T puer,x._ ey ()T (Xo)lds < A¢ < / e T puep,x_epey(5)[- T (X, )lds,

the monotone convergence theorem implies that the LHS of Eqn. (@24) tends to the RHS if ¢ \, 0, so that EE
converges to the RHS of Eqn. (I2) as € \, 0. Since the process $* — S¢ in Eqn. (@21 is a UI P,-super-martingale
and the increasing process in its Doob-Meyer decomposition is given by A* — Ae, it follows that A} — /~1§ is non-
negative, so that in view of Eqn. ([@22) and the fact E,[A] — AS] = E,[S; — S¢, the difference A} — A tends to
zero Pp-a.s. as e tends to zero. Thus we deduce that A} is equal to the RHS of Eqn. ([@.24) for any ¢ € Ry 0
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10. PROOFS OF OPTIMALITY OF SINGLE AND MULTI DIVIDEND-BAND STRATEGIES

10.1. Martingale pasting. The optimality of the value-function g of a candidate-optimal policy satisfying the
bound in Eqn. B7) will follow from Thm. B4 once the supermartingale property and uniform integrablity of the

process

_ —q(tATy )
(10.1) § = {em a0 )g X,y )t € Ry |
are established. In the following result it is shown that, provided that the function g is sufficiently regular, the
verification of the supermartingale property can be carried out locally:
Lem. 10.1 (Pasting lemma). Let (Ci)?z_ol be a finite partition of Ry (that is, Cy := 0, C,, :== 400 and C;—1 < C;
for alli=0,...,n), and let (1;); be the sequence of stopping times
Ti:inf{teRJr:Xt¢[Ci,1,C’i)}, i:l,...,n.

Let g : R — R be a Borel-measurable function such that glg_ \{oy is continuous if X has bounded variation, and is
C' if X has unbounded variation. If

(10.2) ST = {Siar, t € Ry} are P,-UI supermartingales, for any x € [Ci—1,C;) andi=1,...,n,
then the process S given in Egqn. (I01) is a P,-supermartingale for any x € Ry.

Proof. For the ease of presentation we will restrict ourselves to the case of a partition of the form [0, a) U [a, 00) for
some a > 0. The general case follows by a similar line of reasoning.
Fix t > 0 and = € Ry. Suppose first that X has bounded variation. Then a is irregular for (—oo,a) for X, so

that the following set of stopping times forms a discrete set:
(103) T() = 0, T2i = (T: A Toi) o 0T2i—17 T2i71 =T o 9T2i—2’ 1€ N,

a

where 6 denotes the translation operator. The strong Markov property of X implies that on the event {s <
Ti—1,Ti—1 < o}, i € N, we have:

]E [St/\T»; - St/\T¢71 |-7:S] = E I:IE[‘SVt/\'I'Z - St/\T1'71 |~7:T171]|~7:Sj|
= B |:1{t>T¢71}eiqTiilEXTif1 [eiqug(XR”) o g(XO)} ”U:Ti—l

where R, = (7' At) 00, where 7’ is set equal to Ty, if Xo =z € [0,a) and to T, if Xy = = > a. The expectation

7.

on the right-hand side is non-positive and finite in view of Doob’s optional stopping theorem and the assumption

in Eqn. (I02).
The stated supermartingale property then follows by virtue of the fact that the terms in the following sum have

non-positive finite conditional expectations under E[-|F;]:

St — Ss = Z L, <s<myy § (STjat — STy08) + Z(Sm:n — SiaTiy) ¢ s s <t.

J >
Suppose next that X has unbounded variation. Denote by (T;);enufoy the sequence of subsequent passage times
into the sets [a — €, a + €] and R\[a — 2¢, a + 2¢]:

To = 0, Toi1 = Hig—c,at¢] © 01, To; = Ty—2e,a42¢ © Oy, 1 €N,
where, for any Borel set A, Ha = inf{t € R} : X; € A} (see Figure ). Decompose S as S — Sy = S + S?) with
St(l) = Z [St/\T2i - St/\TzifJ ) S§2) = Z I:St/\TQi—l - St/\Tzifz} .

i>1 i>1



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 41

FIGURE 2. The martingale increments commence when X enters the inner band (dashed) and stop when
X leaves the outer band (dotted).

The sum S of increments of S during the periods that X spends in the band [a—2¢, a+ 2€] vanishes in expectation

as € \, 0, as shown in the following result the proof of which is given in the below:

Lem. 10.2. For anyt and x € Ry, E, [

St(l)H — 0 as e (0.

By the line of the reasoning given in the first part of the proof it follows that S(®) is a supermartingale for every
€ > 0, so that also S is a supermartingale in view of Lem. [10.2 O

Proof of Lem.I02 Write S = ¥ + %) where
B = e (X, ) — g(Xenr, ) B = 30 (K, e 1) — emalA L)
i>1 i>1

In view of the fact that g(x) < ax + b for some constants a,b > 0 it follows that the following estimate holds for
fixed t > 0:

tATR
’2752)’ < (af)(if/\‘r7r + b)/ e_qsl{XSE(a—Ze,a-l-Ze)}dS-
0

On account of the fact that the potential measure of X is absolutely continuous, the left-hand side tends to zero
as € \( 0 P,-a.s. for any z € Ry. The dominated convergence theorem implies that this convergence also holds in
P,-expectation. For the term (! the strong Markov property applied at T5;_; and Def. K1) imply that following
identity holds true:

(10.4) E, {zg”} =E, |y e (D L(X g, —a—26) |
i>1

with .

Wl (z)

M(9(45) — F(4e)),

where F' = Fj; denotes the Gerber-Shiu function corresponding to payoff § := ,—2c9. The triangle inequality,

L(z) = F(x) - §(x) +

continuous differentiability of § and F and the fact that W (9 is increasing yield the following estimate:

(10.5) |L(x)| < 4e x 2C(e) for all z € [0,4e], with C(e) = max |F'(z) — g’ ()|
xe€|0,4e
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Observe that the number of terms in the sum () is bounded by 1+ D; () + U," (¢) where D; (¢) and U," (¢) denote
the numbers of down-crossings of the band (a — 2¢,a — €) and up-crossings of (a + €,a + 2¢) by X before time .

Thus the expectation of |E§1)| can be bounded as follows:
(10.6) E, Hz§1> H < 8¢E,[1 + D () + U (e)] C(e).

Since X is a submartingale, the up-crossing lemma implies that the expected number of up-crossings U;" (¢) of the

band (c,d) = (a + €, a + 2¢) by time ¢ does not grow faster than ¢~ 1:

€ Eo[U}(6)] < Eu(Xe — d)F] — Ea[(Xo — o) ).

Thus, it follows that € - E,[U; (¢€)] remains bounded as € — 0. As the number of down-crossings D; () is bounded
by two added to the number of up-crossings U; (€) of the band (a — 2¢,a — ¢€), € - E4[D; (€)] also remains bounded.
Since C(e) tends to zero as € — 0, on account the facts that F' and § are C*(R,) and F’(0) = §'(0) (cf. Eqn. (B.6),
recalling that X is assumed to have unbounded variation), it thus follows from Eqn. (I0.6]) that EwHEﬁ” ] tends to

0 as € tends to zero, and the proof is complete. (I

10.2. Single band and two-bands policies. The following auxiliary result provides a key-step for obtaining

necessary and sufficient optimality conditions for single barrier policies:

Lem. 10.3. (i) For 6 > ®(q), the Laplace transform g*(0) := [~ e™"*g(x)dx of the function
(10.7) G R} SR s gle) = b, (£ — qu) ()

is equal to —=Z(0) where

b
=(6) = — / 02200 ()@, (dz),
0 Jibs,00)

where Gyp_(x) := G(b_, x).
(i1) The function g is non-positive if and only if the function 8 — Z(0 + ®(q)) is completely monotone.

Proof of Theorem[7.3, part (i). We claim that the strategy m,- is an optimal policy for the stochastic control prob-
lem in Eqn. (Z4) if and only if the following condition for v, is satisfied:

(10.8) bt LY v (z) — qups () <0, for all x > b’ and with W = vy,

where the operator biﬁg is defined in (#I12). Given this claim the assertion in (i) directly follows on account of
Lem. 103
Proof of claim: To verify that the condition in Eqn. (I0.8)) is sufficient we show that vy« is a stochastic super-

solution. Then the (local) verification theorem in Cor. implies that vy« is equal to the value-function v,. The
supersolution property of vy« follows from the pasting lemma (Lem. [[01]) and the facts

(a) exp{—q(t A Tbi)}vb* (X(t A Tbjl)) is a P,-supermartingale for all > b% (by Prop. and Thm. [(£.3]),

(b) exp{—q(t ATy )}vp- (X(t ATy )) is a Py-martingale for all z € [0,b%] (by the form of v+ in Eqn. and

the martingale properties of W@ and F in Eqns.(@3) and (@I0)) and

(c) wp+ is continuous at b% (if X has bounded variation) and C* at b% (if X has unbounded variation) in view
of the form of vy« in Eqn. 510l

To see that the condition (I0.8)) is also necessary, suppose that the condition in Eqn. (I0.8]) is not satisfied. Since
z = (b LY vy« — quy+ ) (2) is right-continuous for z > b, it follows that there exists an open interval (a, 8) contained
in (b%,00) such that (p= LT vy« — qup+)(z) > 0. Define a strategy 7 as follows: whenever U; does not take a value

in the interval («, 8) operate according to mp+, and while the reserve process U, takes a value in the interval (a, ),
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do not pay any dividends. Then S; := e*‘I(tATaﬂ)[v,-,(XmTaﬁ) — vy (XiaT, 5)) is a Pp-supermartingale for any
z € (o, f), and the following holds true (cf. Equ. (7.3))):

tA\Tw, _
E.[S: — So] = —E, / e (b Logvpe — qup+)(Xs)ds| <0 for any z € («, ).
0

This identity implies that vz(x) is strictly larger than vy« () for any = € (o, B). O

Proof of Theorem[7.3, part (ii). The statement follows by combining Thm. [E.3(ii) with the following observation.
O

Lem. 10.4. If x — G*(x) is decreasing on (b, 00), then Z(0) is completely monotone on (®(q),00).
Lem. [[0.4] will be proved in Sect.
Proof of Lem.[I0.3. (i) Taking the Laplace transform in ¢ in Eqn. (CJ]) and using the form of the Laplace transform
of W@ yields that, for 6 > ®(q),
0

* R efec (q)! ¢ * o) — G ¢
v0) = /[0,@ W@ (b, + )G (bs +c) — G (b )]d

= / / e WD (b, + ¢)de G*(by + dz)
[0,00) / [z,00)
0b,

69b+/ / 670cw(q)/(c)ch*(dz) — %/ efezZ(q,G)/(Z) G*(dz),
[b1,00) J[z,00) V(0) = q Jip, 00

by a change of the order of integration, which is justified by Fubini’s theorem, and the form (BIQ) of Z(49)(z).
Comparison with = defined in (CI]) shows that g*(6) = —Z(6) for § > ®(q). Here the last three (outer) integrals

are Stieltjes integrals with respect to G*.

(i) The second assertion follows since a function f : (¢,00) — R with ¢ > 0 is completely monotone if and only

if it is the Laplace transform of a non-negative measure supported on R . (|

Proof of Thm.[7.10 (i) In this case it can be shown as in the proof of Lem. [[0.3 that the complete monotonicity

of the function s g2 g+ (f) is equivalent to the condition
oﬁg’oVO{*)B; (x) — qVOf*ﬁ; (x) <0 for all z > 35 .

That this is a necessary and sufficient condition for Vdfh 5, to be identically equal to Vi follows by a line of reasoning
analogous to the one employed in the proof of Thm. [3[i).
(ii) The proof is analogous to that of part (i), and is omitted. O

Proof of Lem.[63. (i) Consider the function G : R; — R defined by G(a) = sup;,> G(fa;&(b) The fact a} > 0 is a

consequence of the intermediate value theorem and the following three assertions concerning G:

(a) G(0) <0,

(b) there exists an ag > 0 such that G(ag) > 0 and

(c) the function a — G(a) is continuous at a € [0, ao).
Assertion (a) follows from the definitions of 87 _(0) and 7, (0), and the form of Va]fb,,b+ (Prop. [62), and the
facts F'(0) = f(0) = ¢ with ¢ given in Eqn. (63) and F’(04+) = f/(0—) = 1 in conjunction with the condition in
Eqn. ([©.0).
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To verify assertion (b) we show that for some a¢ and b with ag < b, G(fa%) (b) is strictly positive. In view of the

form of cha;;) we thus need to show the existence of a pair ag, b satisfying F(*) (b — ag) < 1.
The condition in Eqn. (6] and the right-continuity of the map J : R \{0} — R defined by

J(y) = 0L Fy) = ¥(0) — gly +0(0)) + /( [ =2) = 00) + 2= a(ds), yeRs,

imply that the following statement holds true:
(10.9) There exists an interval I = [u_,u], with 0 < u_ < ug, such that J(y) > 0 for all y € I.

For the choice ag = inf{y > 0: J(y) > 0}, it follows in view of the representation F(*) (b —ag) =1 — f0b7a° J(b—
2)W@(dz) (see Lem. B2(iv), Eqn. (B)) that we have F(®) (b — ag) > 1 for some b sufficiently small.

To see assertion (¢) fix a > 0, and note that Vafﬁ*(a) () = W@ (2)G(a) + F@(x — a) for z € [a,B%(a)].
Analogously as in Thm. it can be shown that we have

Vgt (@) = S B l/ " e dD] + e f(UT)
™ 0

Let a1,a2 be such that as < a1 < min{f*(a1),*(az2)} and fix zo € (a1, min{8*(a1),8*(az2)}). To show the
continuity of G(a) we will show that Va{)ﬁ*(al)(xo) - Vai,ﬂ*(ag)(xo) — 0 when ay —a; — 0.
The triangle inequality implies that we have

i 7-;’2 —qt’ T —qr T
(10.10) [V 4. () (@0) = v;;ﬁ*(@)(xo)’ < sup B, l/ "D} + e ez f(UT ) — e T f(UT, )]

mell 5

Since Py, (UTJ1 € [az,a1)) = Py, (7], < 77,) converges to zero if a; —az N\, 0, it follows that also the random variable
under the expectation tends to zero if a3 —ag N\ 0. Since this random variable is dominated uniformly for all = € II,
Lebesgue’s dominated convergence theorem implies that the right-hand side of Eqn. (I0I0) tends to zero when

a1 —az \( 0. To see that the random variable is dominated recall that f is affine and and note that we have

a2z

o0 o0
e "Dl Ve a2 DT, \// e "dD] g/ e 'dDT g/ qe*thtdtg/ ge” "X, dt
ay [rr 77 ] [0,00) 0 0

ajl’ az

which has P, -expectation zg + ®(¢)~!, and

.
‘e e Xrg

<o (X — X ),

a

where X, = info<s<¢ X, which has P, -expectation that is bounded by the finite number 2z, + E[Xn(q) — ln(q)]
where 7(q) denotes an independent exponential random time.

Finally, note that the finiteness of 5} +(o[}) follows by a line of reasoning that is analogous to the one that was
used in the proof of Thm. B3] while we have 8} | (a}) > «} by definition of 87 , (a}).

(ii) Observe that in the case o} < oo we have o} < ﬁ;a_ < B;)+ < 00, where the first strict inequality is a direct
consequence of the fact that it will never be optimal to pay a lump-sum dividend smaller than the transaction cost
K > 0. The proof of the rest of the assertions in (ii) is analogous to that of part (i), and is omitted.

(iii) In the cases K > 0 or {K = 0 and ¢ > 0 or vp,; = oo} the equality o* = % (a*) would imply that
Var g= = f— however, if there exists a u such that oL/ (u) > 0, there exist a, such that V, g(x) > f(x) for
x € (a, 8), which would yield a contradiction. ]
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10.3. Optimality of multi-dividend-bands policies. Denote by v, = (vi;)aij), a* = (af ;) and b =
(b;‘7j)(i7j) the sequence of value-functions and band levels generated by the algorithm in Sect. [l where the in-
dex (i, j) refers to the ith iteration of the algorithm in the jth run of the algorithm (i.e. it has been restarted j — 1
times, cf. Rem. [[14)). In particular, we have that v; ; is given by

Var b (2) z €[0,b7; 4],

(1011) ’Ui,j(fﬂ) = . . *a 4,7,+
xr — bi,j,Jr + Uiyj(biyjﬁJr) T > bi,j,Jr'

The following result concerns the optimality of multi-dividend bands strategies and implies in particular Thm. [Z.T5

Prop. 10.5. (i) For a given pair (i,j) of iteration and run, v;; is equal to the value-function Va, b, , Of the
multi-dividend-bands strategy ma, v, . at levels af ; = (0,aiy,...,a;_; ;,00) and bj ; = (b7 1,..., 0] ;).

(i) For each pair (i,7), v( ) () = vi(x) for all x < b .

(iii) The optimal value function v, is equal to the value function Vs p= of the strategy ma» p=.
Proof. (i) The strong Markov property of the process U = U™ applied at the stopping time 7= = 77

8
Fi-1,5

implies
(1012) Vi, (I) = Em [/0 efqtu}r((dt) + Vi—1,5 (UT—) y

where m = mq, b .

The form of v;; follows by induction, starting from the expression for a single dividend
band strategy and using the form of the value-function of the auxiliary stochastic control problem in Eqn. (3.15)

(subsequently applied with pay-off functions f(z) = v . (b4 +x) for all pairs (k, 1) such that (I, k) is smaller
af 4

Y
than (4,7 — 1) (in the lexico-graphical order). o

(ii) The statement follows by induction (in k). Indeed, note that, from Cor. [Z.11] it follows v(2 1)(z) = v«(x) for
all z < b3 ; ,. Furthermore, that the induction step holds is verified as follows: Assuming that v(x_1 ;) () = vi(z)
forall 2 < by, , for some pair (k,[), Thm. 6.5 with f = bi_y,y Vs and the relation in Eqn. (I012)) imply that the
previous line is valid with (k — 1,1) replaced by (k,1).

(iii) Since v;j(z) = Vgepr(z) for all z < aj_,; ; (from Eqn. (I0II)), it follows by virtue of part (ii) that
V() = V= p+ (z) for all z < aj_ ;.
to infinity (cf. Step 1 of the algorithm and Lem. [6.3(i,ii)), we deduce v.(x) = Vy» p= (2), for any fixed z € Ry. O

Observing that the sequence (a; ;); ; is strictly increasing and ultimately tends

APPENDIX
APPENDIX A. PROOF OF DYNAMIC PROGRAMMING EQUATION

Proof of Lem. [31] (ii). Fix arbitrary w € II, z € R4 and s,¢ € Ry with s < ¢. It is clear that V™ is F;-measurable
and integrable on account of Lem. Fix arbitrary = € II, x € Ry. Define by W™ = {W7T,s € R, } the following
value-process:

il

Dy, u € [0,s);
DI +D}_(U]), u>s,

(A1) WT = ess.sup J7, J*=E l/ e 17 (du) + equﬁw(Ufﬁ)
Fell, 0

where II; C II denotes the set of strategies
Hs:{ﬁ:(7"7?>:{D$EaUER+}57€H}a Dzﬂﬁ:

where D7 (x) denote the process of cumulative dividends of the strategy T corresponding to initial capital Xy = .

It follows that V™ is a supermartingale as direct consequence of the following P-a.s. relations:
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(a) VT =W],

(b) W = E[W[|F],
where W7 is the process defined in Eqn. (A).
Proof of (b): The identity follows by classical arguments. Since the family of random variables {JF,7 € II;}
is directed upwards, it follows from Neveu [38] that there exists a sequence m, € II; such that Jf" T W[. Since

IT, C 11, it follows that W7 dominates J7 = E[J["|F;], so that monotone convergence implies that we have
W > limE[J[™|F,] = E[W]|Fs].

Proof of (a): The form of D¥ implies that, conditional on UT, { D — DT u > s} is independent of F;. On account
of the Markov property of X it also follows that conditional on UT, {UT — UT u > s} is independent of Fs. As a

consequence, we have the following identity on the set {s < 7™}

El/ e~ (du) + e~ w(UF) | e + e uws)
0 0

Fs] = e_qs]EU;r

4 / e~ 7 (du)
0

= T+ [ e
0

In particular, P;-a.s. the following representation holds true:

™

SAT
‘]j = eiq(SATﬂ)vF(Usﬂ/\T”) +/ eiqu:u}r((du)v
0

which yields the following P,-a.s. representation for W

™

SAT
(A.2) WS”:/ e T (du) + e 1N ess.sup vr(UT ).
0

7=(mw, 7)€,
In view of the definitions of IIs and v,, the essential supremum in Eqn. (A22)) is P-a.s. equal to v. (U7, ), which
implies that, P-a.s., WI = V. (]

APPENDIX B. PROPERTIES OF GERBER-SHIU FUNCTIONS

We collect below a number of key properties of the function F,, for pay-offs w in the set R (which was defined

in Def. 2.2]).
Lem. B.1. Let w € R. Then the following hold true:

(i) The function F,, can be expressed in terms of W@ as follows:

o2

(B.1) Fy(x) = 7w'(0—)W(Q) (z) + w(0) 2D (z) —/ WD (z —y)w, (y)dy, =>0.
0
(i1) The value of Fy, at x =0 matches w(0): F,(0) = w(0).
(iii) The following asymptotics hold true:

Fy(x

~—

where kK, is defined in Eqn. [LF]).
(iv) If X has paths of bounded variation, the Laplace transform of F,, simplifies as follows:

/ T e, (e)de = (B(0) — q) [pw(0) — @(6)),

where W}, is the Laplace transform of the function w, : R:\{0} = R given by @, (x) = f(m 00) w(z — y)v(dy).
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Note that representation (B.I) and the continuity of W(@|g, imply that the Laplace-transform inverse in
Eqn. [@6]) admits a continuous version on R, which justifies Def.

Proof. (i) The identity follows by term-wise inverting the Laplace transform (L), using the form (T4) of the
Laplace transform of W9,

(ii) This follows directly from Eqn. (B) and the facts that Z(9(0) = 1 and ¢>W (@ (0) = 0.

(iii) Since W@ (z) ~ e®(@? /4)/(B(q)) as  — oo, the statement follows from Eqn. (BI)).

(iv) If X has bounded variation then we have 7y := [;* ¥(2)dz < co. Hence, for any x > 0, w, is finite and
satisfies w, (z) = w, (z) — w(0)7(z). O

Restricting to penalties w from the set P (which was defined in Def. 2I) we have a number of additional
properties. Recall that we denote the right-derivative of F' at z > 0 by F’(x).

Lem. B.2. Let w € P.
(i) The function w, : Ry\{0} — R defined in Eqn. [Z3)) is increasing and right-continuous, and satisfies the

following integrability condition:
(B.2) / lw, (y)|dy < oo for any x > 0.
0

(it) The function Jy, : RL\{0} = R given by Ju(z) = (0LLpw — qpw)(x) for any x > 0, with p,(z) = w'(0—)z +
w(0) and the map o LY, defined in Eqn. (Z12), is right-continuous, and is equal to the following expression:

(B.3) Juw(y) = [¢'(0) = mu (y)]w'(0=) + wy (y) — q(w'(0=)y + w(0)), ¥ >0,

where w,, is given in Z3) and the map m, : Ry \{0} = (—00,0) is given by my(z) = [ (x — z)v(dz).

(iii) Fy(x) is left- and right-differentiable at any x > 0 with right-derivative at x > 0 given by

(B.4) Fly(a) = S0/ (0-)W ' (@) + w(0)qW ™ (2) - /[0 Jwrle =)W (dy)

where the first term is zero if o* = 0. In the case {o® >0 or vy = oo}, then Fylp \101 € C'(RL\{0}).
(iv) The following alternative representation of I, | (x) holds true:
(B.5) F! (z) = w'(0-) — / Jo(@—y)WD(dy), x>0
[0,2)
In particular, © — F. (x) is right-continuous on (0, 00).
(v) The right-derivative at x =0 of F,, takes the following form:

w'(0—), in the case {02 >0 oryy1 =00},

(B.6) F,(0) =
—Ju (0+)W @D (0) = Lw(0) - %w,,(()), in the case {0? =0 and vy 1 < o<},

where p and vy1 were defined in Eq. ().
(vi) The map Fy, : Ry\{0} — R is equal to a difference of monotone functions.

Proof. (i) The integrability condition (B.2)) follows from the condition ([2.:2) (as we have the inclusion P C R).
The right-continuity and monotonicity of w, follow on account of the dominated convergence theorem and the
monotonicity and right-continuity of w.

(i) The representation in Eqn. (B3] follows directly from the form of the operator (L% given in Eqn. ({I2).
The function J,, inherits the right-continuity from w,, on account of in view of Eqn. (B.3)) and the continuity of
my.

(iii) Recall that W@ (z) is right- and left-differentiable at any = > 0 (with finite derivatives and with right-
derivative at = denoted by W(@(z)). The final term on the rhs of Eqn. (B) is also right-differentiable with
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derivative equal to the third term on the rhs of Eqn. (B4), on account of the dominated convergence theorem,
the monotonicity and right-continuity of w, and the right-differentiability of W (2. An analogous line of reasoning
shows that F,|g,\ (o} is in fact continuous in case that we have o > 0 or v = 00, as it holds that W@ |g,\ (o} is
C! in that case.

(iv) The equality of (B4) and (B) can be verified by taking Laplace transforms, using that the Laplace
transforms of W@ and m,, are given by Eqn. (L4) and by the following expression:

m*(0) = 2 /O Tlem0 — 14 02]u(dz) = 672 [w(e) — 0y (0) — 0;92} .

(v) If X has bounded variation, then w, (0+) exist and is finite. On account of the monotonicity of w,, the
continuity of W(®|g . and the fact W@ (0) = p~!, the expression in Eqn. (B.6) follows by taking the limit of =
to 0 in Eqn. (B4). If X has unbounded variation, the form of F/ (0+) follows by the fact that the convolution in
Eqn. (B.5) vanishes as x tends to zero. This fact is a consequence of the following two observations: (1) Let n > 0
and ¢ > 0 be such that, for all z € (0,9), |[Aw(—z) —w'(0—)| < n, where Aw(z) = M. Then the form of w,
implies that the following estimate holds true:

(B.7) |wy ()] < /[5 : lw(=y) —w(0=-)w(dy) +nlm(z)|, = >0.

(2) For any a,b > 0, define the function K : R4\{0} — R by K(z) := [ (a — bm,(z — y))W D (dy). As K is
increasing and has a Laplace transform K*(0) = (¥(0) — q)~*0(a — bmy(ﬁ)) that satisfies K*(6) ~ ¢/6 as 6 tends to
infinity for some constant ¢, a Tauberian theorem implies that K (x) tends to zero as x tends to zero. The stated
fact now follows by combining the observations (1) and (2) with the fact W (@ (0) = 0.

(vi) The statement follows on account of the representation in Eqn. (B:4]) and the facts that w, is monotone
and non-positive and that W (@’ Ik, \{0} is equal to the difference of two monotone functions (which holds as W)

is log-concave, cf [37, Lemma 6]). O
In the case of exponential boundary condition w we record the following additional properties:

Rem. B.3. The family of functions Z(%*) contains as member the function Z(@9 = Z(9) which corresponds to
the case of a boundary condition equal to 1. Further, from (&) we read off that Zy = Z(9, and if E[|X;|] < oo,
that Z;(x) is given by

(B.8) Zi(@) = x4+ gW " (@) — o/ (O (a),

where W@ fo x — )W (y)dy. More generally, if E[|X;|*] < oo, then () (0) is finite for r = 1,..., k, and

the followmg representatlon holds true by an application of the Leibniz rule:

(B.9) Zi(a) = a* +qW " () Z( >w<"<> W @)

with (™) (0) being the nth right-derivative of 1 at zero and
wr(an) ‘ n
W @) = [ =g W ).
0

Rem. B.4. If w is an exponential, w = e,, the function F,, reduces to the function Z(®¥) defined in Eqn. (T.2).
Indeed, the Laplace transforms F) and (Z@)* of F. |, and Z@V)|g, are both equal to

06) ~ (o).

F;,(6) = (2947)"(60) = (0(6) — ) =5 —



OPTIMAL DIVIDEND DISTRIBUTION IN THE PRESENCE OF A PENALTY 49

Rem. B.5. (i) For v > 0, the function 2 + Z(@%)(z) is strictly increasing on Ry. In particular, for z > 0 and
v > ®(q), 2@V () is equal to

(B.10) 200 (@) = (6(0) - o) | @ (ay),

x

which can be derived from Eqns. () and (2]) by integration by parts.

(ii) The map v ~— v~ 1Z(@(z) is completely monotone on (®(q),00), for any z > 0. This follows since
v — v~ 1Z@¥)(z) is the Laplace transform of some measure on R, which we show now. From the definition of
Z(@) e find that the derivative Z(©V)(z) at x > 0 satisfies

200 (@) = 020 (@) + (g = V()W (z).

Inserting the forms of the Laplace transforms of W@ |, and Z(@V)|g, (given in Eqn. (L4) and Rem. ([@3), respec-
tively), we find

0o 0 2 —0y _ —vy
(B.11) / e 07 7@V (2)dx = 74 ! z +/ %ﬁ(y)dy .
2 Jraoyp v

0 Y(O)—q  P(0)—q

Observing that we have

e v — ey
/ ———D(y)dy = / / e 957y (s + t)dtds,
Ri\{o} U0 R \{0} /R \{0}

and inverting the Laplace transform in Eqn. (B.I1)) yields the expression
2
012 () = L@ () 4+ T w7 (g + / / e —y+ )W D (dy)dt, x> 0.
v 2 z\{0} J[0,0]

By inspection we see that, for any = > 0, the function v — v_lZ(q’”)’(x) is the Laplace transform of a measure on
[0, 00), which implies the stated complete monotonicity.

(iif) If, for some vy > 0, E[e~*0%1] is finite, 1 (v) and v — Z(%)(z) can be analytically extended into a neigh-
bourhood of v = 0, and Z(4%)(z) can be expanded in terms of Z, k € N, as follows:

0ok
v

Z(q’”)(aj) = g o Zi(x).
k=0

Proof of Prop. [8.2. Note that, by changing measure and inserting form in Equn. (.4) of V;’, for w = 1, the following

expression can be derived for v > 0:

—qT, (X —a
Em[e qTa,p+v( Ta,b )1{T;<Tb+}]

_ e(m—a)va [e_qTa,b+w(v)Ta,b+U(XTa,b —x) =% (v)T0,qa 1{T; <Tb+}]
— e(I*G)UEZ [e*(Q*w(U))Ta,b 1{T; <Tb+}]

qu—wv))(b —a)

- ole—av | Z(a=9(v))
= e A (x —a)
ﬂréq*w(v))(b a)

W(qﬂb(v))(x —a)l,

v

where Wy), Zl(,r) are the r-scale functions under PV, the Cramér-Esscher change of measure of P with Radon-

Nikodym derivative defined by %| 7, = exp(vX; — ¢ (v)t). Using the identity (from [7])
WD(z) =W (), 020,420,

we find B2)). The identity B3] follows by a similar line of reasoning. The uniqueness follows from Thm.
O O
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Proof of Prop. -4} Writing V%°°(z) = w(0)Ez[e 90 |+E,[e~9T0 (w w(Xp—)—w(0))] and applying the compensation
formula to the P01sson point process (AXy,t € R;) yield the following expressions for any x € R :

(B.12) W) w0 = [ [ty - 2w ay

(B.13) = WO ) (B(a) - / WO (@~ g (y)dy,

where U?(x, dy) is the ¢g-potential measure of X under P, killed upon entering (—oo,0),
U'(z,dy) = WD (@)e ™ - WD (z —y)ldy, y>0,

and V%:(z) = E,[e79%0 | is expressed in terms of the scale function W@ by

;OO0 — q q q
V2o (z) = 2D (z) — WW( ) ().

The two integrals in above display are finite in view of the integrability condition (22)) and the fact that W(q)hR "
is continuous. Thus, Eqn. [@7) follows from Eqn. (B)) (since the term %Qw’(O—)W(q) (z) cancels).

The martingale property in Eqn. (@I0) follows from Eqn. (£1) and the strong Markov property of X, and the
fact that

(e’q(t/\Tt:)W(q) (XMT; —a),t e R+) is a P,-martingale for any = € R.
d

Proof of Theorem [[.5: An application of the compensation formula yields the following representation of U2 (x):

U () — w(OUL ( / / w(0))p(d2)RY (1, dy),

where ug(;f’a is given in (83)), and g-resolvent measure R, ,(z,dy) of Y? killed upon entering (—oc, a) which is given
by (41, Thm. 1])

W@ (z — a)

q _
(B.14) Raﬁb(x,dy) = W@ (b —a)

W@ (b —dy) - WD (z—y)dy, ,y€ [ab].

Combining these expressions with Lem. [B.2(iii) and taking note of the fact that the term U—;aw’(O—)W(‘?) (x) cancels
yields that Eqn. ([@3) holds with F' = F,,. O
APPENDIX C. PROOFS OF OPTIMALITY OF SINGLE DIVIDEND-BAND STRATEGIES

C.1. Key representation. The following result provides an explicit connection between the function the boundary

influence function G and the infinitesimal generator of X:

Prop. C.1. Let¢> 0 and by > b_ >0 (with by # b_ in the case K > 0). (i) The following identity holds true:
(1) WO s+ QGO b+ =GO b0 = [ (Lm0 +e— WO a)

(C.2) = 1 - Fb’+vb (c).

(i) If G(b—,by +¢) < G(b_,by), then Fb'+vb(c) > 1.
(iii) The functions y — G(b~,y) and y — G¥(y) are decreasing for all y sufficiently large.

The proof of Prop. is based on the following representation which is itself a consequence of the shifting

lemma and the pasting lemma:
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Lem. C.2. For any ¢ >0 and any by > b_ >0, (with by # b_ if K > 0) the following identity holds true for any
x<by+e:

tATp4e

(©3) B, [t (Uit )+ [ e rapt] - uto)
t/\Tb+C_ - bte

(C.4) = | [ L O ey 5]

with W = vy,, and we denoted Ty = 7" = ++9  DbTe = DTO-bite) gpd UbTe = 7O bite),

Proof of Prop. [C1l First consider the case K = 0. Denoting the g-resolvent of Y'*+¥¢ killed upon entering (—oc, 0)
by
Rg,b++c($a dy) = / eﬂ]t]P)gg(Ytb“LC edy,t < 7p)dt
0

and letting ¢ — oo in (C3) the dominated convergence theorem implies that for x € (0,b4+ + ¢)
Tbtec -
(©5) i) =) = B | [ e LEOE N i

(C.6) = [ LTl (o),
[b4 b4 +c]

where W = vy, Inserting the explicit expressions (B.I) and (B.14) for vy, vp4c and R, | .(z,dy), we find that

o (@) c—
W (@)[GH(by +¢) — GF(by)] = WO (2) / b L)) b te=dy) o),

[bs by +c] W@ (by +¢)

with G# defined in Eqn. (ZI) and where we used that W@ (z) = 0 for 2 < 0. Changing coordinates in the integral
and using that W (@) (z) is strictly positive at any x > 0 yields the first equality in Eqn. (CJ]). The second equality
in Eqn. (CI)) follows by the representation in Eqn. (B.5) and the fact vj(b;—) = 1. The case by = 0 follows by
approximation, taking the limit of by to zero. The proof of the case K > 0 is similar and omitted.

The statement in (ii) is a direct consequence of Eqn. (C)). The ultimate monotonicity of y — G(b_,y) and
y — G*(y) follows from the fact that ,, L% vy(z) tends to minus infinity when z — oco. O

Proof of Lem.[I04) If the function G* is decreasing, then the function E is completely monotonicity in view of the
form of Z given in Eqn. (Z.3), the complete monotonicity of §~1e?(®=#) Z(0:0)/ (1) (cf. Rem. B5(ii)) and the following

facts:

(i) A function f : (¢,00) — Ry, ¢ > 0, is completely monotone if f is the Laplace transform of a measure
supported on [0, 00).

(ii) If f(0) is the Laplace transform of the measure y supported on [0, 00) then, for any ¢ > 0, e~%¢f(0) is the
Laplace transform of the translated measure y — 1y, p(d(y — c)).

(ili) If 6 — fz(0), x > b, b € R, is a collection of Laplace transforms of measures u, on [0,00) and m is a
measure supported on the interval [b, o), then 6 — f[bm) f=(0)m(dx) is equal to the Laplace transform of
the measure supported on [0, c0) given by f[bm) e (dy)m(dx).

O

Proof of Cor. [7.9 In view of Cor. 31 it suffices to verify that Eqn. (I0.8) is satisfied.
We need to show that J(x) < 0 for all z > 0 where J : R4 \{0} — R is given by J(z) := (s~ LZ vy ) (b% + x) with
W = vp-. In view of the forms of the operator 4= L3, and of vy (z) for x > b%, it follows that J(x) is given by the

following expression:

(C.7) J(z) = ¢'(0) —Q($+U(b))+/ooo[v(b—y) —o() +yl (@ +y)dy, x>0,
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where we denoted b = b and v = vp-.
The assertion that J(x) < 0 for any x > 0 then follows once we show that

(i) J is concave on Ry\{0},
(ii) J(0+) =0 and

(iii) J'(0+) <0.

To show (i) note that under condition (a) the integrand in (C) is non-positive for all y. Indeed, for y € (0,b),
[v(b—y)—v(b)+y] <0< vb)—vb—-y) >y (as K =0), and for y > b we have that w(b —y) —v(0) =b+y <0
and v(0) — v(b) + b < 0 which yields that w(b—y) —v(b) <y for y > b. As v/ is convex, and a mixture of convex
functions with positive weights is again convex, we deduce that J is concave on R;\{0}.

Given (ii) statement (iii) follows since if J'(0+4) were positive, (J(z) — J(0))/z = J(x)/z would be positive which
would be in contradiction with Eqn. (C8) below.

To see that (ii) holds, note that, from (CIl) with b— = b* and by = b7,

(C.8) 0> / J(e—y)W@D(dy)  for all ¢ > 0 sufficiently small.
[0.¢]

Thus, we deduce that J(0+) < 0.

To complete the proof we next verify that J(0+) = 0. First consider the case that o2

is strictly positive: The
observations that, for any b > 0, e_q(MTO’b)vb(XMToyb) is a martingale and v, € C? together with It6’s lemma, yield
that (oLZLwy)(z) = 0 for all x € (0,b4) which in turn implies that J(0) = (0LZvy)(b+) = 0 on account of the
continuity of z — (oL vp- (x) at = 0.

Consider next the case {o? = 0 and vp; < oo}. It follows by taking Laplace transforms in Eqn. (£I3) that
(0L wvp)(x) = 0 for Leb-a.e. € (0,b4). Let x, € (0,b%) be a sequence tending to b satisfying (o L% vy)(2n) =
0. On account of Fatou’s lemma, the convexity of v/, the continuity of W(?|g, and W(q)'|R+\{O} and the fact
v(b—y) —v(b) <y for all y < b, we deduce J(0+) > 0:

0= lim(o L)) < '(0) = au(®) + [ (b =) = o) + 1) (5)dy = S0+,

Hence also in the case that X has bounded variation it holds that J(0+) = 0.

The case {02 = 0 and v 1 = oo} follows by approximation: we claim that by adding a small Brownian component
with variance 02 > 0 to X and then letting 02 — 0, it follows that also in this case J(0+) = 0.

To verify this claim we show that J(0+) > 0. If o N\ 0, the continuity theorem implies that the scale functions
WD) and FIE,U) of the perturbed process X(?) := X + ¢B (where B is a Brownian motion independent of X)
and the corresponding derivatives W (@) and F&U)I converge pointwise to the corresponding (derivatives of) scale
functions of X at any point of continuity. Denote by J(7) (x) the expression on the rhs of ([C.7)) with the function
v replaced by the function v(?) corresponding to the perturbed process X(?). An application of Fatou’s lemma,
which is justified on account of the bounds in Lem. and Lem. [0.3] then yields that

0= li\r&) JO(z) < J(x), for any = > 0.

The proof is complete. O
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