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ON CONSISTENT VALUATIONS BASED ON DISTORTED EXPECTATIONS:
FROM MULTINOMIAL RANDOM WALKS TO LEVY PROCESSES

DILIP MADAN, MARTIJN PISTORIUS, AND MITJA STADJE

ABSTRACT. A distorted expectation is a Choquet expectation with respect to the capacity induced by a con-
cave probability distortion. Distorted expectations are encountered in various static settings, in risk theory,
mathematical finance and mathematical economics. There are a number of different ways to extend a distorted
expectation to a multi-period setting, which are not all time-consistent. One time-consistent extension is to
define the non-linear expectation by backward recursion, applying the distorted expectation stepwise, over sin-
gle periods. In a multinomial random walk model we show that this non-linear expectation is stable when the
number of intermediate periods increases to infinity: Under a suitable scaling of the probability distortions
and provided that the tick-size and time step-size converge to zero in such a way that the multinomial random
walks converge to a Lévy process, we show that values of random variables under the multi-period distorted
expectations converge to the values under a continuous-time non-linear expectation operator, which may be
identified with a certain type of Peng’s g-expectation. A coupling argument is given to show that this operator
reduces to a classical linear expectation when restricted to the set of pathwise increasing claims. Our results
also show that a certain class of g-expectations driven by a Brownian motion and a Poisson random measure

may be computed numerically by recursively defined distorted expectations.

1. INTRODUCTION

A distorted expectation is a classical example of a Choquet expectation, which is itself an instance of a
non-linear expectation. While an expectation may be seen as an integral of the survival function, i.e.,
0 [’}
E[x] = / (S (t) — 1)dt + / Sx(t)dt,
—00 0
with Sx(t) := P[X > t], a distorted expectation is computed by integrating an upwardly shifted survival
function. The upward shift for every survival probability is induced by a given concave probability distortion,
say D, which is an increasing function that is a surjective mapping from the unit square onto itself—see Figure[]]
for two examples of concave distortions. The distorted expectation is then the Choquet expectation defined by
0 0o
cPa) ::/ (D(Sx(t)) — 1)dt+/ D(Sx(t))dt.
—o00 0
Shifting the survival function upwards (resulting from D > id, the identity) means increasing across the board
the probabilities that certain values will be exceeded, creating a safety buffer. Concavity ensures that the relative

shift increases the closer one gets to the left tail. There exists a good deal of literature concerning static Choquet
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FIGURE 1. Depicted are three distortions. The diagonal line is equal to the graph of the linear
distortion Wo(p) = p, while the solid and dashed curves correspond to the graphs on the unit square of
the MINMAXVAR distortion ¥, (p) = 1 — (1 — p*/ )17 for 4 = 0.4 and the exponential distortion
Vo(p) =1— 122 for a = 0.9.

l—e—

expectations and their mathematical properties—see for instance Anger [I] or Dellacherie [I6]. By modifying
one axiom of von Neumann-Morgenstern’s expected utility theory, Yaari [46] gives an axiomatic foundation of
distorted expectations in order to describe choices under uncertainty. The concavity of the distortion function
is identified with uncertainty aversion. For further applications of Choquet expectations to model preferences
under uncertainty see for example Sarin & Wakker [38], Schmeidler [41] and Wakker [43] and references therein.

A distorted expectation may also be interpreted in terms of model robustness in the sense of being the largest
or smallest value among all members of a family of models that is induced by the distortion function— see Carlier
& Dana [6]. Robust approaches of this type can be found in robust statistics (Huber [24]) and in the theory
of coherent risk measures (Artzner et al. [2]). Kusuoka [29] showed that a distribution-invariant, comonotone
additive, coherent risk measure necessarily corresponds to a distorted expectation (with Average Value at Risk
being the prime example), while Dana [I5] proved that any distribution-invariant risk measure that respects
second-order stochastic dominance admits a representation as a supremum of Choquet expectations.

Because of their direct link to tail probabilities, distorted expectations have also been used extensively to
calculate insurance premiums (see for example Wang et al. [44], or Wang [45]) and to model bid-ask spreads in
finance (see Cherny & Madan [10] or Madan & Schoutens [31]).

While Choquet expectations play a fundamental role in static settings, this is much less the case in dynamic
settings. The reason is that, contrary to what is the case for standard expectations, the collection of “conditional
Choquet expectations” corresponding to the collection of “updated” probability measures, that is equal to the
sequence of Choquet expectations evaluated with respect to the conditional probability measures conditioned
on the sigma-algebras in a given filtration, may lead to time-inconsistent choices. For instance, it is possible
that for two epochs s and ¢ with s < t in every future scenario the conditional Choquet expectation of X at
time ¢ will be greater than that of Y, while nevertheless at time s the conditional Choquet expectation of Y is
greater than that of X. This fact suggests that a dynamically consistent non-linear expectation that is based on
distorted expectations must apply the distortion over single time periods only. In a random walk setting this is
equivalent to considering a collection of models which is specified by all those measures of which the one-period
“transition probabilities” are dominated by the capacity induced by the distortion and the one-period transition

probabilities of the random walk. The resulting multi-period valuation operator that is defined as the supremum
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over all values attained under conditional expectations with respect to the filtration generated by the random
walk and with respect to probability measures in this collection, can indeed be shown to be time-consistent (see
Proposition below). This valuation operator is non-linear, which is apparent from the fact that the probability
measure employed in the evaluation will be dependent on the random variable. Furthermore, this multi-period
distorted expectation operator inherits the positive homogeneity and convexity from the single-period mapping,
but is neither distribution-invariant nor co-monotontically additive. Valuation under dynamic risk measures in
discrete-time settings was also studied by, among others, Cherny [J], Cohen & Elliot [II] Jobert & Rogers [20]
and Roorda et al. [37].

It is an interesting question whether such a valuation method remains stable in a setting where data are
observed frequently, so that also frequent updates are needed. More concretely this question may be phrased
as asking if the discrete-time multi-period distorted expectations converge to a continuous-time valuation op-
erator if the number of intermediate periods increases to infinity. It turns out that in order for this question
to be answered positively it is necessary to scale the distortion function appropriately. In a Brownian setting,
Stadje [42] identified the square root scaling as the only one ensuring that the discrete-time evaluations do nei-
ther explode nor converge to a simple linear expectation (which would rule out ambiguity aversion). In Madan
& Schoutens [31], it was observed, in the case of multinomial random walks converging to a particular Lévy
process, that the limiting g-expectation was driven only by a Brownian motion when the square root scaling
was employed, suggesting that on the square root scale jumps cannot be observed in the limit. However, from a
risk management perspective jumps, in particular over a short time horizon, are inherent drivers of market risk.
Therefore, a key point in the development below is the identification of a suitable scaling of the series of distor-
tions (given in Definition |§| below) that also takes into account the jump risk. We will give sufficient conditions
for a suitable scaling, identify the limit and prove convergence results. The mathematical details of these proofs,
especially for the jump part, are delicate. The limit turns out to belong to a certain class g-expectations driven
by a Wiener process and a Poisson random measure, with driver g identified explicitly in Eqn. below.
g-expectations, which in Markovian settings are expressed in terms of the solutions of semi-linear PDEs, were
originally proposed by Peng [33] in a Brownian setting. We will call the limiting g-expectation the expectation
under drift and jump-rate distortion. It inherits a number of the properties of Choquet expectations (convexity,
positive homogeneity, monotonicity), but is neither law-invariant nor comonotonically additive. In fact, the only
mapping that is time-consistent, convex and law-invariant is the entropic risk measure, as shown by Kupper &
Schachermayer [27]. By employing a coupling argument we also show that the limiting non-linear expectation
is additive on the set of random variables that are pathwise increasing functions of the underlying Lévy process.

There is a close connection between g-expectation and the notion of time-consistency which we will also call
filtration-consistency (following Coquet et al. [I4]). We recall that in the setting of a given probability space
(2, F, P), a non-linear expectation IT was defined by Coquet et al. [I4] to be a real-valued map on L?(Q, F, P)

that is strictly monotone and preserves constants, that is,

(1.1) X > Y P-as. implies II(X) > II(Y), with equality precisely if P(X > Y) =0,

(1.2) II(c) = ¢ for all c € R,
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Furthermore, given a filtration F = {F;}, a collection of mappings {II;} with II; : L?(Q, F, P) — L?(Q, F;, P)

is defined in [T4] to be F-consistent if it satisfies, for all ¢, the equation
(1.3) (X Ig) =T(IL(X)Ig) X e L*(Q,F,P),H¢c F,

where Iy denotes the indicator of the set H. It is well known (see for instance Cheridito & Kupper [§]) that
for monotone and constant preserving conditional valuations which are normalized in the sense that II;(0) = 0

time-consistency or filtration-consistency is equivalent to the condition that, for every s <t and X, ),
I (X) > (Y) implies II;(X) > TI4(Y).

Filtration-consistent evaluations were developed in a discrete state-space setting in Cohen & Elliot [IT], [12].
Coquet et al. [I4] (in the Brownian setting) and Royer [30] (in the case of a driving Brownian and Poisson
random measure) showed that any continuous time non-linear expectation that is filtration-consistent and that
satisfies a domination property must be a g-expectation for some driver g, that is, it must solve a backward
stochastic differential equation with driver g.

The convergence results that are established in Section [5] also suggest an easy way to evaluate certain g-
expectations and the solutions of the corresponding semi-linear PDEs numerically via Choquet expectations, if
the drivers g are of the form given in Eqn. below. As computing recursively the distorted expectations
avoids calculating the Malliavin derivative (which is typically the most demanding part) and the corresponding
functional of the jump part (which in a setting featuring jumps seems an even more challenging task), this

method is more efficient than the computational schemes that are currently available.

Contents. The remainder of the paper is organised as follows. In Section [2| preliminary results are collected
concerning Choquet integration and distortions, which will be referred to throughout the paper. Section [3] is
devoted to the multi-period valuation operator defined in a multinomial random walk setting, given a concave
probability distortion and a filtration. Section [ is concerned with the non-linear expectation under drift
and jump-rate uncertainty. The distortion scaling and the convergence theorem (Theorem [1f) are provided in
Section [5] In Section [f] the form of the non-linear expectation for pathwise increasing claims is identified, using
a coupling argument (Theorem . By way of illustration two examples are provided in Section [7} Sections
[0 and [10] contain key auxiliary results, and the proofs of the upper bound and lower bound, respectively, which
together form the proof of Theorem [1] Some proofs are deferred to the Appendix.

2. PRELIMINARIES: CHOQUET INTEGRATION AND DISTORTION

In this section key properties are collected of Choquet integrals. Dennenberg [I9] and Follmer & Schied
[23, Ch. 4] provide treatments on Choquet integration (induced by distortions). Unlike the treatment in [23]
Ch. 4], which is in a setting of bounded random variables on a probability space, the setting below concerns
square-integrable functions and general measures on (R, B(R)), where B(R) denotes the Borel-sigma algebra
over R.

Let u be a given (Lévy) measure on the measurable space (R, B(R)) that integrates the function z — x2 A 1

(with Ay = min{x,y} for z,y € R), that is,

(2.1) /R[atQ A 1Jp(dr) < oo,
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and denote by L?(u) and L% (p) the collections of real-valued and non-negative measurable functions that are

square-integrable with respect to .

Definition 1. A (measure) distortion is a continuous increasing function D : Ry — Ry with D(0) = 0. In
particular, a probability-distortion D is the restriction of a distortion to the unit interval [0, 1] with D(1) = 1.

s To a probability distortion D is associated another probability distortion D given by
(2.2) D(z)=1-D(1—z), x€l0,1].
Any distortion induces a capacity on the measure space (R, B(R)).

Definition 2. A measure capacity on (R, B(R)) is a monotone set function ¢ : B(R;) — Ry with ¢(@)) = 0:
c¢(A) < ¢(B) for all sets A,B € B(Ry) with A C B. A capacity is a measure capacity that is finite and

normalised to unity [¢(R4) = 1].

In particular, note that any measure on (R, B(R)) is a measure capacity, and any probablity measure is a

capacity. To any measure distortion D is associated a measure capacity D o i given by
(2.3) (Dou)(4)=D(u(4)),  AcBR,).

Furthermore, if D is a probability distortion and g is a probability measure, then both D o u and Do [ are
capacities.

Given a capacity, a corresponding integral can be defined called a Choquet integral. In particular, for any
measure distortion D the Choquet integral CP[X] of a function X in L2 (u) corresponding to the measure

capacity D o pu is given by
(2.4) cPlx) = / (Do u)(X > z)dx.
[0,00)

In the case that y is a probability measure and D a probability distortion the Choquet integral CP[X] of
X € L*(p) is given by

D = o xr)ar — ¢} x)axr
(2.5) cPly] = /[Om)w WX > ) /(0700)<D (X < o)da,

where CP[X] is defined to take the value —oo if the first and second integral in eqn. (2.5) are both infinite. We

will throughout we restrict our attention to the following class of distortions D:

Assumption. Assume that the (measure/probability) distortion D is concave or conver and satisfies the inte-

grability condition

o d
/ D(y)ﬁ < 00, if D is a measure distortion,
0
D ._
(2.6) K" = ) ) ”
/0 [D(y) + D(y)}y—\/ﬂdy < 00, if D is a probability distortion.

The integrability condition in Equs. (2.6) guarantees that the Choquet integrals in Eqns. (2.4) and (2.5) are

finite if the integrand X is square-integrable:
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Lemma 1. The map CP : L% (u) — Ry given by X — CP[X] is Lipschitz continuous. In particular, for any
X € L2 (n) we have
(2.7) CPIX] < Kpve  with ¢ = pu(X?) = X (2)%p(dz)

Ry
and Kp given in Eqns. (2.6). If u is a probability measure, then the estimate in Eqn. (2.7) holds true for any
X € L*(p).

Proof. For a given X € Lf_(u), measure ;1 and measure distortion D, Chebyshev’s inequality and a change of
variables show
o0 (o)
/ (Do p)(X > z)dx < / D(c/2*)dx = Kpv/c,
0 0
with ¢ given in Eqn. (2.7). The stated Lipschitz continuity follows by combining the representation in Proposi-
tion [1| below with the estimate in Eqn. (2.7). In the case that u is a probability measure and D a probability

distortion, the integrability and Lipschitz continuity can be verified in a similar fashion. O
For later reference we collect a number of basic properties of the map CP : Li(u) — R, given by X — CP[X].

Lemma 2. (i) If D is strictly increasing, CP is strictly monotone that is, for any X,Y € L*(u) with
X <Y, we have CP[X] < CP[Y), with equality if and only if u(X > Y) = 0.
(ii) CP is continuous from below, that is, if (X,), X € L3 (1) and we have X, S X, then it holds 0 <
cPlx,) ~cPx).
(iii) CP is positively homogeneous and (positively) translation-invariant, that is, for X € L2 (n) and ¢,d €

R we have CP[c X] = cCP[X] and CP[X + d] = CP[X] +d.

If 12 is a probability measure, the results in this lemma remain valid if C? is defined to be a real-valued map on
L?(p) (an observation that is a direct consequence of the definition of CP[X]).

The Choquet integral CP[X] admits a representation as a supremum over a collection of measures (which
was establised by Carlier & Dana [6] in the case of bounded X'). Next the L2-version of this representation
is stated, which is the result that will be deployed in the subsequent analysis. Let M7¢,, p > 1, denote the
collection of measures m on the measurable space (R, B(R)) that are absolutely continuous with respect to the
measure p, and have a density in L”(u1), and denote by B*(RR) the subset of the sets A € B(R) for which p(A) is

finite. In the sequel we will use the following relation between capacities which is a generalization of the notion

of stochastic dominance of probability measures:

Definition 3. Given two (measure) capacities ¢, ¢’ on the measure space (R, B(R)) we write ¢ < ¢’ and say that

¢’ dominates ¢ when it holds
c(A) < (A)  forall A€ B*(A).
Proposition 1. For any X € Li (i) the Choquet integral CP[X] is finite and admits the representation

(2.8) CPlxX)= sup m[A],

memMp

where the supremum is attained, with

(2.9) MP, ={meMi, m=<Dopu}, p>1
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Remark 1. The statement in Proposition holds for any X € L?(u) if p is a probability measure. Furthermore,

by considering the complements of sets we deduce the equality
D _ D
Mpﬁu—{meMZfM.Dou<m<Dou}, p>1.

In the case of bounded X and a probability measure p the proof of Proposition [I] can be found in Schied
[0, Thm. 1.51], Follmer & Schied [23], Thm. 4.79, 4.94]. The proof of the remaining cases is provided in
the Appendix. The proof rests on a lemma concerning integrability of the Radon-Nikodym derivatives of the

measures in the set MP | which we give below as it will be used in the sequel:

Lemma 3. The collection R = {Z = % :m € MPY is contained in a ball in L?(u).

Proof. Let Z € R and define, for any M > 0, my; € R to be the measure with Radon-Nikodym derivative given
by Zy where Zy(x) = (Z(2) A M)I{z1/0y- Then the estimate in Eqn. (2.7) and the fact Z € L?(y) imply

w(Z3r) = mar(Zn) < Kpu(Zip)'?,

so that u(Z3%,;) < K%, where Kp is given in Eqn. (2.6). Since we have Zy;  Z as M 7 oo, the Monotone
Convergence Theorem implies p(Z2?) < K%, O

3. MULTI-PERIOD VALUATION BY DISTORTION OF TRANSITION PROBABILITIES

Let be given a probability distortion ¥ and a filterred probability space (A,G, G, P) where G = {G;}I",
denotes a filtration of sigma-algebras Gy, ..., G,. In this section we set out to identify a non-linear expectation
that is G-consistent in the sense of Eqn. and that, over a single period, reduces to a distorted expectation
with respect to the distortion ¥. The description of this operator that we give below is based on a number
of related notions that we describe next. For any sub-sigma algebra H C G denote by L°(H) the collection of

real-valued functions on A that are measurable with respect to #.

Definition 4. Let H' and H be two sigma algebras with H C H' C G.
(i) A random set function C : H' — LOY(H) is called absolutely continuous with respect to P if we have
C(A) =0 P-as. for all sets A € H' with P(A) = 0.
(ii) We call a random set function C : H' — L°(H) an H-measurable capacity on (A, H',P) when C is
absolutely continuous with respect to P and we have
(a) C(0) =0 P-as.,
(b) [normalisation] C'(A) =1 P-a.s., and
(b) [monotonicity] C(A) < C(B) P-as., for any A, B € H' with A C B.
(iii) For H-measurable capacities C,C’ on (A, H', P) we write C' <’ C’ and say that C’ dominates C' P-a.s.,
if it holds

C(A)<C'(A)  P-as., forany AeH'.

The distortion ¥ induces two G;-measurable capacities. Denoting by P; the G;-conditional expectations

defined on (A, G;+1) by Pi(A) = E[I4]G;], for A € G;1q and i =0,...,n — 1, where I4 denotes the indicator of
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the set A and F is the expectation under P, define the random set functions ¥ o P; and To P, :Giv1 — L™(G;)
by

(Vo P)(A) = U(P(4)  (ToPR)(A)=U(P(4), A€
Furthermore, any pair of a distortion ¥ and a filtration G gives rise to a capacity. Define the set-function
VGG —10,1] by

cVS(A) = sup Q(A) Aeg,
QeD¥(G)

where D¥(G) denotes the subset of P§% = {m € M3% : m(A) = 1} given by
(3.1) DY(G) = {Q €PIH Vo P, < Qi < W(P,), foralli=0,1,...,n— 1} :

where Q; denotes the G;-conditional expectations defined on (A, G 1) by Q;(A) = EQ[14|G;] for A € Gi\1,
where E® denotes the expectation under Q.
By direct verification of the relevant definitions it follows that these three maps are indeed (measurable)

capacities.

Lemma 4. (i) The random set functions ¥ o P; and To P; are G;-measurable capacities on (A, G;11).

(i) The set-function c¥°C is a capacity.

The capacity ¢¥'¢ gives in turn rise to a non-linear expectation operator, that we will call the W-distorted

(conditional) expectation with respect to the filtration G.

Definition 5. (i) The W-distorted-expectation with respect to the filtration G is the map C¥'S : L2(G, P) — R
given by

(3.2) CVC(Xx)= sup ECX], XeL?G,P).

(ii) For i« = 0,...,n — 1, the U-distorted G;-conditional expectation with respect to the filtration G is
CV'G(-1G;) : L*(G, P) — L*(G;, P) given by

(3.3) CYC(X|G;) = ess. sup E9(X|Gy), X e L*G,P).
QEDY(G)
The finiteness of the non-linear expectation C¥'S[X] for X € L%(G, P) is confirmed in the next result, where

it is furthermore shown that the collection of maps C¥(-|G;) fori = 0,1,...,n—1, is G-consistent, and reduces,

in a single period setting to a (conditional) Choquet integral:

Proposition 2. (i) We have supgepv () EQ[ZEQ] < 0o, where Zg denotes the Radon-Nikodym derivative of Q
with respect to P on G,.
(ii) The collection 1 = {Il,,,m = 0,1,...,n} with I1,,, = C¥(-|G,,) is G-consistent and, for X € L*(G, P),
I, (X), m=0,...,n, satisfies the backward recursion
I, (X) =CY (41 (X)|Gm), m < n,
I, (X) = X.

(3.4)

(iii) For X € L?*(Gi.1, P) the random variable C¥S(X|G;) satisfies

(3.5) cVC(x|G) = / U(Py(X > 2))da +/ [U(P(X > z)) — 1]da.
[0,00) (—00,0)
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The proof of Proposition i) is a straightforward adaptation of that of Lemma while the proof of

Proposition ii) is well known (e.g., a version for bounded random variables is provided in [23] Thm. 11.22 ]).

Proof of Proposition (m) The proof consists of two steps. The first step is to observe that the left-hand side
of Eqn. (3.5) is equal to

CYG(X|G;) := ess. sup Eg|X|Gi]
QeM;
where M, is equal to the set of probability measures given by M; = {Q € ZVE To P, <" Q; =<' ¥oP}. This
observation follows by noting that the measure that attains the supremum in the definition of C¥*¢[X] in fact
also attains the supremum in the definition of C~‘I”G(X |G;). The second step is to note that the right-hand side
of Eqn. is equal to 5‘1”G(X |G;), which is a fact that follows by a line of reasoning that is analogous to the
one that was used in the proof of Proposition O

4. A CONTINUOUS-TIME NON-LINEAR EXPECTATION

4.1. Continuous-time setting. Let X = (X;);co,7] be a Lévy process, that is, a stochastic process with
independent and stationary increments that has right-continuous paths with left-limits and starts at zero,
Xo = 0. Let X be defined as the coordinate process on the filtered probability space (2, F, {F¢}ie(0,1), P), i-e.
Xi(w) = w(t) for t € Ry and w € Q. Here = D([0,T],R) is the Skorokhod space endowed with the Skorokhod
metric, 7 denotes the Borel sigma algebra, and {F}c[o,7] the right-continuous filtration generated by X. We
denote by E the expectation under the measure P.

The law of the Lévy process X is determined by its characteristic exponent 1 : R — C that is for any t € R,
given by E[el?X¢] = exp(—t1(#)) and that is by the Lévy-Khintchine formula of the form

2

P(0) = %92 —idd + /(1 — exp{ifz} + i0z)A(dz), 0 R,
R

where d = E[X,]/t, d € R, is the drift of X, 02 = Var[X{]/t, 0 > 0 is the instantaneous variance of the
continuous martingale part X< of X, and A is the Lévy measure of X, which is in turn characterised by the
property that for any Borel set A C Ry = R\{0}, A(A)t is equal to the expected number of jumps AX;, s € [0, ¢]
of X with AX; € A. The measure A is defined on the measure space (R, B(R)) with A({0}) = 0 and satisfies
the integrability condition in Eqn. (2.1)).

In order to ensure a finite second moment in an exponential Lévy model, we restrict ourselves to Lévy
processes X that admit some finite exponential moment, by assuming that there exist a ¢ > 1 such that we

have
(4.1) Elexp(2¢X3)] < oo, vt € [0,T).
These moment conditions are equivalent to the condition (see e.g. [39] for a proof)

(4.2) /]R\[_Ll] [exp(2¢x)]A(dz) < oo.
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4.2. Notation. Before proceeding we fix some notation that will be used in the sequel. We denote by P the
predictable sigma-algebra, write P=PwB (Ry), and use the following notation:

P3G the set of probability measures on (€2, F) that are absolutely continuous w.r.t. P
with Radon-Nikodym derivative in L?((2, F,P),
2
A?: the set of predictable processes A satisfying E [( /i oT Asds) ] < 00,

L% the set of predictable processes H satisfying E [ fOT H fds] < 00,

LP: the set of P-measurable processes U satisfying E [fOT Je U, x)|pA(d:r)dt} < oo, p>0.

4.3. Lévy-Ito processes. Under an arbitrary probability measure () that is absolutely continuous with respect
to IP the process X is in general not a Lévy process, but will be a Lévy-Itd process. A square-integrable Lévy-1to

process Y on (£, F,P) is a stochastic process Y = {Y (¢),t € [0,T]} of the form
¢ ¢
(4.3) Y(t) = / A(s)ds +/ H(s)dX¢ +/ Ul(s, )i~ (ds x dz),
0 0 [0,¢]xR

where A € A%, H € L2 and U € /32, and X = uX — X is the compensated Poisson random measure with
compensator v (dx x dt) = A(dx)dt. A Lévy-Ito process Y is called a pure-jump Lévy-It6 subordinator in the
case that U € £} N £2 is non-negative and the representation in Eqn. (4.3]) can be simplified to

Y(t) = / Ul(s,y)p™ (ds x dz).
[07t]XR+

The compensator of the jumps of a Lévy-Ito process Y is equal to the random measure AY on (R, B(R)) given
by AY (dy) = (A o U; 1)(dy) where U; '(A) = {2 : U(t,z) € A} for any set A € B(R), and will be referred to
as the Lévy-Itd measure of Y. The triplet (A4,02H?, AY) will be called the characteristic triplet of Y. Refer to
Jacod & Shiryaev [25] for further background concerning Lévy-Itd processes.

By virtue of Kunita & Watanabe [28]’s martingale representation theorem any square-integrable F-martingale

is a Lévy-Ito process, that is, any square-integrable F-martingale M on (2, F,P) admits the representation
t
(4.4) M, = / H(s)dX¢ +/ Ul(s,z)u(ds x dzx), te[0,T],
0 [0,t]xR

with H € £2 and U € £2. We will refer to (H,U) as the representing pair of the martingale M.

Furthermore, the process X under absolutely continuous probability measures @) has the same law as a Lévy-
It6 process. In particular, if the stochastic logarithm M@ of the Radon-Nikodym derivative of @ with respect
to P is a square-integrable F-martingale M© with representing pair (H?, U — 1) Girsanov’s theorem (e.g. [25]
Thms. II1.3.24, 111.5.19]) states that (X, Q) (X underthe measure @) has the same law as a Lévy-Itd process
with representing triplet (¢?, (¢?)%, AQ) under P given by

Q) =dg(t) + /R(UQ(t,x) — 1)z A(dz) with  dg(t) =d+ HO(t)o?,

(4.5) (09)2(t) = 02,
A8 (dz) = UQ(t, 2)A(dx).
Note that dg(t) is equal to the instantaneous drift at ¢ € [0, T of the linear Brownian motion with drift X7 +dt

under the measure Q.
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4.4. Expectation under drift and jump-rate distortion. We next define a real-valued operator on L?(Q, F,P)
that in the next section is shown to arise as the limit of multi-period distorted expectation operators that were

defined in Section B

Definition 6. A drift-shift is a pair of constants A = (A4, A_) € Ri and a jump-rate distortion is a pair
I' = (', T-) of increasing maps I'y,I'_ : Ry — Ry such that T'y —id and id — T'_ are (measure) distortions,

where id denotes the identity map given by id : Ry — Ry, id(z) = «.

In the sequel we also use the notion of measurable measure capacities, which are defined by extending

Definition [4] to measure capacities.

Definition 7. Let H,H' be two sigma algebras with H C H' C B(R).
(i) We call a random set function v : H' — LY(H) an H-measurable measure capacity on (R, B(R), A) if v is
absolutely continuous with respect to the measure A (cf. Definition [4i)), and we have () = 0 A-a.s., and

v(A) <~(B) A-as. for any A,B € H' with A C B and 7(4) < oo.

(ii) For H-measurable measure capacities 7,7 on (R, B(R),A) we write v <’ 4/ and say that 4’ dominates

A-a.s., if we have

y(A) <+ (A) A-as., for any A € ' with v(A4) < oo .

Given a drift-shift A and a jump-distortion I" we will consider the collection of probability measures @ under
which the drift dg and jump-measure Ag are shifted away from of the drift d and the Lévy measure A of X

under P by a certain amount that is expressed in terms of A and I" as follows:
(X, Q) satisfies for a.e. (t,w) € [0,T] x Q,
Dar =4 Q€ P35 d—o?A_ <dg(t) <d+o?A;
F_oA<' A% <'T, oA
The set Da r is contained in a ball in L?:

Lemma 5. We have sup;c(o 7] SUPgep, ¢ E[(Z2)%] < .

The proof of Lemma [5] is given at the end of this section. In terms of the set Da r we define a non-linear

expectation as follows:

Definition 8. Let A be a drift-shift and I' a jump-rate distortion.
(i) The expectation under drift and jump-rate distortion Ear : L*(Q, F, P) — R is given by

Ear(X) =sup {EQ[X] :Q € DA,F} )

(ii) The F;—conditional expectation under drift and jump-rate distortion Ea r(-|F:) : L*(Q, F, P) — L*(Q, F, P)
is given by

Ear(X|F;) = ess.sup {EC[X|F]: Q € Dar}, t €[0,T].
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Remark 2. It can be verified directly from the definition that the collection {Ea r(X|F;),t € [0,T]} is F-
consistent, which is a property that also follows from the fact (as shown in Appendix @ that £a r is equal to

a g-expectation with driver function gp ¢ : R x L?(A) — R given by
(4.6) gar(h,u) =hTALo? + h™A_o? + CT+ 74 (uh) 4+ C1 1= (u),
where, for any z € R, 27 = max{z,0} and 2~ = max{—z,0}.

Proof of Lemmal[3 Let Q € Dar and denote by M the square-integrable martingale that is such that its
stochastic exponential, denoted by Z%, is equal to the Radon-Nikodym derivative of Q w.r.t. P. Denoting by
(H?,U® — 1) the representing pair of M@, it follows in view of Girsanov’s theorem and the definition of Da
that we have Hg € [cA_,0A4], P x dt-a.e. Furthermore, by an analogous reasoning as used in the proof of

Lemma [3] it follows
/R(USQ(:C) — 1)’ Ipa sy Aldr) < CF, /R(USQ(x) —1)*Ip@ gy Adr) < C2,

for P x dt-a.e. (w,s) € Qx[0,T], where Cy = (Kr, _iq +f(1"+_id) and C_ = (Kjq_r_ +I~(id_r‘7) (the definitions
of these constants were given in Eqns. (2.6))). As a consequence, the Radon-Nikodym derivative with respect to
the Lebesgue measure dt of the angle-bracket process of M® is bounded: for P x dt-a.e. (w,t) € Q x [0,T], it

holds

d 2
£<M@>t = (Hf?) + /]R(UtQ(a:) —1)2A(dz) < 0?A% +0%A% +CF + C2.

This estimate implies that also (Z%¢)r is bounded: we have for P x dt-a.e. (w,t) € Q x [0, 7]
t t
(29, = [ (22Pa9). < (08 + €2 +.0?) [ (2970
0 0

By taking expectations and applying Gronwall’s lemma, it follows E[(Z2)2] < exp(t((cA)2 + C2 + C?)). Thus,
the collection of random variables {Z,EQ7 t €10,T],Q € Dar}, is contained in a ball in L% O

5. SCALING AND LIMIT

In this section it is shown that the multi-period distorted expectations converge to the instantaneously
distorted expectations if the number of time-steps increases to infinity and the state-space Z and the transition

probabilities are chosen appropriately and the distortion ¥ are scaled in a suitable manner.

5.1. Random walk setting. Let R = (R,)nen be a random walk with Ry = 0 and R,, = > ., Z;, with IID
increments Z; that take values in the integers Z. The process R is a time- and space-homogeneous Markov

process, with transition probabilities determined by the probability mass function of the increment Z; = R; — Ry
PR, =ylRh-1=2)=P(Zr1 =2 —y) = pa—y, z,y € Z,n €N,

where (pn)nez is a probability distribution, that is, >° ., pn = 1, p, > 0. Denote by (A,G, G, P) a filtered
probability space that carries the random walk R where A = ZN = {(wi)ien : w; € Z} denotes the sample space
of paths, G = {Gy}enugoy the filtration generated by the random walk R, with Go = {0, Q} the trivial sigma
algebra, and G is the sigma-algebra given by the power-set 2©. The random walk R is defined by the coordinate
process R, (a) = ay, for n € N with Ry = 0.
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5.2. Scaled price processes. For a given a time-step § > 0 and tick-size h € (0,1) consider the time-space
grid given by G5 = {(t;,2x) : t; = i6, 2y = dt; + hk,i € N,, k € Z}, where d = E[X,]/t denote the mean of the
Lévy process X.

For a non-zero value of d the grid Gg"h is obtained from the normalised grid G := G(l)’l = N, X Z by changing
the slope of any horizontal line to d and changing the horizontal and vertical stepsizes to § and h respectively.
The problem to find a random walk R%" approximating X on the grid Gg’h is equivalent to the problem to
construct a random walk R approximating the martingale h~!(X;5 — dtd) on the standard grid G. In fact, R%"
can be obtained from R via the transformation Rf’h = hR;/s +dt, t € 6N,. When the choice of h is clear from
the context, we will supress h and write R for R%".

We next turn to the definition of the approximating random walk R = {R,,,n € N, }, by specifying how the
probability distribution of an increment of R is obtained from the characteristic triplet of X. The probability
of a “large” jump of the random walk of size J € Z is set to be equal to the Lévy measure A integrated over
a neightbourhood of J - h while its transition probabilities of “small” jumps is chosen such that the mean and
variance of an increment of the random walk R matches those of an increment of A X over a time interval of
length 6. Here a jump sizes is called large if its absolute value is larger than a cut-off value a > 0. The common
probability distribution (pg)gez of the step-sizes Z; of R under the probability measure P is given in terms of

the characteristics of X by

I A([kh, (K + 1)h)) for k€ Z,k > a,
(5.1) pr=P(Zi=k) =
SA(((k—1)h), kh]) for ke Z,k < —a,

for some integer a € N with a > 2, where the probabilities px, k = —a+1,...,a—1, are specified so as to match

the mean and variance of Xy, i.e.

(5.2) h-E[Z;]=E[Xs]—0d=0,
(5.3) h? - Var[Z;] = Var[X;] = § (6% + 2%(R)),
where E[Z;] and Var[Z;] denote the expectation and the variance of the random variable Z; under the probability

measure P, and where we denote X?(I) = [; 2A(dz) for any interval I. Under suitable conditions on the step-

size h and time-step § and the integer a existence can be established of a probability distribution satisfying

Bas. 61 62 6.

Lemma 6. (i) For any triplet (h,d,a) of positive real numbers satisfying the conditions

( ) h 3(S~ ( ) }ND(‘) ! ( ) Zn h Ca560'>0’
5.4 = y 2 a 2 . 0 a Y4(R the
by (R) in the case o = O’

(5.5) a 'S} (R) — 0 < B*((—ah,ah)) < 20° + Z*(R)(I{p2=0y3(1 —a™ ') +a ' —2a7?),
there exists a probability distribution (pg)rez that solves the system in Eqns. (5.1), (5.2)) and (5.3)) and satisfies

(5.6) pr =0 for all k € N with |k| > 2 and k] <a— 1.
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(ii) Let (pr.(h))kez satisfy Eqns. (5.1), (5.2), (5.3) and (5.6). Let (h,d,a) be a collection of triplets satisfying
Eqgns. (5.4)—(5.5)) such that a-h <1 and, when h 0, a = oo and a-h — 0. When h 0, we have

1 2 1 .
5 p_1(h) — pBM = & po(h) = pEM = 3 pi(h) = pPM = G if 02 >0,
p-1(h) = 0, po(h) = 1, p1(h) = 0, if 02 = 0.

iii) If, in addition to the assumptions in (ii), the triplets (h,6,a) satisfy a® - h — oo, then it holds
(ii1) p p Y

1 1 o?
5.8 _1(h) A h) > Is,2 — h| =
(5.8) p—1(h) Api(h) > {o2>0} [6 QCa,hf:| 22((1)7
(5.9) p—1(h) +po(h) +p1(h) > 1 —cyh,

when h ™, 0, where ¢}, ;, = (a?h)=12 . ¢, and Corp = (a®h)~1 - ¢, with

Co = I{s2=0} % + L{o250 - %-

It follows from Lemma [6] that, for each given 6 > 0, there exists a random walk on some grid that matches
the first two moments of increments of X over a time-step. From now on it is assumed that for each given
d > 0 the transition probabilities of a random walk have been fixed as in Lemma[6] We will also consider two
related stochastic processes, namely the skip-free random walk R(¢) = {R%C)}HGN that starts at zero, and has

. . A c 1. .
increments Z;1;,,—+1}, and the compensated counting process N which is for any Borel set A C R\ given by

n
(5.10) No=0, No=YIF-pl, neN
k=14:14€A

where IF = I;z, _;. For each § > 0 continuous time stochastic processes Y? = {Y;?,t € [0,7]}, V(¢ =
{Yt&(c),t € [0,T]} and Z%4 = {Z2* ¢ € [0,T]} on ©Q can be constructed from the discrete time processes by
piecewise constant extension of the paths, defining Y} = hR|;/s) + dt, wa = hR(Li)/(SJ and 204 = Nﬁ/ﬂ for
any t > 0, where |s]| is the largest integer that is smaller than s € R. Standard convergence arguments, which

are presented in Section [§] yield weak convergence as the time-step ¢ tends to zero.

Lemma 7. For any positive sequence (8,), with 6, — 0 and any set A C R\{0} with boundary A = A\ A°
satisfying A(OA) = 0 we have

Y‘sn = X’ Y‘;n(c) = X(C)’ ZévA = ,D/(A X .)7
where = denotes weak convergence in the Skorokhod Ji-topology on €.

5.3. Scaled distortions. To ensure that the discrete time valuations converge to a non-degenerate limit the

distortions need to be scaled suitably:

Definition 9. For given maps £ : [0,1] - Ry and I'y, and I'_ : Ry — R such that (I'y,,T'_) is a jump-rate
distortion, the (§,I'4,I'_)-scaling family of distortions {¥(-,d),d > 0} is defined as follows:

(i) For any ¢ > 0, the map ¥(-,0) is a continuous concave probability distortion.

(ii) With o* = 0/(2V/3), we have the uniform limit

5.11 lim su — - oc*) =0,
(5.11) i sup ( 75 ¢(p)
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(iii) With U(p,8) =1 — ¥(1 — p, ), it holds

TOXS) () TOXO) _p_(y)
5.12 lim sup S B A G 0, lim sup — =0,
(5:12) N0 o<r<1/8 { Li(A) = A N0 0<A<1/6 A=T_(})
where the denominators are taken equal to 1 in the cases I'y =id or I'_ =id.

Remark 3. Since the concavity and monotonicity of the distortions p — ¥(p,d) are preserved under the point-
wise limit of § tending to zero, it follows that & and I'; are concave, while I'_ is convex, and I'y. and I'_ are

increasing. Moreover, the fact ¥ > id yields I'y >id > T'_.

FEzxample 1. Let Uy, Uy, U3 be arbitrary concave probability distortions that are such that the right-derivatives
U1 (04) and P4(0+) at zero are finite, while we have ¥4(0+) < ¥4L(0+) € (1,00]. let ¥y denote the linear
distortion, ¥o(p) = p for p € [0,1]. For some §y > 0 to be specified shortly, consider the collection {¥(-,0 A
d9),0 > 0} given by

U(p,8) = Co(8)To(p) + Vo{W, (p) — plo + 60, (1 — e—p/ﬁ) ) {\1:3 (1 — e—<1—P>/6) — U, (1 - e—1/5)} ,

for 6 € (0,00), where Co(6) =1 — 65 (1 —e /%) +6F5 (1 — e~ /%) and where &y € (0,1) is chosen sufficiently
small to guarantee that Cy(9) is positive for all § € (0, dp).

It is straightforward to verify that, for any § € (0,d), the function p — ¥(p,d) is a concave probability
distortion, and that, moreover, the family {U(-,§ Ady),d > 0} is a (§, ', T'_)-distortion scaling family with the

functions I'y and I'_ given by
(5.13) €)= 2V3(T1(p) —p), Te(N)=A+ Ty (1—e), T_(N)=A-Tg(1—ec?).

In the absence of jumps (that is, in the case A = 0), the forms of I'; and I'_ will not affect the limit. Thus,
in that case, one arrives at the same scaling limit by simply taking I'y = I'_ = id and replacing the family
{W(-,6 A 8),d > 0} by the family {U(-,8),d > 0} given by ¥(p,8) = p + ov/3(¥1(p) — p). This choice is in
agreement with the square-root scaling identified in Stadje [42] in the study of convergence of approximations

of BSDE by BSAEs in a Brownian setting.

5.4. Convergence theorem. In the setting described earlier in this section we will show the convergence of
the multi-period distorted expectations of a class of path-functionals of the random walk R%", as the time-step
¢ and spatial mesh size h converge to zero, to the instantaneously distorted expectation of the corresponding
path-functional of X.

The class in question is given by the collection of functionals F' : 2 — R that are continous in the Skorokhod

Ji-topology and satisfy the bound
(5.14) |F(z)| < Cexp(q]lz]loo) for all x € Q

with [[2]|oc = supg<s<r [7s| and some C' > 0, where ¢ > 0 was given in Eqn. (4.1). The corresponding path-
functionals F° of the random walk R are obtained by embedding paths from the space (hZ)™ into Q by piecewise

constant extension, as follows:
Fs: (w1,...,wn) — F(©) Wt = W|t/5], §=T/n, te[0,T].

The bound in Eqn. (5.14) suffices to guarantee square-integrability of the random variables F(X) and F5(R?):
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Lemma 8. Assume F : Q — R is continuous, that the conditions in Eqn. (5.14)) are satisfied and that X

satisfies (4.1). Then it holds
sup E[exp(2¢Y?||o0)] < 0.
6>0

Proof of Lemma[8 Denote by X' the Lévy process X; = X; + d ™t where d~ = max{—d, 0} and note that X’
is a sub-martingale. In view of the fact that exp(¢X’) are sub-martingales, Doob’s maximal inequality implies

that there exists a constant C' such that we have
Elexp(2g[| X'[|o0)] < CE[exp(2¢|X7|)],

which is finite by the assumption in Eqn. (4.1). Since we have ||| X|| — || X’||| < 4~ T, the assertion follows.

The second bound follows by an analogous argument applied to the embedded random walk Y°. O

Denoting by G the filtration generated by the scaled random walk R, the announced result is phrased as

follows:

Theorem 1. Let {U(p,§),d > 0} be a (¢,T'y,T_)-scaling family of distortions and let F : Q — R be a
continuous map satisfying the bound in Eqn. (5.14). For any sequence 6, \, 0, we have

C¥on:Gon (Fs,, (R‘S")) — Ear(F (X)), asn — oo,
with Ws, = U(-,8,) and ' = (I, T_), and with A = (Ay, A_) given by Ay = £(2) and A =¢(3).
The proof of Theorem [I]is given in Sections

6. VALUATION OF PATHWISE INCREASING CLAIMS

While the map Ear : L2(2, F,P) — R is not additive, it will be shown below that, when restricted to
the set of random variables that are a pathwise increasing function of the Lévy process X, the map Ear is
additive. Similarly, it holds that the restriction of the map £a r to the set of random variables that are pathwise
decreasing is additive. As the derivations in the two cases are similar we will restrict ourselves below to the

case of pathwise increasing functionals.

Definition 10. The random variable X € L°(, F) is pathwise increasing if X (w) > X (w’) whenever w(t) > w’(t)
for all t € [0,T7.

Assume a drift-shift A = (A;,A_) and a jump-distortion I' = (I'y,I"_) have been fixed. Denote by Q¥ the
probability measure on (€, F) under which X is a Lévy process with characteristic triplet given by (v, 0;2#, Ay),
where
(6.1) Yo =d+Ajo+ /(Z#(as) — DzA(dx), Ji =02,

R
with Z# denoting the Radon-Nikodym derivative of the Lévy measure Ay with respect to A. The tail-functions
Ay and Ay of A#, given by K#(x) = A#((x,00)) and A¥ (—z) = A#((—o0, —z)) for z > 0, are expressed in
terms of the tail functions A and A of A by

(6.2) Ay(z) =T (A=), Ay(—z)=T_(A(-2)), x> 0.
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Lemma 9. The measure Q4 is element of the set Dp @, and we have

(6.3) Qmax K@) =Ty (K@), T-(A(-e))= min A%(~z), >0,

Proof. We show in three steps that the measure ()4 satisfies the conditions stated in the definition of the
set Da,r. Firstly, we note that the Radon-Nikodym derivative Zy is square integrable, in view of Lemma

Secondly, we observe that Girsanov’s theorem implies dg,, (t) = d + A, 0. Finally, reasoning as in the proof of

Lemma [18((ii) it follows
LAW) < [ ZuG)A@) STLAM),  AcBR)

Hence, we deduce Qx € Dp ¢, and it follows that the two identities in Eqn. (6.3) both hold with inequality (>)
instead of equality. That we have in fact equalities in Eqn. ([6.3)) follows from the explicit forms of A4 (x) and

Ay (—z) in Eqn. (6.2). O
Theorem 2. If Y : Q — R is F-measurable and pathwise increasing and Y(X) € L?(2, F,P), then it holds
(6.4) Ear(Y(X)|F) =E"[X(X)|F],  tel0,T].

Theorem [2] implies that for any increasing B(R)-measurable map H : R — R satisfying H(Xr) € L?(Q, F,P)
we have

Ear(H(Xr)|F) =BV [H(X)\F),  te0,7).
6.1. Proof by coupling. The proof is based on the following auxiliary coupling result:

Lemma 10. For any Q € Dp ¢ there exists a probability space (Q(Q), FQ), IP’(Q)) supporting a stochastic process
(YO, Y#) = {(Y2,Y7),t € [0,T]} that satisfies

(YO P)E(X,Q), (V¥ P@)£(X,QF),  and
YQ(t,w) < Y#(t,w) for P@_g.e. we QD and all t € [0,T),
where = denotes equality in law.

The proof of Lemma [10]in turn relies on a coupling of Lévy-It6 subordinators.

Lemma 11. Let Y = (Y;l)te[oyﬂ and Y? = (Yf)te[o,T} be two pure jump Lévy-Ito subordinators with Lévy-Ito
measures v and v? satisfying the domination condition

(6.5) P;w(x) > Piw(x) for allx >0, and all t € [0,T], and P-a.e. w € Q.

Then there exists a probability space (Q*, F*,P*) that supports a stochastic process (Z1,Z?%) = {(Z},Z}),t €
[0,T)} satisfying

Z'EV1 72LYy2, Z Nt w) > Z%(t,w) for P*-a.e. w e Q" and all t x [0,T).

Proof of Theorem[3 In view of Girsanov’s theorem and the definition of the non-linear expectation €p ¢ it

follows

(6.6) Ep.c(T(X)|F) = ers.sup EQ[T(X)|F, t € 0,77
€Dp,c
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Lemma [10] and the fact that T is pathwise increasing imply E?[Y(X)|F;] < EQ#[Y(X)|F] for any t € [0, T].
The statement hence follows from the fact that () is element of Dp . O

We next turn to the proofs of the Lemmas [TI0] and

Proof of Lemma[I1 We present an explicit contruction of processes Z! and Z? with the required properties
first assuming that v! and v? have finite mass. Let (Q*, F*,P*) denote a probability space that supports the
processes Y'! and Y2, a counting process N and a collection of IID U(0,1) random variables U = {U;,i € N}.
Denoting by H the filtration generated by the processes Y'! and Y2, assume that, conditional on the curve
C = {C,t € [0,T)} with C; = v} (Ry) V 2(R,), the process N is a time-inhomogeneous Poisson process with
time-dependent rates C; that is independent of H. Also assume that U is independent of N and of H. Define
the processes Z! = {Z},t € [0,T]} for i = 1,2 by

Ny

(6.7) 7t =Y (F") " w). tepa,

j=1

o\ -1 ,
where (Ft(z)) , ¢ = 1,2, denote the right-inverses of the maps Ft(z) : Ry — [0,1] given by

. ct/Cy, x=0,
(6.8) FO ) =

i (0, 2]) +¢i]/Ch, x>0,

where ¢ = C; — vi(Ry). Since any jump size (F{”)=1(U;) is non-negative and, conditional on H, follows
the distribution Ft(i), it follows that Z' and Z2 are Lévy-Itd subordinators with Lévy-Itd measures given by

I(O?w)(m)CtFt(i)(dx) =v}(dz), i = 1,2. Furthermore, in view of the implications
-1 -1
(Vo> 07k(x) > 72(x)} {Va: >0 FV () < F? (x)} & {Vx >0 (Ft(l)) (z) > (Ft@)) (m)}

for any ¢ € [0, 7], it follows from Eqn. that we have Z! > Z2.
Next we remove the assumption of boundedness. Let v, v? be as stated and fix € > 0 arbitrary. Applying

the first part of the proof to the truncated measures v (dz) = I(c o) (x)v*(dz) for i = 1,2, shows
(6.9) ZVe(t,w) > Z%(t,w) for any € > 0, t € [0,T], w € Q.

The sequence (Z1:€, Z%:¢). of two-dimensional Lévy-Ito processes converges weakly in the Skorokhod topology as
€ \( 0 (see [25]). The limit (Z}, Z2) is a Lévy-It6 process of which the components Z! are Lévy-Ito subordinators
with Lévy-Ité measures v%, i = 1,2. In particular, passing to a suitable subsequence ('), it follows Z(t) —
Zi(t) P*-a.s., for any t € [0,T]. Taking in Eqn. the limit of € N\, 0 along the sequence (¢') shows
ZHt,w) > Z%(t,w) for P*-a.e. w € Q* and any ¢ € [0,T]. O

Proof of Lemma[I0 According to Girsanov’s theorem, the process X under the measure Q € Dp ¢ has the
same law as a Lévy-Ito process X@ with characteristics given in Eqn. ([&.5). Denote by (Q(@), F(@) P(@)
a probability space that supports a Wiener process W and a random measure p® with compensator given
by ve(dz) = (UQ(t,z) V D)we(dz). Let J? = {J2, t € [0,T]} be the compensated jump-process given by
JE = f[oyt]xRx(uQ(ds,dz) — v%(dz)ds). From the random measure u® can be constructed by thinning the
compensated jump processes A? and B? with compensators v;(dz)dt and U%(t,z)v;(dx)dt respectively, and
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the Lévy-Ito subordinators Y@, Z@% and negatives of Lévy-It6 subordinators Y@, Z9~ with compensators

@, 5Q, = .
v ,ZQ’ given by

v / (U(s,y) — 1)FA(dy)ds and Z2F = / (U9(s, 2) — 1)~ A(d2)ds.
[0,t] xR [0,t] xR4
Observe that J% admits the decompositions

(6.10) JO = BQy g+ z0- 79T _7

(6.11) = AQ Y@t 4y@- YOt Y9,

ny

Hence, by comparing the characteristics of X to those of X® given in Eqn. (4.5) and by combining this with
Eqns. (6.10)—(6.11)), it follows that the process X© can be constructed on (Q(@), F(@) P@)) by

(6.12) X=X +D94+ YT 1Y@ —(Z9F 4 797,

where X’ has the same law as X and D? = {DZ ¢ € [0,T]} is given by D& = fot H%o%ds. The definition of
the set Dp ¢ implies D? < A, c?%t. Moreover, in combination with Lemma this definition also yields the

inequalities
Y@+ < yQ#»-i-7 y@— <0= yQ#»—7 7Q:+ >0= 7Q#+ and AL > 7Q#,—

Thus, from Eqn. (6.12) it follows X@ < X@# for each Q € Dp . Since (X@#,P(9#)) has the same law as
(X, Qx), the proof is complete. O

7. EXAMPLES

7.1. Geometric Brownian motion. Under Samuelson’s model the price process of a risky stock S = {S;,t €

[0,T]} is modelled by a geometric Brownian motion given by
(71) St = S() exp(Xt), te [O,T],

where the log-price process X is a linear Brownian motion given by X; = ¢t + 0 B; where ¢ = y — %2, Bis a
standard Brownian motion and p,o € R denote the drift and volatility of S.
We consider the distortion valuation with respect to the family of distortions {¥(-,§ A1), > 0} given by

1—e™P

V(p,0) =p+Vo(Yalp) —p),  Walp)=T—— P ad>0.

Note that the extreme cases of 6 = 0 and § = 1 correspond to a linear distortion ¥o(p) = p and the exponential
distortion ¥, respectively. It is straightforward that this collection is a (£, ', '} )-scaling family of distortions
with I'_ =Ty = 0 and £ given by &,(p) = ¥u(p) — p. We refer to Cherny & Madan [10] and Wang [45] for
different examples of distortions which can be deployed analogously to construct scaling families of distortions.

Let R = (Rn,n € NU{0}) denote the trinomial random walk given by Ry = 0 and R, = Y_,_, Uy, with
Uy € {£1,0} and transition probabilities given by

2

’ p0:§

0,7]} defined by Y? = ct + hR[ /51, where § and h are

linked via the classical relation 36 = 02h?, converges weakly to X in the Skorokhod topology as § — 0.

(7.2) p1=p_1=

=

Then the sequence of scaled processes Y0 = {Y?,t €
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The multi-period distortion expectation values of a given claim X € L?(Fr) satisfy the recursion
1 1 1
I (X) = a1 P+ ao P 4+ a P m=20,...,n—1,

with TI,,(X) = X and § = T/n, where we denoted P;"*' = Wy 1 (X[Gm) (AR, =in}, @ € {—1,0,1}. If X is a
claim of the form as stated in Theorem [1| then according to Theorem [1f we have TI(X) — Ea r(X) as 6 \, 0.
In the case that X is pathwise increasing, Theorem [2] states that Ea (&) is equal to the (classical linear)
expectation E9#[X] under the measure ) under which the process X is given by
o? 5
Xt:UB?+<C#—2)t, C#:A+02+M7 A+:§7<6)’
where B# is a standard Brownian motion under the measure Q4. In particular, in the cases of a call-option

pay-off, X = (St — K)T, and a up-and-in digital pay-off ) = Iisup, 0.y S. >}, we find

H 2a7 o
(7.3) Ear(X) = Soec#T@(d+) — K®(d-), Ear(Y) = <So> Des) + Ple),
(7.4) dy = bg(&)a/f/(j—w, d,:dJr—U\/i a:c#—i—%,

(7.5) e = lmg(fzw, e_ =ep —2aVT/o,

where ® and ® denote the the standard normal distribution function and complementary distribution function.

7.2. Tail-CGMY model. Assume that the price process of a stock S = {S;,t € [0,T]} follows an exponential
Lévy model given by Eqn. (7.1) with

(7.6) X =(p—r)t+Y K= /(ex —1—2)v(de),
R
where Y is a pure-jump martingale Lévy process with Lévy measure A(dx) = k(x)dz that has density
Y+ Mz _,y, Y +Glz| _gp.
k(z) =C <$1+ye M I(o,oo)(l‘) + We Gl |I(,oo}0)(x) , z € R.

with M > 1,C > 0, G > 0 and Y € (0,1]. The Lévy density k(x) decays exponentially fast when |z| tends
to infinity and has a power-type singularity at the origin, and is a mixture of classical CGMY /KoBoL Lévy
densities (see [I3] for the definition of a CGMY /KoBoL process). In fact, the process Y falls into the class
of regular Lévy processes of exponential type (RLPE) introduced in Boyarchenko and Levendorskii [5], Def.
3.3]. By integrating the expression in the previous display it follows that the corresponding right- and left-tails
functions A(z) and A(—z) of the measure A are given by

—Mz o—Glz|

A(=z)

7, pay = W7 x> 0.

We will consider the distorted valuations that are based a distortion family constructed from the MINMAXVAR
distortion ¥, with v € Ry, that was introduced in Cherny & Madan [I0] and is given by

Wy (p) =1 — (1 —pV/ D)+,
A corresponding scaling family of distortions {¥(-,5 A1), > 0} is constructed by taking convex combinations,

W(p,0) = Wo(p)(1 = C5(9)) + ¥, (p)C5(9),  d€(0,1)
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where C,(0) = ﬁéﬁ. Note that for any 6 € (0,1), p — ¥(p,d) is concave and increasing on [0,1]. It is
straightforward to check that {U(-,0 A1),d > 0} is a (§,'4,T'_)-scaling family. In particular, we note that

%}j”é) = 400, and %}:’5) =1—C,(9). Furthermore, we see that, as 6 ™\, 0,
U (p,8) — ¥ (p,0 (NG, 6 (N6, 6
(p7 )\/g (pa ) S50= é-(p)7 ( 65 ) - )\+7)\1/(1+’Y) = I“+(A)’ ( 57 ) S\ = F_(A)

To construct a sequence of multinomial processes approximating X, we consider the multinomial random
walk R with step-probabillities
Pk = 5X(kh)a P—k = 6A(_kh) ke Za |k‘ > a,
(7.7)
kaO 2§|k|<a_17
where p1,p_1 and pg are the solution of the system in Eqns. (5.2))—(5.3]) which arises from matching moments.
The spatial mesh size h and the step-size § are related via h? = 36%%(R) with

S2(R) =2CT(2 - Y)[MY >+ G¥ 7,

where I' denotes the Gamma function, and the parameter a is specified by

22 2_Y 1/(3=Y)
(78) a = a(h) = { <;(j)/)) h(Y*Q)/(?)*Y) \/ h*1/2| log h|

For this choice of a the conditions stated in Lemma [0] are satisfied, as we verify next. Note that the form of
a implies that we have ah — 0 and a?h — oo when h tends to zero. Furthermore, for any a > 2, it holds
¥2(—ah, ,ah) is bounded above by ¥?(R)(3 — 2a~! — 2a~2) (as this factor is larger than 1 for all @ > 2) and,
for a as specified in Eqn. , we have

ah 2 2

2C0Y Y4(R

(7.9) S2(—ah, ,ah) > 20y/ xfﬁdy _ 2OV apyry > B
0

2-Y a
The multi-period distortion expectation values of a given claim X € L?(Fr) satisfy a recursion given by
H%(X):ZakPgH'l, m=0,...,n—1,
kEZ

with IT,(X) = X and § = T/n, where we denoted P/" ! = 1 (X|Gm) (AR, =kh}, k € Z. If X is a claim of
the form as stated in Thm 1 then according to Theorem [1| we have II3(X) — Ep (&) as 6 \, 0.

Theorem [2|implies that the distorted expectation value of any pathwise increasing claim X € L?(Fr) is given
by Ear(X) = E®#[X] where under the measure Q4 the process Y is a Lévy process with characteristic triplet
(c4,0,Ax) given by

—Maz/(1+7)

e - (§]
(7.10) Ay(z) = A=)+ W’Cl/(l—M)W’ Ay(—z) = A(-w), x>0,
0o s B M — Uy 1+ y— %
(7.11) cu = 7/0 o Me/ (1) =¥ /(49 g — T () <1+7> A e

Thus, the asymmetric nature of the MINMAXVAR distortion W, carries over in the limit, with the Lévy
measure Ay having larger mass than A in the right-tail and the same left-tail as A. For the claims X and Y
given in the previous example, we note that the Fourier transform of Ea p(X) in the log-strike k = log K and a
Fourier-Laplace transform of £p ¢()) in the variables h = log H and T can be explicitly expressed in terms of

the characteristic exponent of X (see e.g. [7] and [5, Sect. 7.2], respectively).
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8. PROOF OF CONVERGENCE

The proof of Theorem [I]is based on the representation of the multi-period distorted expectation as supremum

of expectations of Fj (R‘s) under probability measures contained in the set

(8.1) C% % (F5 (R%)) = sup E“[F5 (R%)],  with
QeD’
(8.2) Db =DV (G%) = {Q€M6:@5o}7i5 <Q; < o P for alli:(),...,n—l}.

Throughout Sections we fix a (§,['y,T'_)-scaling family of distortions {¥(-,),d > 0} and we will write
V() = W(,0) and @() = @(-75) to simplify the notation. We denote the corresponding jump-distortion and
drift-shift by I' = (I';,T'_), and A = (A4, A_) with A, = £() and A_ = ¢(3). We denote by F : @ -+ R a
continuous map satisfying the bound in Eqn. . Theorem |1 follows from the following convergence result:

Proposition 3. For any sequence §, \, 0 we have

(8.3) limsup sup E9[Fs;, (R°")] < sup E%[F(X))
n—oo QeDn Q€eDA,r

(8.4) liminf sup E9[F;, (R‘s")] >  sup EC[F(X)].
"0 QeDin QEDar

The proofs of the limits in Eqns. and in Proposition [3]is given in Sections [9] and [L0] respectively.
These proofs rest on two properties of the set of Radon-Nikodym derivatives with respect to the probability
measure P of the probability measures in the sets D: it is shown below that these sets are contained in a
ball in L? (Lemma and are sandwhiched by members of a certain family {Df"’ﬁ,e e (-1, 1)} of sets of
probability measures that is defined below (Lemma [13).

8.1. Preliminaries: Radon-Nikodym derivarives. Before proceeding we first introduce some extra nota-
tion. Denote by P° the probability measure on (2, G) corresponding to the random walk R, and by M?° the
collection of all probability measures on (2, G) that are absolutely continuous with respect to P?. Fori € NU{0}
and any probability measure Q € M? we denote by @Q; and P; the conditional probabilities given by

Qi(A) = Q(A|G:), Pi(A) = P2(A|G)) for any set A € G.

For any k € N, let If =1 {RE—RS } be a Bernoulli random variable and denote the conditional probability

| =dé+ih
that If is equal to one by qf ,

g = QU =1|Gr1) = Q (R} — Ry_, = i|Gx—1), ieN.

From the sequence of Bernoulli random variables (I¥,i € Z, k € N) a number of martingales will be constructed.
—A
Observe that the increments of the process N that was defined in ((5.10|) are expressed as
—A
€A
—A  —A —A . A . . . A
where AN, = N, — N,_; denotes the increment of Z* at time k. Since the increments AN, have zero
e . A . .
conditional expectation, E[AN; |Gr_1] = 0, where E denotes the expectation under the measure P>" it
—A
follows that N~ is a (P°, G?)-martingale. Given a measure Q € M%" two further martingales, M% and Z,

can be defined as follows. Denote by Z% = % the Radon-Nikodym derivative of the measure ) with respect
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to the measure P°. The process Z9 = (Z]?)kENU{O}v defined by Z,? = E[Z2|Gy] for k € N, is a G-martingale,

and takes the form
(8.5) Z8 =1, Az2=2z% AMP,  keN,
where AM,S2 = M,? - M,?_l is an increment of the martingale M% = (M,?, k € N*) given by
NEL k
(8.6) M8 =0, AM,?:H(%) —122(%—1>[If—pi}, k€N,
ez \Pi iez \Pi

It follows from Eqns. (8.5) and that Z9 is equal to the stochastic exponential of M©, and that for any
n €N, Z2 is equal to

@\ "
- I I

k<n,keNi€Z

8.2. Martingales in a ball in L. The collection of processes Z% for € D° is contained in a ball in L?:

Lemma 12. There exists a ¢ > 0 such that, for any i =1,...,n and any measure Q € D°, we have

(8.7) E {(Zf? —zf?_l)2 gil] <@ (231)2.

2 ~ ~
with Z9 = i—%. In particular, E [(ZZQ) } <1+4Td,i=1,...,n, withd = (1— (c6)"*1)/(1 — ).

Proof of Lemma[I3 Note that the ratio ZZ-Q = Z?/Zgl can be decomposed as
(8.8) 78 —1=AMP = AMP + AMP*,  i=1,...,n,

where M%- and MiQd are martingales with M(?C = M(?d = 0 and with orthogonal increments given by
: g i 4 i
s e S (S o suee 2 (5o
jef1,0y \ je{1.0y \

In view of the definition of D?, the independence of the I J’ and the definition of the scaling family of distortions,

we find

E [(AM?c)Q

gi1:| = (q;— >2pj[1—l?j]

jefzn,0y \Pi
- je{%;,o} <[\Il(pj) pj];/j = @(pj)}ypj[l - pj]
< > ((5(pj)vf(1fpj))a*\/gjuo(\/g)f[1%%']
je{£1.0} y
(8.9) = §(0")2C +0(8), where T = |10 (5 (é) ve (2))1; <£ (;) ve (;))2] |

where we used that p;,p_1 — % and pg — %, by Lemma @ We note that the o(d) term holds uniformly over
i=1,...,nand Q € D°, in view of Eqn. (5.11) in the definition of scaling family.
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Denoting by Qg the measure with Radon-Nikodym derivatrive Z9 with respect to P? given by the stochastic

exponential of the martingale M®¢, we find

E [(AM?d>2

gi1:|

g“] E [(2% —1)AMP?

= EQu [AMQd

gi_l} - E {AMZ.Q“

gi—1:| .

Denoting Y;" = (AMZ.Qd)"‘ and Y;” = (AMZQd)‘, where, for any z € R, z* = max{x,0} and 2= = max{—z,0},

we find, in view of the definition of D?,

B IGi) = BV G] = [ QY > algi) - PV > alGi1)lde
R
< [ WP > alGi) - PO > alGi))da
R

= ¢ A [5_1\D(6Ay,i(x,oo))—Ayﬁi(x,oo)]dx

(3.10) S / A5(@) [D(Aya(a,00)) = Ay(a, 00)]d := I3,

where Ay, is the measure on (R, B(R})) given by Ay ;(dz) = P(Y;" € dz|G;_1)/6 and

S (5Ay i(z,00)) — Ay i(z,0)
Ty (Ay,i(w,00)) — Ayi(w,00)

Ag(x) =

Since the measure Ay,; has a finite second moment, ma; = E[(Y;7)?|G;_1]/d, and T';. —id is increasing it follows

by Chebyshev’s inequality
T4 (Ayi(z,00)) — Ay (2, 00) < (T4 —id)(ma;/2?), x> 0.

Moreover, for § sufficiently small, sup,~ o As(x) is bounded by some finite constant A > 0, in view of Eqn. (5.12))
in the definition of distortion scaling family. A change of variables yields that the integral I;"i is bounded in
terms of may ;: I;'i < 0,/ma ;AL Cy, where
dy
A R P
* R, * 29y
Thus, we find

EQUY¥(Gia] = B[YTGio1] < AL CovV6 -\ B[(Y;7)?Gima),
for all § sufficiently small. By an analogous line of reasoning, we find

EQY7(Gia] = EIY; |Gio1] = A-C-V6 -\ E[(Y;7)?(Gi-1),

for ¢ sufficiently small, with C_ = fR+ [(id = T2)(y)] 2;\7’@ and some finite constant A_ < 0.

Since we have E[(Y;)2|G;_1] V E[(Y;)2|Gi_1] < E[(AMP)2|G;_1] we find the estimate

E[(AME)2(G; 1] < 6T + CoV/a\/ E(AME)2(G; 1] + o(6),

as & — 0, where Cyp = A,.Cy +|A_|C_ and C is defined in Eqn. (8.9). Thus, by solving this inequality and

taking expectations we find

2
(8.11) E[(AMP)? < C6 + o(5), where C = i <Co +1/(Co)? + 4C> ,
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as 6 — 0, where we recall that the o(§) term in Eqn. (8.11)) is valid uniformly across i = 1,...,n and Q € D?.
In view of the relation between M % and Z9 (in Eqn. (8.8)), we see that the bound on Z€ in Eqn. (8.7) is valid
with ¢ taken equal to C given in Eqn. (8.11). Furthermore, orthogonality of martingale increments implies

E[(Z2)) = E[(Z3)) +Y_ElZ7 - Z2 )" <1+a Y EB[(Z7,)°]  i=1,...n,
j=1 j=1
with § = T'/n. Solving this recursion yields the stated bound. O
8.3. Related sets of probability measures. The collection D? is contained and contains sets of probability
measures that are defined in terms of the covariance between the stochastic logarithm of the martingale density

process and the martingales R+, R(=1 and R(©) that start at the origin, R(()'H) = R(()_l) = R =0, and have

increments
ARGFY = h(I? —py), ARGV =h(I", —p_1) and ARY =h(IP +1", —py —p_1), neN.
For e € (—1,1) and § > 0 the collections in question are defined as follows:

MP® is such that the following hold for all k € N:

E |AMPARY

gkl} € [-5@3‘%5&“ fori € {~1,0,1}
DI =qQeM: r o
E|AMCAN,"

gkl] < 67.(A)

E|AMCAN,"

for all closed sets A C R\{0}

gkl] > 67 (A)

where we denote A, = AN (hZ) and A§, = hZ\ A}, and the constants Zii) and AW, i = +1 and 7,(A) and

2¢e

7. (A) are given by

(i) 5 9=()
p— 1 —
. (I+¢) 127 £

>

i 5 i -
+ 6*1{?@)‘02:0}, AE ) = (1+ e)ﬁojg( ) + e+1{§m‘02=0}, i€ {£1,0},

((A) = (14 ¢) [T (AA)) = AA)] + € i, (A(ay=aa)}

(
(A) = (1+¢) [T (A(A)) — A(A)] — € Ly (aa))=a(a)}

2|

[

€

for closed sets A C R\{0}, with e = max{¢,0} and

—(1)  =(-1) _ -0 1 2

£V =27 =4, eV =¢M=n¢ :5<3> andfO:f(:a)'
Lemma 13. Fiz e € (0,1). Then for all § sufficiently small, we have D° C DY and D¢ C DP.

Before turning to the proof we collect some general observations. We shall simplify the notation by writing,
for any set A C hZ, p(A) = P?(AR;+1 € A|G;) and q(A) = Q;(AR;41 € A|G;) . In view of the definition of M®
in we find the following identity for any subset A € 27

gk_l] = > (qlk 1> E[UIf-p)’l = > (¢f —p)1—pi),

(8.12) E {AMEAN? ‘
iineA \Pi i:ih€ A
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where the last sum can be estimated by

(8.13) S(@F —p)A—pi) = [q(A) = p(A)] = — D (¢ —pi)pi <p(A)
w:itheA :th€A
(8.14) > (@ —p)(1—pi) = [a(A) —p(4)] > —[g(AT) —p(AT)] max p;,

ihe A+
i:ih€A Gihe

with A* = {i:ih € A, ¢F > p;}.

Furthermore, in view of the definitions of the martingales M%, R R(-1 we have

(815)  EAMZARZV] =B Y (‘; - 1) [F = pi] (£h(Is1 —pe1))| = £h(ger — pea)(L — pas)
i€Z v
8.16)  E[AMPARY] = h{(qi —p1)(1 = p1) + (g1 —p_1)(1 —p_1)]-

Proof of Lemma[13 In the proof both inclusions will be considered separately.
(i) (Proof of the inclusion D? C DI¢): Let Q € D°. The proof of this inclusion rests on the following three
observations:

(a) In the case 0% > 0 we have in view of Eqn. (8.15), Lemma |§|(Lii and Definition |§|

~—

E[AMPARV] < h(f(lyax/ho(ﬁ)) (1—p1) = % 25(é>502+0(5)
> on (ST o)) (- ) = e () 602 4 000,

when ¢ tends to zero. By a similar line of reasoning it follows that E[AM kQ AR,(;U] satisfies the same bounds as in
above display. Furthermore, in the case 02 = 0 Lemma|§| and Deﬁnition|§|imply that we have [AM ,? AR,(Cj )} €
0[—¢, €] for all ¢ sufficiently small and 7 = —1, 1.

Hence, for all ¢ sufficiently small, we have
(8.17) ~AD < B [AMPARP] <K fori =1,

(b) Let A C R\{0} be a closed set and recall the notation Ap, = AN hZ. Recall from the definition of the
transition probabilities py in Eqn. (5.1) that we have p(Ay) = 6A(A) for all h sufficiently small. By combining
Eqns. (8.12)) and (8.14)) with the definition of D° and Definition |§| we find

E [AMQANA"

gk—1:| < U(p(An)) = p(An) + p(An)* < (1 +¢/2) [T+ (A(A)) — A(A)] + 6°A(A)?]

for all § sufficiently small, which is bounded above by §(1 + €)[I'+ (A(A4)) — A(A)] for all ¢ sufficiently small in
the case 'y (A(A)) > A(A), and by de otherwise.
(c) Let A C R\{0} be a closed set. Then we have

E [AM,?AN;"”‘
i:the A+

gkl} > —[g(AY) — p(AH)] max pi > —(W(p(AY)) — p(AF))p(A*) > —T(p(A)p(A),

where we used that ¥ is increasing. Then, similarly as above ot follows from Eqns. (8.12)) and (8.13)

Ap

vV

U(p(An)) — p(An) (1 + U (p(Ar))

> 6(1—¢/2)[T-(A(4)) — A(A)] = *A(A) (1 + T4 (A))

E [AMQAN

gk1:|
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for all ¢ sufficiently small, which is bounded below by 6(1 — €)[I' (A(A)) — A(A)] for all ¢ sufficiently small in
the case I'_(A(A4)) < A(A) and by —de otherwise.

In conclusion, for all § sufficiently small and for arbitrary @ € D? it follows from points (a), (b) and (c) that
the associated martingale M @ gatisfies the conditions listed in the definition of Df’e, and we conclude @ € DE’E

for all § sufficiently small.

(ii) (Proof of the inclusion D¢ C D) Let Q be an arbitrary element of Dg’fe. To prove that () is element
of D? for all § sufficiently small, it suffices to verify that, there exists a 6y > 0 such that q(A) < W(p(A)) for
all sets A C hZ and all § € (0,d9). We show this in three steps: (a) for sets A C hZ\{—h,h}, (b) for sets
A ={h},{—h} and {—h,h} and (c) for all sets A C hZ

(a) In view of the uniform limits in Eqn. in the definition of scaling family of distortions and
Eqns. — it follows that there exists a dg such that for all 0 < § < g the following inequalities
are valid uniformly across closed sets A € R\{0} satisfying 'y (A(A4)) > A(A) and T'_(A(4)) < A(A), respec-

tively:
(8.18) q(An) — p(An) <6(1 —€/2)[[1(A(A)) — A(A)] < (¥(p(Ar)) — p(Ar)),
(8.19) q(An) —p(An) > 6(1 — ¢/2)[T_(A(A)) = A(A)] = (¥ (p(An)) — p(An)),

where as before we denote Ay, = AN hZ. In the case I'y (A(A)) = A(A) we note g(Ap)
by concavity ¥ and the definition of the set DY, Similarly, we find q(A4r) > p(An) >
T_(A(A)) = A(A).

(b) Consider the case o2 > 0 and when E(il) and §(i1) are strictly positive. By combining Lemma@ and
Definition |§|, the definition of D%~¢ and Eqn. we find the estimates for j = £1,

P(An) < ¥(p(An))

<
\/I\J( (A)) in the case

=) 02§ (@)
i 1 5 o oVoV/3
R TR R b w. A Gl e VOB )
4y ~
i 2 p-0-05 ZVE e 2 i)

for all § sufficiently small. By a similar line of reasoning, using instead Eqn. (8.16)), it follows, in the case o2,

E(O) and §(0) are strictly positive,

(0)

2V3
T(p({-1.1}) = 1 - U(p({-1,1}°)).

2 Vo +o(VE) < w(p({-1,1}))

¢+q, < prtpoa+(1- )

vV

In the degenerate cases that o2, E(O) or §(O) are zero we find as before q(A4) < p(4An) < U(p(4n)) and

a(An) = p(Ar) = U(p(Ay)) for sets Ay = {h}, {—h},{—h,h}, by concavity of U.
(¢) We claim that the above line of reasoning implies that ¢(A) < WU(p(A)) for any subset A C hZ. That this
is the case can be seen as follows. Since ¥ is concave with ¥(0) = 0, it follows that ¥ is sublinear, in the sense

that ¥(z +y) — ¥(y) < ¥(x) for all z,y € [0,1] with z + y < 1. Analogously it follows that U is super-linear,
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as U is convex. Hence, in view of the bounds in Eqn. (8.18]), it follows that we have

q(A) < ¥(p(A)) for any set A of the form A =JUB

Since any subset of hZ is such that it is either of the form J U B or of the form (J U B)¢ for sets J and B as

mentioned in the previous line, the claim follows, and the proof is complete. O

9. PROOF OF CONVERGENCE: UPPER BOUND

The proof of Eqn. (8.3)) in Proposition [3|is based on two auxiliary results.

Lemma 14. Let (§,)nen be a sequence of time steps that tends to zero, and let (hy)nen be the corresponding
series of grid-sizes. Let (Qn)nen be a sequence of measures with @, € D% and Radon-Nikodym derivatives
Z9n and let M = M@~ be such that Z9» = EXp(M(")) is the stochastic exponential of M) . Denote by
M® qnd Z™ the stochastic processes on ) defined by ]\Z(n) = ME:/)&LJ and Zt(n) = ZE:/)énJ' Then the following
hold true:

(i) The sequence (M(”),Y‘s")neN is tight.

(ii) If we have M™ = My, then it holds Z(™ = Z.

Lemma 15. Let the sequences (0y,, hyp)nen and (Z(”))neN be as in Lemma. Any limit point of(Z(”), Y(‘s"))neN
is of the form (Zs, X) with the measure Qo that has Radon-Nikodym derivatve d(?—;" = Zo satisfying Qo €

DD7(;.

Proof of the identity in Eqn. (8.3|) in Proposition @ Let € > 0. For each n € N there exists an e-optimal solution
Q"™ € Do, that is,
(9.1) EQ" [F;, (R°)] > sup E9" [F5, (R))] —e
QEDSn

Let Z™ denote the martingale associated to the Radon-Nikodym derivative % given by Zj' = E[%\gk] for
k € NU{0}, and denote by Z™ = {Z",t € [0,T]} the embedding of Z™ into D([0,T]) defined by Z" = 25

By Lemma the sequence (Z",Y")neN is tight and any limit point is of the form (ZOO7X) where the
measure (J, with Radon-Nikodym derivative Zoo belongs to Dp,g. The continuity of F' implies that also the
sequence (F(Y™))pen is tight with Y™ = Y. For any random variable Y denote by Y;, := (—=m) VY Am the
truncation of ¥ by m € Ry. Since the collection (Z%(F(Y”))m)neN lies in a ball in L? in view of Lemma it
follows
(9.2) limsupE [(Z8 F(Y™))m| < sup Eq[(F(X))m).

n—00 Q€eDp,c

The triangle and Cauchy-Schwarz inequalities and the estimate |Y —Y,,| < |Y[I{}y|>m) for any random variable

Y imply
(9.3) sup E9[F(X)]— sup E[F(X)n]| < sup E9[|F(X)|I{rx)sm)]
QeDp,c Q€eDp,c QeDp,c
< sup E[(Z2)AVE[F(X) I rexismy) 2,

QeDp,c



CONSISTENT VALUATIONS & DISTORTED EXPECTATIONS 29

which tends to zero as m tends to infinity by Lebesgue’s dominated convergence theorem, since the collection
(ZjQ)QeDD,G lies in a ball in L? by Lemma and F(X) is square-integrable by Lemma Deploying Lemmas
and [12|it follows that the expression in Eqn. also tends to zero as m — oo in the case that the set Dp ¢
is replaced by Uan(S”) and F(X) by Fs, (R%).

These observations imply that the limit of m tending to infinity and the limsup of n tending to infinity in
Eqn. can be interchanged, yielding limsup,,_,. EQ"[F(Y™)] < SUPQep,, o E?[F(X)]. Hence, it follows
from Eqn. (9.1)

limsup sup EC[F; (R°)] < sup EQ[F(X)]+e
n—oo QeDon Q€Dp,c

Since € > 0 was arbitrary the proof is finished. O

Proof of Lemma[14 (i) In view of Lemmaand the construction of Y9, the sequence of martingales (M(”) Yo ) hen

satisfies the following moment conditions: for any € > 0, s,t1,t2, with ¢; < to and s € (¢1,12) and n > (tz tﬂ

we have
B || (706 7 (9) = (700,75 00) [ (37 ) v 0)) — (37900, 0) ]

= B (370) ~ 51w v ) v )| (570 ) -0, ) v o) 7
C(LnSJ — [nt1])(|nt2] — [ns]) <3

<
= n2

C + 6)2(t2 — t1)2,

where C is some constant. The moment-criterion for processes in D[0,T] (see [3, Thm. 13.5]) implies that the
sequence (M(”))neN is tight, and as a consequence, also the sequence of pairs (M(”), Yon),en is tight.

(ii) The expectation E [SUPth |AJ\A/[;(") |} is finite since we have by the Cauchy-Schwarz inequality

n 1/2
E[supMZ("ﬂ < E[supm“ﬂ")] S B |AM(”)|]
t<T t<T P
1/2
< =TY?%¢ < 00,

En: ST
k=1

where in the final equality we deployed the bound in Lemma Hence, in case M™ = MOO, the stability

of stochastic integrals (Thm. 4.4 in [21]) yields the convergence of the corresponding stochastic exponentials:

Zm = Z)o as n tends to infinity, where Zm is the stochastic exponential of Moo. O

Proof of Lemma[I5 Let € > 0 and denote by Q) the measure with Radon-Nikodym derivative Z(™. For any
stochastic process U and any s,t > 0 we denote the increment of U over [s,t] by A, U := U, — U,. Also denote
Y'tc(n) —_ Y'tfsn(c) and Z;‘l(n) — Z‘S”’A.

Consider the case 62 > 0. Since the measure Q™ is contained in the set D% which is itself contained in

D% for all n sufficiently large (Lemma, it follows from the definition of D" that we have

(9.4) E[Ag: ZMA, Y |G_] < (t—s+0,)A0+ 2™,
(9.5) E[Ag ZMA, Y G > —(t—s+0,)A[+ 2"

for all n sufficiently large and for all s,t € [0,7] with s < ¢, where A = 10 o?A; and A = gO'QA_ and G,
denotes the sigma-algebra generated by {Z(Ln)}ugs.



30 DILIP MADAN, MARTIJN PISTORIUS, AND MITJA STADJE

Let A be a closed subset of R\{0} . Then it follows by an analogous line of reasoning that we have

(96) ]E[As,tg(n)As,tZA(n)|g~sfé] S (t - S + 5n)ﬁ(A)[1 + G]ZS_L)E,
(9.7) E[As ZMW A ZAM(G, ] > —(t — s+ 6,)v(A)[1 + €27,

in the cases I'y # id and I'_ # id respectively, with 7(A4) = (I'y —id)(A(4)) and y(A) = ('~ —id)(A(A)).
Fatou’s lemma applied to Eqn. (9.4) implies that for any continuous adapted function (¢,w) — H(t,w)
mapping [0,7T] x © to [0, 1] we have
limsup E[H (s — e, YV {A, ZMA, Y — (t— s+ 6,)A1 + 2™} < 0.

n—o0

Let My be any limit point of the sequence of martingales (M("))neN. Then, by Lemma ii), Zoo =
Exp(Moo) is a limit point of the sequence of stochastic exponentials (Z ("), en. Since this sequence is con-
tained in a ball in L?(Q,F,P) by Lemma it follows that it is UI, and as a consequence we have that
Zoo is a martingale. Recall from Lemma [7| that the sequences (YC(”))HGN and (ZA(”))neN admit limits in
the sense of weak convergence. Furthermore, since the collections {(AsZ™ ) nen, {(Ag Y ™)P},cn, for
any p > 0, are contained in a ball in L?(Q, F,P) (by Lemmas |8 and , it follows that also the collection

{Asytz(”)As,tYC("), n € N} is UL Hence we have

E[H (s — € X){(As Zoo, D5t XC) = Zoo(s — ) A(L+€)(t — 5)}] 0.
Since € > 0 was arbitrary and H(s—e, X) is Fs-measurable for any s € [0, T, and we have E[As7tzooAs7tXC|]?q] =
E[(Zoo, XVt — (Zoo, X€)4|F], the dominated convergence theorem implies that

E[H (5, X)((Zoo, XVt = (Zoos X)5)] < ElZoo(s)H (s, X)A(t — 5)].

It thus follows that

T _ T _ o
E /0 H(s,X)d(Zso, XV, | < E /0 Zoo(s)H (s, X)Ads| .

By an approximation argument it follows that the previous identity is valid for any bounded predictable function
H. As a consequence, it follows that s +— (ZOO,X )s is absolutely continuous with respect to the Lebesgue
measure, and the Radon-Nikodym derivative satisfies

d

dt
An analogous line of reasoning, starting from the identities in Eqn. (9.5)), and leads to the following
identities, P x dt a.e:

(9.8) (Zoo, XV < Zoo (DA, P x dt a.e.

99) C(Ze XY > Tl
(9.10) C T AN < ZaolDITH(AA)) — A(A)],
(0.11) C T TN 2 ZuDID(A(A) — A(A)]

for any closed subset A C R\{0}, where &z denotes the compensated Poisson random measure associated to the
jumps of X.
The martingale representation theorem implies that M. oo admits a representing pair (Hy,, Uso—1). Combining

this representation with Eqns. (9.8)-(9.11)) yields that 6?H., € [02A_,0%A] and [, (Us(s,z) — 1)A(dz) €
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[C_(A(A)) —A(A),T L (A(A)) —A(A)], P x dt-a.s. By the monotone convergence theorem these identities remain
valid for any Borel set A C R\{0} with A(4) < .
Thus, we have that (.., the measure with Radon-Nikodym derivative Z., with respect to P, is contained in

Dar. 0

10. PROOF OF CONVERGENCE: LOWER BOUND

To establish the limit in Eqn. (8.4) in Proposition |3| the convergence is first proved for the supremum over

the “nice” subset 5A71‘ of Da r given by

%b% = Exp(M®)r where

M@ has representing pair (H?,UQ — 1)
with H? € C([0,T] x Q,[-A_, A, ]), and
UQ € C([0,T] x R, x Q,R,), such that ’
(- —i)(A) < [ U ) = 1A) < (T ~id)(A()

(101) Dar={Q€Dar:

for all A € BAR) ()

where as before Exp(M@) denotes the stochastic exponential of M% and we recall that B*(R) = {B € B(R) :

A(B) < oo}. For any n € [0,1) denote by 5271“ the related set defined by the right-hand side of Eqn. with

Ay, AT —id, T'_ —id replaced by Ay (1 —1n), A_(1—1n), (T'y+ —id)(1 —7n), (T~ —id)(1 —n)), respectively.
A key step in the proof is the fact that ZSA’F forms a dense subset of Da r:

Lemma 16. The convex hull of ﬁA,F is dense in Dar, in the sense of weak convergence. In particular, we

have
sup EQ[F(X)] = sup EC[F(X)].
QEﬁA,r QGDA,F
Lemma 16| is proved by a standard randomisation argument that is an adaptation to the current setting of
the ones that have been used in [20, [30] to derive a corresponding result in the setting of the Wiener space, and

is reported in the Appendix.

Proof of the identity in Eqn. in Proposition @ Note that the supremum over 5A7F on the right-hand side
of is equal to the supremum over all Da r in view of Lemma Hence, to establish the identity it suffices
to prove the inequality in Eqn. with Da r replaced by ﬁA,p.
Let € > 0 and denote by Q. € 5A’F an e-optimal solution,
sup EC[F(X)] <E[F(X)] +e.
Q€Da,r

Let Z. denote the martingale given by Z.(t) = E[Z%:|F;] where Z%: denotes the Radon-Nikodym derivative of
Q. with respect to P. Define H*" := min{max{H% A (-A_)(1 —n)},A (1 —n)} and

U = U — (U% = 1)[nlqpaes1/-ny + La<vec<i/a-nmy) — 1(U9 = Dlpa. <1y

It is straightforward to check that US” is non-negative (using that U®< is nonnegative), and that we have

He" € £2 and US" € £2. Let Q" denote the probability measure wih Radon-Nikodym derivative Z" given
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by the stochastic exponential of the martingale M©" given by
t
My = / HSMAXS —|—/ (U (s,2,X) — 1)~ (ds x dy), t e 0,7
0 [0,t] xR

Also consider the sequence of martingales M%< given by Mg’g’" =0 and
om _ rrem c €,1m k
AMP" = HG" ARG+ Y (U (k= 1), 2, R) = D[If —p],  keN,
zIERZ
where AM,f’" = M,f’" - Mgf’l, R = R% and R¢ = R%¢, and denote the embedding M%7 of M%7 into the

Skorokhod space D[0,T] by M2 " = Mfgj’g] for t € [0,T].

To complete the proof we will use the following auxiliary result (the proof of which is provided at the end of

the section):

Lemma 17. Let F be as in Theorem[1, The following hold true:

(i) The measure Q" is element of 52’1«, and
(10.2) E?[F(X)] - E¥[F(X)],  whenn 0.

(ii) The measure Q%" with Radon-Nikodym derivative Exp(M®") is element of D for all & sufficiently
small.

(iii) MOen weakly converges to M in the Skorokhod topology, as é tends to zero.

Given Lemma [17] the proof is completed as follows. By a line of reasoning that is analogous to the one used

in the proof of Lemma [3| we have, as n — oo
B Fs, (R)] = B R(X)

so that

liminf sup E9[Fs, (R’)] > E?" [F(X)].

n—oo QEKD&W

Letting 7 — 0 we find in view of Eqn. (10.2)

liminf sup E@[Fs (R™)] > E?[F(X)] > sup EP[F(X)] —e.
" QeDin QeDar

Since € > 0 was arbitrary, the proof is complete. O

Proof of Lemma [T (i) The measure Q" is contained in the set D" in view of (a) the definition of H" and

(b) the observation (from the definition of U™)

A9« (A) — A(A)

IN

(1= n)[A% = A(AN{UP <1}) +[A% — A[(AN{U% > 1})
> (L-nA% — AJ(AN{U9 > 1)) + (A% — AAN{U < 1}),

for any A € B(R) with A(A) < oo, from which we deduce

(1= n)(T- —id)(A(A)) < A%(A) — A(A) < (1 n)(Ty — id)(A(A)).
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When 7 tends to zero, M" converges to M€ in L?:
E [(Mf — Mz")?]

= E

T
/ (H? (s, X) — H"(s, X))%0%ds + / (U9 (s,2,X) = U"(s,, X))2A(dx)ds]
0 [0,T]xR

IN

o?*T(AL VA_)? +E

/[0 . R(USQE(@ - 1)2[772 + 1{0§U;(m)—lgn/(l—n)}]A(dx)dS] )
T x

which tends to zero as 7 tends to zero, by an application of Lebesgue’s Dominated Convergence Theorem.
Since the Radon-Nikodym derivatives Z7" that are equal to the stochastic exponentials of the martingales M "
converge weakly to a limit and are contained in a ball in L? (by Lemma |5)) and F(X) is square integrable (by
Lemma [§) it follows EQ*"[F(X)] — E?[F(X)] as  — 0.

(ii) We will show that Q%" € D27, which establishes the assertion since D2~ is contained in D° for all
sufficiently small (by Lemma [13)).

Let 02 > 0. In view of the relation between h and 4, the definition of the set 5Z,F and the value of p+; we

have for ¢ = £1

E[(AMy ") (AR Gm—1] = H{ ., sE(ARG)(AR;,)|Grn-1]
< (1—nh’pi(1—p)- Ay

(1— n)A+[% . é -300% + 0(6)] when § N\, 0,

which is bounded above by (1 —n/2)A L[ - 60?] for all § sufficiently small. Analogously, it follows that
BIAME ) ARD) G -1] 2 ~(1 = /DA (35 60> +0o(0)],  when 6,0,

Let A € B(R\{0}) be compact. In view of the definitions of M%7 and Z4 we find

E[AMy " AZGm] = ) (Uipnys(z) = DE [ = p1)?|Gri]
ZIEA

= > (Ugn_1ys(z) = Dpu(1 = p1)

Z1EA
= 5 Y Uhns(z) = DA(zn200)) +6 Y (U _1ys(z) = DA((zi-1, 21)) + 0(6)
21€EA, 21 >0 21€EA, 21 <0
(10.3) . /A (Ut 1ys(@) — DA(dz) + 0(3),

IN

6(1 —n) (T4 —id)(A(A)) 4 0(9), when 6 \, 0

which is bounded above by ¢ (1—7/2)(T'+ —id)(A(A)) for all § sufficiently small. In the one but last line we used
that since = — U(em_l) s(x) is uniformly continuous on the compact set A, it follows that the Riemann-Stieltjes
sum converges to the integral as § (and hence the spatial mesh h) converge to zero.

Analogously it follows that for all ¢ sufficiently small
BIAMpS"AZLGn—1] = 6(1—1/2)(T- —id)(A(A)).

Combining the previous displays, we see that Q" is contained in DN,
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(iii) The convergence follows by comparison of the semi-martingale characteristics (B, C9, A%) of M3 with
the characteristics (B, a, A) of M€, analogously as in Lemmalﬂ We have weak convergence of MPnen to Men

if the conditions (a)—(c) in Eqn. (C.1)) hold for any ¢ € [0, T], which are verified as follows:
(a) The first characteristics of either martingale are given by

B = - / 2(U9(s, 2, X) — 1)A(dz)ds,
[0,t] xR\[—1,1]

- > > AU, 2,Y") — ),

E>1it<t |I]>1

On
B;

where p; = 0A([z1,z141)) f I > 1 and p; = 0A((21-1,2]) if | < —1. The continuity of (s,z,w) —
Uq(s, z,w) implies that the sum Bf” converges to By as n — oo, uniformly in ¢, that is, sup,¢(o 7 |Bs —
Bo»| — 0 if n — oo.

(b) The continuity of the functions (s,z,w) — Ug(s,z,w) and (s,w) — Hg(s,w) and the fact that (p; +
p_1)h? tends to o2 in the case § N\, 0 yield that the sum 6?" tends to the integral @ as n — oo, where

g, = /Ot{JQHQ(S,X)ZJr/R(UQ(s,m,X)1)2A(dx)}ds,

o=y {(p1+p1)h2HQ(tk,Y5n>2+Z<UQ<tk,zl,Y5n>—1)2pl}.

k>1:t, <t z]

(¢) Finally, for any g € Cy(R) we have that the sum

> > 92Ut 21, Y )pr + g(21)pr1 U (ke 21, V") + g2 1)p_1 U (tr, 21, Y")
k>Titp<t | Ji[>1

converges to the integral f[o ﬂng(m)(UQ(s,:aX) — 1)A(dx)ds as n — oo, using again the continuity
of Ug and the fact that the final to terms tend to zero since we have z4+; — 0 and that g is zero in a

neighbourhood of zero.

The proof of (iii) is complete by an application of [25, Thm. VIL.2.17]. O

APPENDIX A. PROOF OF REPRESENTATION OF CHOQUET EXPECTATION

The proof of the representation rests on the identification of the absolutely continuous measure that attains
the maximum in Eqn. (2.8). For any X € L3 (1) denote by mx the measure my € M, with Radon-Nikodym

derivative dg’jf = ¢P(X) where ¢ : Ry — R, is given by

D(Ff(gﬁ:%(f_(?_)), in the case that z is such that F(x) — F(z—) >0
b and either z > 0 or F(0—) < co and = = 0,
(A1) o7 (z) = _ L
D'(F(x)), in the case that z is such that F(z) — F(z—) =0 and > 0,
0, otherwise,

with F(z) = p(u € R : X(u) > z), F(0—) = u(R,), F(z—) denoting the left-limit of ' at > 0 and D’ the
right-derivative of D (where D’(1) denotes the left-derivative at x = 1 in case D is a probability distortion).

We next verify that the measure my is element of MP.
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Lemma 18. (i) The measure my satisfies
(A.2) mx(A) = —/B dD(F(y)) for Ac BY(R), A=X"B), B c B(R).
(ii) We have mx(A) < D(u(A)) for all A € B(R). In particular, mx € M%.

Proof of Lemma[18, (i) For any set A € B(R) of the form A = X~(B) with B € B(R), the definitions of mx
and ¢ = ¢ imply

ma(A) = p(p(X)14) = /(b (o X~1)(dx) /¢ )dF(z /dD(F(g;)).

(ii) The proof of the stated inequality consists of two steps. The first step is to show that the inequality holds
for all A € B(R) of the form A = X~1(B) for some B € B(R). If D is piecewise linear, then it is straightforward
to verify that the stated inequality holds, as a consequence of Eqn. and the fact that the right-derivative
D’ is decreasing (as D is concave). The general case follows by first approximating D by piecewise linear concave
distortions and subsequently passing to the limit, using the Monotone Convergence Theorem.

The second step consists in first associating to any Borel set A with my(A) > 0 the set A’ = X~1(X(A))
and the ratio (A) = mxy(A)/mx(A’), and subsequently observing that we have

mx(A) = 0(A)mx(A) < 0(A)D(u(A")) < D(u(A)),

where the first inequality follows from the first step and the second equality from the concavity of D and the fact
O(A") <1 as we have A C A’. This completes the proof of the first line of part (ii). We conclude mxy € M¥ by
noting that (a) Lemmaimplies my € L?(p) and (b) mx satisfies the bound stated in the first part of (ii). O

Proof of Proposition[]. Consider first the case X € L2 (u). Finiteness of CP[X] follows from Lemma [1} The
definitions in Eqns. ([2.4)), (2.5) and (2.9) of the Choquet integral CP(X) and the set MP imply that for any

m € MP we have

oo

D m X X
(A.3) o] > / (X > z)dz,

so that CP[X] > sup,,epmp m(X). Equality in Eqn. (A.3) is obtained by the measure m = my, as we show

next: The definitions of my and ¢ and a change of the order of integration show
maelX] = p(B(X)X) = - /[ =AD(F(E) = €714
0,00
The proof of the case X € Li(u) is complete noting mxy € M¥ by Lemma O

APPENDIX B. PROOFS OF THE CONSTRUCTION OF THE RANDOM WALK

Proof of Lemma[@: (i) The first assertion follows from the fact that under the conditions on the triplet (4, h, a)
in Eqns. .7. ) there exists a solution (p_1,po,p1) in the set S = {(p_1,p0,p1) € [0,1]> : p_1 +po+p1 < 1}

of the following system of three linear equations:

(B.1) po+p-1+p1 = ah)
(B.2) —p-1th+ph = B(h)
(B.3) p_1h* +pih® = A(h),
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where
(B.4) a(h) = 1= Y pr=1-0AR\(—ah,ah))
k:|k|>a
(B.5) B(h) = =0 Y khA([kh, (k+1)h))+ > khA((k —1)h, kh])
k>a k<—a
(B.6) v(h) = 8(0®+X2(R) = | Y _(kh)?A([kh, (k+ 1)h)) + Y (kh)*A((k — 1)h, kh]) | ,

k>a k<—a

where we used the form of py for |k| > a given in Eqn. (5.1) .

It is easily verified that this system admits a unique solution in R? which is given by

®.7) paat) = 5 (IR i = alh) gl a0

We see from Eqn. (B.7)) that the vector (p_i,po,p1) lies in the unit cube S if and only if we have the bounds
|B(h)|/h < v(h)/h? < a(h) < 1. That these three inequalities are satisfied can be verified from the following

estimates:

Lemma 19. Under the assumptions of Lemmal6] the following estimates hold:

1 ¥2(R) 1B(R)| _ 1 Z2(R)
(B.8) "3 5700 <a(h) <1, e =T
(B.9) 0< 7}(;;) ot ?;(sz)h, ah) - EQ(R);%—;(; 207 1)

where $2(a) = o2 + S2(R)[a" 1 yp250p 4+ Lio2=0}]. In particular, |3(h)|/h < ~v(h)/h? < a(h).
Moreover, in the case o > 0 we have
¥2(—ah,ah) + 20" 'S*(R) 18(h)]

A 1 L DR

S(R) B
h? 3 3ac? ’ h 3a0?

3ac?

(B.10) - <

The proof of this lemma is given at the end of this section.
(ii) To verify the second assertion, we note that, in view of Eqn. (B.7)), it suffices to show that, as h — 0+, we
have (i) a(h) — 1, (ii’) B(h)/h — 0 and (iii’) y(h)/h? tends to 1/3 in the case 02 > 0 and to zero otherwise.

These three facts are verified as follows:

(") Since we have a(h) — oo as h — 0 by assumption, Eqn. (B.8]) yields limp\ o a(h) = 1.

(ii’) Since a = a(h) — oo as h — 0 and %2(a) tends to a non-zero limit as i — 0, namely,
(B.11) >%(a) = B2(R) if 02 = 0 and %%(a) — o2 if 02 > 0,

it follows from Eqn. (B.8)) that limy\ S(h)/h = 0.
(iii’) Observing that a tends to infinity when h tends to 0, the right-hand side of Eqn. converges to
zero. Since by assumption ah — 0 as h — 0 it follows that ¥?(—ah,ah) — 0, and we have that the

middle fraction in Eqn. converges to 1/3 in the case o2

Equn. (B.11).

> 0 and to zero otherwise, in view of
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(iii) For the third assertion we note that, in view of the bound in Eqn. (B.8), it follows a(h) > 1 — (3a?) " lc,,

which yields the statement in Eqn. (5.9) by definition of «(h) given in Eqns. (B.1)) and (B.4]). From Eqns.
and (B.10) in Lemma [19| we have

P1ADP-1 2>

0, (1 1P @)Y
2h2 ~—\6 6a o2 ¥2(a)

This completes the proof. O

Proof of Lemma[19 The proof rests on the following three observations:

(a) In view of the relation in Eqn. (5.4) and the fact ah < 1. it holds (with a € N, a > 2)

5 / 2 2
z“A(dx) + 6 z“A(dx
(ah)? J—10\(—ah,ah) (dz) R\(—1,1) (dz)
a™?¥?((-1,1)) + h*Z2(R\(-1,1)) o1 Y2(R)
3%2(a) -

0 < JA(R\(—ah,ah)) <

32 $2(a)
(b) Recalling ah <1 and denoting M (I) = [; xA(dx) for any interval I, we have

(B.12)

R2MR\(-1,1)) =& 2
h SM(R\(—ah,ah —_— A(d
ol < oM@ an o) < SR L L g
(B.13) < . ZR\(LY) R B(ELY) b PR
' - 3%2(a) 3a 32a) T 3a ¥2(a)
(c) Since 22 is increasing, the difference

i {E2 ) — 2 2 o
Dy, = /R\(ah’ah) A(da) {Z((kh) Al h(k+ 1))+ 3 ((kh)*A((h(k 1>,hk1>]

h>a h<—a

between integral and sum is positive and can be estimated by
|D| < Z((k +1)% — E)REA([hk, h(k + 1)) + Z ((k—1)% = E*)h*A((h(k — 1), hK])]
k>a k<—a

(B.14) = W2A(R\(~ah,ah)) + 21" khA([hk, h(k + 1)) U (=& — 1)h, —hk]).
k>a

Deploying the bounds in Eqns. (B.12)), (B.13)) and (B.14)) we find the upper bounds

18]
h

h=2y(h) < h725 (0% + 2*(—ah,ah)) + 6A (R\(—ah, ah)) + 2

0% + ¥?(—ah,ah) + (2a! + a7?)X3(R)

(B.15) < ~
332(a)
(B.16) _ 1, X(cahah) + (a7 +a HEER)
3 3%2(a)
Moreover, we have the lower bound
2 22 _
(B.17) y(h) > 6{0+52((—ah,ah))} = n2? + X% ((—ah, ah)).

3%2(a)
In particular, in the case 02 > 0, we find

2 2 —ah.a —afl 2
(B.18) ~(h) > };+h22((3(:27+hi)—122(R2): (R)
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Eqn. (B.8)) follows from (a) and (b), and Eqn. from Equs. (B.15) and (B.17) in (c). The bounds |B(h)|/h <
v(h)/h?* < a(h) follow by combining the condition in Eqn (5.5 with the estimate in Eqn. (B.9). The bounds

on B(h) and v(h) in Eqn. (B.10) follow from the observation $2(a) > o2 (in the case 02 > 0) and the esimate
in (b), and from Eqns. (B.16)) and (B.17)), respectively. O

ApPPENDIX C. PROOF OF WEAK CONVERGENCE (LEMMA

As the weak convergence of each of the three sequences of processes follows by similar arguments, we shall
detail only the proof of the weak convergence of Y. Denote by (B?, 9, v%) and (B, C, v) the semi-martingale
characteristics of Y9 and X respectively (see [25] for a definition). According to [25, Thm. VII.2.17], weak
convergence of Y% to X in Skorokhod topology as n — oo follows when the semi-martingale characteristics of

Y9 converge to those of X in the sense that the following limits hold for any ¢ € [0, 7] when n — oo:

(C.1) (a) sup |B» — B,| =0, (b) Co" — Cy,
c €T 1/6" T x x) Ior a
(C2) <>/Rg<>t<d>%t/Rg< )A(dz) for all g € Co(R),

where we used the fact v(dz x dt) = A(dz)dt and denoted 0" (dz) = f[o . von(ds x dz), and used Co(R) to
denote the set of real-valued continuous functions on R that vanish in a neighbourhood of 0 and have a limit at
infinity. Next we show that the conditions (a)—(c) are satisfied.

(a) Observe that B, = s(¢'(0) —+') where 7' = [| zv(dz) while by definition

|z|>1
B = das+ |2 (B(Z1] = E[Zi12,51]) = ds + | 2| | E[X5 — a0] — Ve zee1)zk | + cs,
5 5

k:|z|>1
tends to Bs = s(¢'(0) —«') as 6 \ 0, uniformly in s.
(b) C? tends to t£2 = Cy as 6 \, 0 since we have

t

¢t = |5| izt - plap) = | § | vailzil = | §

5J Var[X;] = BJ 5(0? + S2(R)).

(c) Observing that g(h) and g(—h) are equal to zero for h (and hence J) sufficiently small, we have that

Lotwitan =[5 [ 5 it +math) + poagt-n

k:|zk|>ah

converges to t [, g(x)A(dx) as 6 \, 0. O
APPENDIX D. PROOF OF THE FORM OF THE DRIVER g OF THE ¢g-EXPECTATION
In the following it is verified that the function ga r satisfies the conditions of a driver function.

Lemma 20. Let D and G be a drift-shift and a jump-distortion. Then gar is a driver function, that is, (i)

gar(0,0) =0 and (ii) gar is Lipschitz continuous: there exists a K > 0 such that we have

9o (21,00) — gar(eav2)? < K { —af+ [ u) - v2<x>|2A<dx>}

uniformly for all 21,22 € R and all v1,v2 € L?(A).
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Proof. Ttem (i) follows from the fact C'+~14(0) = C'4=T'- (0) = 0. Item (ii) is a consequence of the form of ga r
in Eqn. (4.6 in combination with the observation (from the representation in Proposition [1)) that we have for

a measure distortion D and any vy, v € L?()\)

(D.1) CP (v)) = CP(v3)|* < CP(lvr — v2]) < KD/]R [v1(2) — va(2)[*A(d),

where Kp = fooo D(y)yd—y\/y which is finite in view of the integrability conditions in Eqn. (2.6)—(??). The first

and second inequalities in Eqn. (D.1) in turn follow from the representation in Proposition |1| and the estimate
in Eqn. (2.7). O

The existence and uniqueness theorem in [4] implies that there exists a unique triplet (Y%, Z% V<) with

Y¥er£? Z¥ cL?2and VY € L2 that solves the backward stochastic differential equation given by
(D.2) — A = gpe(Z¥,VV)dt — ZFdXf - / VX ()X (dt x dz),  te€[0,T),

R
(D.3) Yy = X

The value Yg* (and the random variable Y,*) are called the ga,r-expectation (and F;-conditional ga r-expectation)

of the random variable X'.

Proposition 4. Let D and G be a drift-shift and a jump-distortion, and X € L*(Q, Fr, P). Then Ear(X) is
a g-expectation with driver function gar. In particular, Y (t) = Ea r(X|F;) for t € [0, 7).

Proof. Eqns. and imply that X admits the representation in terms of (Z%,V¥)
(D.4) X=Y" - /T gar(ZE,V¥)ds + /T ZFXdXe + /T /R VY (2)p™ (dz,ds),  t€][0,T).
t t t
For any () € Da r the representation in Eqn. can also be re-arranged as
(D.5) X:nX+/TL§ds+M$_MS te 0,17,
t
where L? = 0 ZXHE + [, V¥ (2)(U2(x) — 1)A(dx) — gar(ZF, V) and MQ = {M,t € [0,T]} is given by

t t
= [ ztaxg@s [ [ vE @, ds)
0 0 R

which is a square-integrable F-martingale with respect to @, by virtue of Girsanov’s theorem. Taking the
Fi-conditional expectation under @) of X' using the representation in Eqn. (D.5)) and subsequently taking the

essential supremum over all Q € Da r shows Ea r(X|F;) = V¥ + Ky, where

T
fou
t

We show next in two steps that K; = 0 for all ¢ € [0, T], which will complete the proof of the assertion. Firstly,

K; = ess. suerDAYFEQ Fi

in view of the definition of Da r observe
T T
(D.6) 0/ ZXHSds < 02/ (ZE)YTAL +(ZF)"A_]ds
t t
for all Q € Dar, where the inequality is attained if H? is chosen equal to H* € £2 given by

(D.7) H =0[Ai1iz,50y + A-1(z,cy]  fort €0, T].
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Secondly, for any (Q € Da r we have
(D) [ V@2 - D) < [ V@ A% + [ V@) A%,
R R R

where Ag € M3, are the random measures on (R, B(R)) given by Ai (dz) = (UL (x) — 1)i1{ivsx (z)>0yA(d).
Note that we have equality in Eqn. if U? satisfies the relation U%(s,z) — 1 = UQ(s,x)+1{VSX($)>O} +
U9 (s, 7)1y ¥ (2)<oy for A-a.e. z € R. Taking the supremum in Eqn. over all pairs of measures (Ag, A?)
with A? € Mg, satisfying the inequalities AT (4) < (I'y —id)(A(A)) and A®(A) < (id — T~ )(A(A)) for all sets

A € BA(R) yields, in view of the representation in Proposition |I| the inequality

(0.9) [ V@R G@) = D) < €TV £ E T (V).

Equality in Eqns. and is attained if we take U? equal to U (x) = ¢*(V.*(x)) with
$a(@) = O (@) i (2) + 3 (2) - (2)

with A} = {z : V¥(2) > 0} and A = {x: V¥ (x) < 0} where ds " and ¢ are given by the expression in
Eqn. with F(x) replaced by F:(ac) =A{y € AL : V¥(y) > x}) and F, (z) = A({y € A7 : V¥ (y) < x})
respectively. It follows from Lemma and the fact V¥ € L2 that we have U* € £2.

Finally, observe that for the probability measure Q* € Da r that has representing pair (H*,U* — 1) we have
(a) Lg* = 0, which can be seen to hold true by observing that for the choice H?" = H* and UQ" = U* equality
is attained in Eqns. and (D.6)] and (b) Q* is contained in the set Da r, which follows in view of the
definition of the set Da r which states Q € Dar and since H* € L2, U* € £2? and we have

H* € [-0A_,0A;] and /(U* —1)(z)A(dz) € [(T_- —id)(A(A)), (T4 —id)(A(A))] for all A € BA(R)..
A

Hence we deduce K; = 0 for all ¢ € [0, 7], and the proof is complete. O
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