CONVERGENCE OF BSAES DRIVEN BY RANDOM WALKS TO BSDES:
THE CASE OF (IN)FINITE ACTIVITY JUMPS WITH GENERAL DRIVER
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ABSTRACT. In this paper we present a weak approximation scheme for BSDEs driven by a Wiener process and
an (in)finite activity Poisson random measure with drivers that are general Lipschitz functionals of the solution
of the BSDE. The approximating backward stochastic difference equations (BSAEs) are driven by random
walks that weakly approximate the given Wiener process and Poisson random measure. We establish the weak
convergence to the solution of the BSDE and the numerical stability of the sequence of solutions of the BSAEs.

By way of illustration we analyse explicitly a scheme with discrete step-size distributions.

1. INTRODUCTION

Backward stochastic differential equations (BSDEs) have turned up in a range of different setting, notably in
many applications in mathematical finance such as portfolio optimization and utility indifference pricing, and
also as non-linear expectations—see El Karoui et al. (1997) for an overview of applications of BSDEs in finance
and Delong (2013) for a recent treatment of the case of BSDEs with jumps. Unlike in the case of BSDEs without
jumps, exact sampling methods from the probability distribution of the increments of the driving Poisson random
measures are in general not readily available, which is an issue in the practical implementation of approximation
schemes. Motivated by this observation, we develop in this paper a weak approximation scheme for BSDEs
driven by a Wiener process and independent Poisson random measure, allowing the approximating processes to
be defined on filtrations that are different from the one the BSDE lives on. We also allow the drivers to take a

general Lipschitz-continuous functional form (see (1.2) below), which is encountered in many applications.

Setting. Let T > 0 be a given horizon and let (2, F,P) be a probability space endowed with a filtration
F = (Fi)iepo, ) generated by a di-dimensional Wiener process W and an independent ds-dimensional Lévy
process X (i.e., a cadlag stochastic process with Xy = 0 and stationary independent increments—refer to
e.g. Sato (1999) for background on Lévy processes). We assume that X is a zero-mean square-integrable

process without Gaussian component, in which case X is a pure-jump martingale given by
(1.1) X, = / x(N(ds x dz) — v(dz)ds) = / N (ds x dz), te 0,17,
[0,t] xR2\ {0} [0,t] xR92\ {0}

where v denotes the Lévy measure of X, N is the Poisson random measure associated to the Poisson point
process (AX,,t € [0,T]) of jumps of X and N(dsxdz) = N(dsxdz)—v(dz)ds is the corresponding compensated

Poisson random measure. We consider in this paper BSDEs of the form

T T
(1.2) Y= F +/ (5, Y, Zo, Z5)ds —/ Z,dW, — Zu()N(ds x dz), € [0,T),
t t (¢, T]xR42\{0}

with driver function f : [0,T] x R x R® x L?(v(dz), B(R%\{0})) — R,
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for Fr-measurable terminal conditions F € L?(P). A triplet (Y, Z, Z) is called a solution of this BSDE if (1.2)
holds for all ¢ € [0,7] and the triplet takes values in the product of the spaces S%, H? and H2 of square-
integrable F-adapted semi-martingales Y, predictable processes Z and P @ B(R% \ {0})-measurable processes
Z, respectively.* Under the standard setup, which we assume to be in force throughout, the driver f is assumed
to be such that (i) f is continuous as function of ¢ € [0,7T] at any (y, 2, 2), and (ii) f is Lipschitz continuous in

(y, z, Z) uniformly for all ¢ € [0,T], that is, there exists a positive K satisfying

(1.3) |f(t, 91,21, 21) — f(t, 90, 20, Z0)] SK(% —yo|+|7«“1—20|+\//]R |51(~’C)—50(I)|2V(d33)>7

42\{0}
for any yo,y1 € R, 20,21 € R% and %y, %, € L?(v(dz), B(R\{0})). Under these conditions it is well-known
that the BSDE (1.2) has a unique solution (see Tang & Li (1994) and Royer (2006)).

Related literature. BSDEs with jumps of the form in (1.1) play an important role in many optimal control
problems, see for instance Tang & Li (1994), Eyraud-Loisel (2005), Lim (2006), or Jeanblanc et al. (2010).
Another main application of BSDEs arises in utility maximization, see for instance El Karoui & Rouge (2000),
Hu, Imkeller & Miiller (2005), Kloppel & Schweizer (2007), and Sircar & Sturm (2011) in a Brownian filtration.
See Mania & Schweizer (2005) and Morlais (2009a) in a continuous filtration, and Becherer (2006) and Mor-
lais (2009b) in a setting with finite jump activity, and Morlais (2009b) and Pelsser & Stadje (2014) in a setting
with infinite jump acitivity. Royer (2006) studied BSDEs driven by Brownian motion and a Poisson random
measure, and their application to g-expectations. In the references quoted above the optimal solutions were
characterized in terms of solutions of BSDEs, but the problem of numerical approximation was not addressed
in the case of BSDEs with jumps.

A common way to approximate a BSDE is by discretizing time, replacing the BSDE by an appropriate discrete
time backward stochastic difference equation (BSAE). We will consider the sequence of BSAEs driven by d;-
dimensional and dy-dimensional random walks W (™ and X (™) converging to W and X. In a setting without
jumps, convergence results for general random walks have been obtained in Ma et al. (2002), Cheridito & Stadje
(2013), and in Briand et al. (2001, 2002) using Picard iteration arguments as well as results on convergence of
filtrations from Coquet et al. (2000). While many authors studied discrete schemes for the approximation of
solutions of BSDEs in a purely Brownian setting, in a setting with jumps there is considerably less literature
available. Lejay et al. (2007) is concerned with approximation schemes for BSDEs with one single degenerate
jump for a specific approximating process. Contrary to the references mentioned earlier in this paragraph which
took a random walk as the approximating process Bouchard & Elie (2007) considered numerical schemes in a
pure finite activity jump setting (without a Brownian component) based on a direct discretization of the Lévy
process. They showed convergence results for driver functions taking the form f(t,y, fRdz\{o} p(x)z(x)zv(dr)),
for a bounded functional p and that for driver functions of this form it suffices to compute (recursively backwards
in time) the integral fRdz\{o} p(x)Z(z)xv(dz). Recently Aazizi (2013) has extended the convergence results of
Bouchard & Elie (2007) to the setting of a forward-backward SDE driven by an infinite activity jump-process.

Contributions. In this paper we introduce a discrete-time scheme for the approximation of the solution of a
BSDE driven by a Wiener process and an independent Poisson random measure allowing for a general Lipschitz-

continuous driver function (where the driver may be a functional of Z). We prove L?-stability and convergence

*That is, these processes are square-integrable with respect to
1/2 1/2

1/2 T ~ T ~
Y] s2 ::IE[ sup |Yt?] . |Zly2 =E U |Zt\2dt} |Z]j2 ==E [/ / | Ze()|?v(da)dt
t€[0,7) 0 0 JRr2\{0}

respectively, where | - | denotes the Euclidean norm. P denotes the predictable o-algebra.
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results for the solutions to BSAEs generated by approximating random walks which may not be defined on the
same filtration as the continuous-time processes. The prime examples are finite (bi-, tri- and multinomial) trees
approximating the driving Brownian motion and Lévy process.

Unlike the schemes considered in Bouchard & Elie (2007) or Aazizi (2013) the weak approximation scheme
considered in the current paper neither relies on the discrete process being a discretization of the continuous-time
process, nor on the discrete-time process being defined on the same filtration as the continuous-time process,
nor on a Markovian structure. In fact our results hold for any suitable random walk and any terminal condition
and are more in the spirit of Briand et al. (2002). Furthermore, in all of the financial mathematics papers
quoted above the BSDEs in question take the more general form given in (1.2) (with the need to compute the
whole functional Z) of which, up to this point, the numerical implementation has received little attention in the
literature. One of the main contributions of the current paper is to analyze this case. In particular, our results
include the case of a driving Lévy process with infinite jump activity. We show that when the probability of
the random walks not moving is strictly positive our BSAEs satisfy strong L2-regularity conditions which lead
to stable numerical schemes. Note that, in the infinite activity case, approximations schemes for Lévy processes
often exclude or use a special technique to approximate the small jumps, see for instance Asmussen & Rosinski
(2001) and the reference therein for a discussion.

The outline of the proof of convergence is as follows. We first prove convergence for terminal conditions and
drivers satisfying regularity and differentiability conditions on the underlying Hilbert space. To overcome the
difficulties arising from a non-continuous limit we apply results from Mémin (2003) concerning the extended
convergence of filtrations and use that the solutions of the BSAEs satisfy appropriate regularity properties.
The latter is shown by an induction over the Picard sequences. General arguments on Hilbert spaces then
conclude the proof for smooth terminal conditions and drivers. For the general case we deploy the L2-regularity

properties of the solutions of BSAEs mentioned above.

Contents. The remainder of the paper is structured as follows. First, in Section 2, we present the random
walk approximations and review the associated (extended) weak convergence results that form the basis of
the approximation schemes under consideration. In Section 3 we show numerical stability of the sequence of
approximating BSAEs driven by these random walks, which forms an important step towards the main result,
the convergence theorem, that we present together with its proof in Section 4. By way of illustration we present
in Section 5 an example in our setting of an explicit approximating BSAE scheme driven by a discrete random

walk. Some proofs of auxiliary results are deferred to the appendix.

2. PRELIMINARIES

As approximation to the BSDE (1.2) we consider a sequence of discrete-time BSDEs (also referred to as
BSAESs, backward stochastic difference equations) driven by processes with independent stationary increments
(W(“), X(“)) that are constant outside uniform time-grids 7, with the collection of grids 7 = 7wy, N € N given
by mn = {to,t1,...,tn} witht; =iT/N,i=0,..., N, with mesh denoted by A = Ay = T/N. In the sequel we
often write 7 = 75 when no confusion is possible and identify the process (W (™), X (”)) with the random walk
(Wt(f),Xg))tieﬂ. In this section we specify these approximating random walks and collect weak-convergence

results that are deployed in the sequel.

2.1. Random walk approximation. We assume that W™ and X(™ are independent, square-intergrable
martingales defined on the probability space (€2, F(™),P) which are piecewise constant on [t;,%;,1). More specif-

ically, let W™ = (W1 W (™d1) (where / denotes transpose) be a column-vector of zero-mean random
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walks that have independent stationary increments AWt(f) = Wt(i?l - Wt(:r) with second moment matching the

corresponding second moment of a Wiener process subject to a uniform moment-condition, i.e.,

!
(2.1) E,, {(AWfP) (AWt(f)) ] — ALy,  i=0,...,N—1,
(2.2) supEHW;")\Z'“] < oo, for some e > 0,

where I, the d; x d; identity matrix and E;[-] = IE[~|]-',5(”)] for t € m, with F(™) = (ft(ﬂ),t € 7) denoting the
standard filtration generated by (W (™, X (™). The increments of W(™) may be for instance be taken to follow

suitably chosen multivariate Bernoulli or Gaussian distributions.

Moreover, let X(™) = (X (™1 X (m).d2) he a (column-vector of) zero-mean random walk with independent
stationary increments AXt(:r) = Xt(:?l - Xt(zr) satisfying the moment conditions
(2.3) ATVE|AX) — 0, A—0, and
I
(2.4) AR, [(Axt(j)) (Axt(j)) } — )™, i=0,..,N—1, with

Vo = /hk(:ﬂ)hl(m)y(dx), hi(z) =xk, k=1,...,ds, and

(2.5) SupE[\Xq(f)|2+6] < oo, for some e > 0.
Note that (2.3) is satisfied when we take AXt(:r) equal to the increment X;, , —X;, of X over the interval [¢;, t;11]:
since X is square-integrable by (2.5), the first absolute moment of X; at small ¢ satisfies E[|X:|] = O(t) for

t — 0 (see Ludschgy & Pages (2008), Theorem 1).

It is also assumed that the step-size distribution G(™) satisfies
(26) [ g™ — o(x)v(da)
R42\{0} R92\{0}

as A — 0, with (™ (dz) := A71G™ (dx),

i1

for all continuous bounded functions g : R%2\{0} — R that are 0 around = = 0 and have a limit as |z| — oo.
Finally, we assume that there is a positive probability that the random walk X (™) remains at the same

location from one time-step to the next:
(2.7) li£n iBfIP (AXt(Zr) = O) > a, for some a > 0.
—

Under condition (2.7) we establish that the corresponding sequence of BSAEs is numerically stable (see The-
orem 3.4). In the case that X has finite activity (2.7) is naturally satisfied by the strong scheme (X,) taking
a = e where A = v(R%\{0}) denotes the jump rate. Thus, all strong schemes based on direct discretizations
of Lévy processes with finite jump-activity that are in L2T¢ satisfy all conditions specified above. While in the
complementary case of infinite jump-activity (2.7) is generally not satisfied by a strong discretisation scheme,
this condition can be incorporated in the construction of a weak scheme—see Section 5 for explicit examples of
weak schemes satisfying (2.7) and all other conditions given above.

The conditions given in (2.1), (2.4) and (2.6) are sufficient to guarantee functional weak convergence of the
processes (W™, X(™) to the Lévy process (W, X) as the mesh size A tends to zero. More precisely, as A — 0

we have
(2.8) (W™, x™) £ (W, X),

where —%5 denotes weak-convergence in the Skorokhod Ji-topology. This assertion follows as a direct conse-

quence of classical weak convergence theory (see Thm. VIL.3.7 in Jacod & Shiryaev (2003)), given the conditions
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n (2.1), (2.4) and (2.6), the independent increments property of (W X(™) and the independence of W ()
and X (™ on the one hand and that of X and W on the other hand.

In the sequel we assume that the random variables (W (™) X (™)) have been defined such that the convergence
in (2.8) holds in probability:

(2.9) W™, x™) 2y (w, x),

where — denotes convergence in probability in the Skorokhod Ji-topology'. In the next results we collect for

later reference a number of ramifications of the convergence in (2.9).

Lemma 2.1. (i) Let g : [0,T] x R — R be a continuous function that is 0 in a neighbourhood of 0. Then we

have

Z (tz,AXt7T H/ g(s,2)N(ds x dz),

t;em\{T}N(0, ] JxR42\{0}
Z {g(t;, AXt(:T)) —Ey,_, [9(ts, AX(ﬂ) 1} RN / g(s,z)N(ds x dz), as A — 0.
tiem\{T}N(0, -] JxR42\{0}

The following limit holds in L':

T/A
im lim s (m))2 —
(2.10) lelg)lhrililép z; |AX; I{IAXE;”SE} = 0.
J:

(i) Let Z : [0, T] x R%\ {0} — R be a bounded function that is jointly continuous, and zero in a neighbourhood
of zero, and let the function gg )( ) be piecewise constant (i.e. gt ™ = gt ™ fors € [ti tiz1)), (.7:5(”)®B(Rd2\{0}))—
measurable for any s € [0, T, and uniformly Lipschitz continuous as function of x (i.e., for some constant K >0

it holds sup yen, seqo,7) |ggﬂN)(x)| < K|z| a.s.). Then we have as A — 0

(2.11) sup Z/ g™ ()20 (dz) A — g\ (z)?v(dz)ds|| — 0,
i€{1,...,N} ]Rd2\{0} K [0,t:]xRd2\{0}

i—1
(212) E| sup > / (Z, 9.7 (2)p ™ (dz) A — / (Zsg'™) (z)v(dz)ds|| — 0.

ie{1,...,N} =0 R92\{0} [0,t;]xRe2\ {0}
Proof. (i) The first relation is a direct consequence of the convergence in (2.8) and the fact that the map
w = (W, Y. 9(s, Awy)) (with Awy = ws — w,—) is continuous in the Skorokhod J;-topology (see [18, Cor.
VI.2.8]). The second relation follows from the first and the convergence in (2.6). Finally, we turn to (2.10).
Note that by (2.4)

T/A
(2.13) limsupE | Y |AX7)? = lim sup B[| X7 (M2] = B[| X7
A—0 j=1

Furthermore, for any collection of continuous functions (he). satisfying Igjzj>2e3 < [he()] < Ifjz>¢) the inte-
grability conditions imply
T/A

. .. ()2 > 1 2 _ 2
(2.14) 155111&@{21 ax™)| I{‘Axé;))lx}} _%E[M;ﬂmxt hE(AXt)} E[|Xr|2].

The combination of (2.13) and (2.14) yields (2.10).

tSuch random variables can be constructed by the Skorokhod embedding theorem
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(ii) For any s € [0,7] and € > 0, the triangle inequality implies

(2.15)

[ dP@ran - [ PP
R2\{0} R2\{0}

< [1™(g)] + 9, with

I = / g™ ()20 (da) + / o™ (22w (de),
{]z|<e} {lz|<e}

where, for any Borel-function f € L?(v(dx), B(R%\{0})) N L?(v(™) (dx), B(R®\{0})), we denote
2.16 I = )20 (dz) — z)*v(dx).
(216) N=[ s [ v

Fix § > 0 arbitrary and choose an € > 0 from the set {a € R(4\{0} : v({z : || = |a|}) = 0} that satisfies

(2.17) K (/ 220 (dx) +/ m|2u(dx)> <4,
{lz|<e} {lz|<e}
(m)

uniformly over partitions 7 [which is possible in view of (2.10)]. Let us first show that I(™)(gs™) converges to
zero in L! for any s € [0,T]. Let Xe(w) and X, be the pure-jump processes induced by X (™) and X by excluding
all jumps smaller than €. Then Xe(”) converges to X, in the Skorokhod Ji-topology in probability as 6 — 0. Since
the position at the epoch of firt exit from a ball is a continuous path-functional in the Skorokhod J;-topology
(see [18, Prop. VI.2.12], it follows in view of the integrability condtion (2.5) that x& (TE(W)) converges to X (7)
in L2, where 7™ = inf{t > 0 : |X6(7?| > ¢} and 7. = inf{t > 0 : |X.,| > €} are equal to the first-passage
times into the complement of the ball with radius €. The observation that 7'6(77) and 7. are equal to the first

time that X™ and X, jump in conjunction with the uniform Lipschitz-continuity of ¢(™, (2.5) and the fact

(™ (dz v(dz
/ g(w) (1‘)2 6 ( ) 7/ g(7r) ($)2 ( )
{lz|>€} vio (x| >€)  J{a)se v(|z| > ¢€)

E[|g™ (X () = |97 (Xe(7))|]

V<7r)(|x| > €) = v(|z| > €) then imply

; () ( (T — 15
Jim [10(g™)] = Jim v(ja] > o)

=0.

ilino v(|z| > €)
Furthermore, by the uniform Lipschitz-continuity of the function ggw) we also have that (a) the sequence
I (ggﬂ)) is uniformly bounded and (b) J{™ is bounded by the left-hand side of (2.17). As a consequence,
the bounded convergence theorem and the bounds (2.15) and (2.17) imply that the limit as A — 0 of the
left-hand side of (2.11) is smaller than 7'0. Since 0 is arbitrary the convergence stated in (2.11) follows.

The proof of convergence in (2.12) is analogous, and is omitted. O

2.2. Extended weak convergence. In order to establish the convergence of BSDEs we also need to deploy
the notions of extended weak convergence and weak convergence of filtrations, the definitions of which, we recall

from Coquet et al. (2004) and Mémin (2003), are given as follows:

Definition 2.2. Given stochastic processes Z = (Zt)sejo,r) and (2" )nen with Z" = (Z}")icjo,1) defined on
filtered probability spaces (2,3, (G:),P) and (2,G", (GI*),P) respectively, we say (i) G" weakly converges to
G [denoted G" = G| if for every A € G the sequence of processes (E[14|G}']);c(0,7] converges to the process
(E[Za|F])eeo,r) and (i) (Z",G™) weakly converges to (Z,G) [denoted (Z",G") % (Z,G)] if for every A € G
the sequence of processes (Z}', E[14]G}']):e[o,7) converges to the process (Z;, E[1a|F])¢cjo, 7). In both cases the

convergence is in probability under the Skorokhod .J;-topology (on the space D of cadlag functions).
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Remark 2.3. It is clear that the notion of extended weak convergence in general is stronger than the notion
of weak convergence of filtration (see for instance Coquet et al. (2004) and Mémin (2003) for a discussion).

However, in the notation of the previous definition, if F/* converges to F; in L' for i = 1,...,m and G" A3,
it may be shown by an application of Doob’s maximal inequality (see Coquet et al. (2004), Remark 1) that
we have the convergence (E[F'|G"],...,E[F|G"]) — (E[F1|G.],...,E[F|G.]) in probability in the Skorokhod
Ji-topology. In particularly, if G™ converges to G weakly, L™ is a G"-martingale and L is a G-martingale then
L% — Ly in L' implies that (L™, G") % (L,G) in the extended sense, see also Proposition 7 in Coquet et
al. (2004) or Proposition 1 in Mémin (2003).

We recall (from Proposition 2 in Mémin (2003)) that (W™, X (™) converges to the Lévy process (W, X) in
the sense of extended convergence, due to the independence of the increments of the two-coordinate processes
W™ and X (™| in conjunction with the fact that the filtration F(™) is generated by the process (W(’T), X(”)):
Proposition 2.4 (Proposition 2, Mémin (2003)). We have (W™, X)), Fm) L (W, X), F) as A — 0. In

w

particular, FO 5 F.

If a sequence of square-integrable martingales converges to a limit in the sense of extended convergence that
is given above, the convergence of the corresponding quadratic variation and predictable compensator processes

also holds true, which is a fact that is deployed in the proof of convergence of BSDEs.

Theorem 2.5 (Corollary 12, Mémin (2003)). Let (L(™) be a sequence of square integrable G\™) -measurable
martingales, and let L be a square integrable quasi-left continuous (Gi)-martingale. If Lgr) — Ly in L? and
(L™ g™ B (L, G), then we have

(L™, (L™, L) (L™, LYy - (L, [L, L], (L, L))

in probability under the Skorokhod Ji-topology, where, for any square integrable martingale M, [M,M] and

(M, M) denote the associated quadratic variation and predictable compensator, respectively.

We record some results concerning the convergence of cross-variations which follow as implications of Theo-

rem 2.5 and are deployed later in the paper.

Corollary 2.6. Under the assumptions on the processes (L(“)) and L in Theorem 2.5, the following hold true:
(i) As A =0, (W LMY - (W, L), in probability in the Skorokhod Ji-topology.
(ii) Assume that Z : [0,T] x R% — R is bounded, jointly continuous, and zero in an environment around

zero, and consider the stochastic processes U(™) = (Ut(ﬂ))te[O,T] and U = (Ut)iepo,) given by

U = Y {Z(AX(T) — B [Z, (AXT)]), U= / Z4(z)N(ds x dz).
tiemn|0,t] / [0,t]xRF2\{0}

As A — 0, (U™ LY — (U, L), in probability in the Skorokhod .J; -topology.

Proof. (i) Since W (™) (L(™)) converges to W (L, respectively) in probability in the Skorokhod .J;-topology and
W is continuous, this entails that joint processes (W(”) + L™ W — L(”)) converge in probability in J; to
(W + L,W — L). By Remark 2.3 and Proposition 2.4 this convergence holds true in the extended sense with
the filtrations F(™ and F. Since (Wi™ + LY W™ — L) actually converges in L2 to (W + L,W — L)
(by assumption for L and by conditions (2.1) and (2.2) for W), we deduce from Theorem 2.5 that ((W (™) +
LY (W — L)) converges to ((W + L), (W — L)) in probability in the Skorokhod Ji-topology. As a

consequence, we have

(2.18) (W Ly = i(wv(”) ol o L(”)>) = i(wv YLy (W L>) — (W, L)
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in probability in the Skorokhod Ji-topology, as stated.

(ii) We start by noting (from Lemma 2.1) that as A — 0 U™ converges to U in probability in the Skorokhod
Ji-topology. As Z is bounded and zero in a neighbourhood of zero, it follows from (2.5) that the collection
(U™), is bounded in L?*¢, so that in particular U;T) — Ur in L?. Since the filtration satisfy F(™ 5 F we
have (by Proposition 2.4 and Remark 2.3)

0™, L) = EUF)ELT|F) 230 (B[U7|F) E[Lr|F)) = (U, L.).

By similar arguments as in part (i) it then follows that we have the convergence of (U™, L(™)) to (U, L) in
probability in the Skorokhod J;-topology. (|

3. BSAEs

We turn next to the formulation of the approximating BSAEs, the construction of their solutions and

numerical stability.

3.1. Formulation. Since by switching from the Wiener process W to the process W (™) we lose the predictable
representation property, it is well known that we need to include in the formulation of the BSAE an additional

orthogonal martingale term (M (™), which thus leads us to the following BSAE on the grid m:

N-1 N—-1
W = F S A, 2 S 2w
=i =i
N-—1 B ~
(3.1) - Z {Zt(;)(AXt(;T))I{AXf;)#O} — B [Zt(:)(AXt(;r))I{AXt(;’)#O}] } - (M;W) - Mt(zr)) )
j=i '

where the random variable F(™ € L2(Fi™) is the final condition, and the driver f(™ : [0,7] x R x R% x
L?(v™ B(R%\{0})) — R is a function that is piecewise constant (i.e., f™(s,-) = f(™(t;,-) for s € [t;;tir1))

and is uniformly Lipschitz-continuous in (y, z, 2), i.e., for some K > 0 we have for all t € [0,T]

(3:2) 1/t 2, 5) = FO o 20,20)] < K (Jvn = ol + 21— 20l + VE, 0 [G1(©) — 20(0)7)

where, for any Borel-function f, E, ) [f(€)?] := [ f(2)%0(™(dz).

A quadruple (Y™, z(m), AGR M (™) is a solution of the BSAE (3.1) if it satisfies (3.1) for all t; € 7 where Ytiw)
and (the components of the row-vector) Zt(:r) are in L?(dP, ft(:r)), Zt(ﬁ) lies in L?(G(™ (dx) x dP, B(R%\{0}) ®
]-'t(:r)) and M (™ = (Mt(:r)) is a zero-mean square-integrable F(™)-martingale on 7 that is orthogonal to (Wt(iﬂ))
and to the martingales (Mf) with increments AMF = ki, (AXt(:r)) —Ey, [kti(AXt(:r))} for any function (ki, ),
with k;, € L*(G™ (dz) x dP, B(R%) @ F™).

The BSAE can be equivalently expressed in differential notation as

AT = =y, 20, 20 A + 2 aw
(3.3) + {Zt(?)(AXt(:r))I{AX,f:);é(]} — By, [Zzgj)<AXt(?))I{AX§j)¢o}] } + AMt(:r)’
(3.4) v = Fm,

where i =0,..., N — 1. We have the following result:



CONVERGENCE OF BSAES DRIVEN BY RANDOM WALKS 9

Proposition 3.1. For A < 1/K the BSAE (3.1) has a unique solution (Y™, 2™ Z(™) M) which satisfies

the relations: fort; € m,

(35) v = Y 2D BD)A 4 BT
N-—1 R
(3.6) = Ey Fm 4 Z f(ﬂ)(tj’ng_ﬂ)72£:))zgf)>A ’
Jj=t
o A4 = ae [rnane],
(3:8) 20 = B, [V0IAx0 = o] - B, [0 1ax0 = 0],
A Mt(:) — Yt(:)l —E, [Yt(j)l} _ Zt(zr) AWti’T
(3.9) - {Zg)(AXt(:f))z{AXé:)#O} ~E, [Zt(f) (AXt(ZT))I{AXt(?);éO}} } _

Proof. First of all we verify that a given solution (Y (™), Z(™ Z(™ Ar(™) of the BSAE (3.3) satisfies the stated
relations. By taking conditional expectations with respect to ]-'t:r) in (3.1) and (3.3) and using that the mar-
tingale increments AWJ), Zt(w)(AXt(ﬂ)) —Ey, [Zéﬂ)(AXt(ﬂ))} and AMt(:T) are orthogonal and have zero mean
we find (3.5) and (3.6). Similarly, multiplying the left- and right-hand sides of (3.3) with the coordinates of
the vector AWt(f) and subsequently taking the ]—'ff)—conditional expectations yields (3.7) in view of the mo-
ment condition in (2.1). Multiplying with an arbitrary function g € L* (ft(,:r) ® B(R%)) and taking conditional
expectations and using (3.5) shows denoting A = {AX,ST) # 0}

l+1 l+1

310) B, [0 - BT eax)] =B [{ 20X 10 - B 20X} o(ax(7)]

which implies IAZ (AX(W ) =C+E; Y., |AX,5(:r ] for some C € LQ(}"(W)) By inserting this expression into
(3.10) and taking g( ) = Ioy(x) we find with A° = {AXJ) =0}
Ac} ,

which implies that we have (3.8). The relation (3.9) directly follows by combining (3.3) and (3.5).

Next we verify existence. Define the quadruple (Y™, Z( Z™ M(™) by the right-hand sides of (3.5),
(3.7), (3.8) and (3.9). Note that Y™ is determined uniquely by the implicit equation (3.5) (since the map
U o L2(dP, F7) — L2(dP, F") given by W(Y) = f™(t;, Y, 2", Z{V)A + Ey,[Y,7)] is a contraction in case
KA < 1 as a consequence of the Lipschitz condition (3.2)). Furthermore, it is straightforward to verify that

- (C+Eti " >]) Eq,[Lae] = By, [V Tpe] — By, [V |Ey, [I4c] = C = —E, {Y(_”)

tiy1 tit1 tit1 tiy1

the measurability and integrability requirements are satisfied, as well as (3.3).
Finally, we verifty the orthogonality of the martingale M (™). To see that M (™ and W (™) are orthogonal, we

note that since {Z.(”)(AX.(”))I{AX_(W)io} ~—E (Z™(AX™)1 ]} and AW ™ are orthogonal, we have

by definition of Zt(iﬂ) and AWt(f)

{ax ™0}

Ee, [AMD AW V] = By, [v,\D AW] — By (27 AW AW ™) = 0
Furthermore, for any function k;, € L (ft(zr) ® B(R?)) it holds
B, [AM7 (ke (AXT) = By, [ky, (AX )Y
e [V ki (AXT)] = g, [V B, [he, (AX))]

tit: tig1

—E, [Z(AXV e (AXT)] + B 27 (AXT)Ey [k, (AXT)] = 0,
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where we used that Zt(ﬂ) (0) = 0, inserted the form (3.8) and used the tower-property of conditional expectation.

Hence, M (™) is orthogonal to the martingales with increments k:ti(AXt(:r)) —E,, [kti(AXt(Zr))], and the proof is
complete. 0

In the case that the final value F(™ is independent of W (™) the orthogonal martingale M (™) vanishes.
Proposition 3.2. If F(™) is independent of W™ then M = 0.

In particular, it follows that in the pure jump case, the martingale M (™) is zero and the representation

property holds true.

Proof. The assertion follows directly from (3.9) once we have shown that in the case that F(™) ¢ L2 (ft:?l) is
independent of W (™) then Zt(:r) and Zt(ﬂ) defined in (3.7) and (3.8) are such that Zt(iﬂ) =0 and

(3.11) FO =B, [FO]+ {20 (ax7) - B, |27 0x7)] ]

That Zt(:r) = 0 follows directly from (3.7) [with [Y;(?l = F(M], since Wt(f) has zero mean and is independent of
F. To see that the identity (3.11) holds we first note that, as F(™) € L?(dP, -Ft(;)l) and F(™) is independent of
W) there exists a function f in L?(G(™(dz) x dP, B(R%) ® ft(:r)) satisfying F(™) = f(AXt(Zr)). Inserting the
forms of F(™ and Zt(:r) in the rhs of (3.11) and performing straightforward manipulations (similar to those in

the proof of Proposition 3.1) shows that the rhs and lhs in (3.11) coincide. O

3.2. Numerical stability. In this section we turn to the numerical stability of the BSAEs in L? sense. We

start by specifying uniform conditions for the collection of drivers (f(™)) of the BSAEs.

Assumption 1. (i) For some K > 0, the drivers f(™) are uniformly K-Lipschitz continuous (i.e., f(™) satisfies
(3.2)).

(ii) £(™(t,0,0,0) is bounded uniformly over all ¢ € 7 and partitions 7.

(iii) For every (t,y,2) € [0,T] x R x R% and uniformly Lipschitz continuous function Z (i.e., Z for which
|Z(x)|/|x| is bounded over all z € R%\{0}), we have

(3.12) lim ™ (t,y,z,2) = f(t,y, 2 2).
A—0

Remarks 3.3. (i) Note that the functions f(™)(t,y, z, %) in (3.12) are well-defined since every Lipschitz contin-
uous function % is square-integrable with respect to the measures (™) and v.

(ii) In Assumption 1 (iii) it suffices to require the convergence of the drivers only for uniformly Lipschitz
continuous functions Z as these functions form a dense subset in L?(v(™, B(R9\{0})).

(iii) When the driver f(t,y, 2, -) is distribution-invariant under the measure v(dx), i.e., there exists a function
f such that f(t,y,2,2) = f(t,y7z, v o 271, a natural first candidate for f(™) would be to set f(™)(t,y, z,2) :=
f(t, y,z, 0™ o 271,

We have the following estimate for BSAEs as in (3.1) with drivers (™9 f(™:1 and terminal conditions
F(.0 (™)1 and corresponding solution quadruples denoted by (Y(”)J“, Z(mk Z(m)k M(Tr)”“)7 k =0,1, respec-
tively.

Theorem 3.4. There exists an ng € N and a constant C such that for all 7 = ©n with N > ng, all drivers

0 $ L satisfying Assumption 1(i)-(ii), and square integrable terminal conditions F(0 F(M1 andt; € ,
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we have

1—1
(313) E| max_[8V7P + {1620 PA+1SMTP 416257 (AXT) B, (527 (AXT)IP |
2 2

1—1
= T T 7),0 7),0 ~&(m),0
< CE |16Y, VP + 360 (t;, v, 0, 200, ZiDO)PA |
=0

with §Y (M = Y (.0 _ y (M.l ee,

Remark 3.5. In continuous-time the following analogous estimate holds true for some constant ¢ > 0:

(3.14) E

t/
sup |6Yi? + / 167, |2ds + / |5Zs(x)2y(dm)ds]
0 [0,t/]xR42\{0}

o<t<t’
t’ ~
< CE[aYt/F +/ |6f(s, Y2, ZS,ZS)st], t' €[0,T).
0
For a proof of (3.14), see for instance to Proposition 3.3 in Becherer (2006) or Lemma 3.1.1 in Delong (2013).

In the proof of Theorem 3.4, which is provided in the Appendix, the following estimate is deployed which is

a consequence of the zero-jump-condition (2.7):

Lemma 3.6. There exist 6o > 0 and C' > 0 such that for all A < &y, for all functions (ﬁtj ); with Utj (0)=0
and Utj € L2(v™(dz) x dP, B(R%*) }'t(_;r)), and for any 7 =0,...,n—1 we have

n—1

n—1
(3.15) > (& 100 (ax0)P] - [B, [T axp)] ) 2 X [ [Onaxi)] [
i=j i=j

Proof. Assume without loss of generality that j = 0. Using Holder’s inequality we have

Sl (6 ax] P = S e 5 (ax™ 2

; ‘E“ G ax) ‘ B ; ’E“ {U“(AXJ )I{AXE?E&O}} ‘

n—1 9

(3.16) < (m?xP[AXt(:r) + 0]) S E, Uﬁti(AXt(f))‘ ] .

=0

Since X (™) has stationary increments the first factor in the final line is equal to IP’[AXt(:r) # 0], which is bounded
above by (1 — a + §) for all partitions with mesh A < §y, where ¢ is some number small enough such that
a—0 >0, and &y is chosen sufficiently small using (2.7). By combining the upper bound with (3.16) we obtain
(3.15) (with C" = a — ). O

3.3. Solution of the BSAE via Picard iteration. The process (Y™, Z(™) Z(’T)) satisfying the BSAE can
be obtained as the limit of an recursively defined Picard sequence (Y(”’), ASE A (”’p))peN*, which is initialised
with (Ym0 z(m0) Z(m0)) = (0,0,0) and is defined for p € N and ¢; € 7 by the right-hand sides of formulas
(3.6), (3.7) and (3.8) respectively, with Yt(jﬁ), Zt(;r) and Zt(;) replaced by Ytgﬂ’p_l), Zt(;r’p_l) and Zt(:’p_l). We
may associate to the sequence (Y(”)’p, AQEAQE: Jpen+ a sequence of square-integrable orthogonal martingales
(M™)#) ey defined by M(™0 =0 and for p € N by M™» = (M) ¢, € 7} with

AM? =YDP _E,

i i v 1 i

i) =z awi™ - {200 ax) -k, [ 2707 axD)] )
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We also note that we have

(317)  mp =By, |[FM 4+ 3 O vz 20 A
t;em
= vty S zmrtaw® 4 3 {200 Ax) - B [ 207 axD)] b MO
tjem,j<i tjem,j<i
It is well-known that, as p tends to infinity, the Picard sequence (Y (™2) z(m») z(mp) pf(mP)) converges to
(Y™, z™ 7z M™) | In particular, it follows from Theorem 3.4 (by reasoning analogously as in Corollary
10 in Briand et al. (2002)) that for some ng € N it holds

(3.18)  sup E[ sup [V — VPR ST {1200 - 2T RA 4 AT — M™R)2

TN:N>ng tieETN tienn

K

(7 ™ d ™ (7 ™ ~(7m), ™ 2
+ 3 {Zt(i (Aax{™) = 2P (Aax™) _E, [Zfi (AX™) = ZDP(Ax ))}} ] 50 asp - oo

tiemn
4. CONVERGENCE

With the results concerning the convergence of the approximating random walks and the properties of the
discrete time BSDEs in hand, we turn next to the question of weak convergence of BSAEs to the limiting BSDE
as the mesh size tends to zero. Let Y;™ = Y™ for t; < t < t;41 and define (2™, Z{™, M{™) similarly.

3

Theorem 4.1. Let (7) be a sequence of partitions m with the mesh A tending to zero. If F) converges to F
in L2, then Y (™) £5Y and in particular
v 5 v,

Moreover, with ds denoting the Skorokhod metric, we have
E[d% (Y™, Y)] — 0.

Proof. The idea, inspired by Briand et al. (2001,2002), is to reduce the question of weak convergence of the
solutions of the BSAEs to the solution of BSDE to that of the Picard sequences by using the fact that both the
solutions of the BSDE and of the BSAEs are equal to limits of Picard sequences.

Define the sequence (Y °P, ZP Zoo’p)peNU{o} recursively by (Y0, >0 Z>:0) = (0,0,0) and

T T
yoortt = 4 / fs, Y2oP, 2P 72P)ds — / Z2oPHlaw, — Z2oPH ()N (ds x dx)
t t (t,T]xR%2\ {0}

for p € N U {0}, where (Z°P+!, Z>P+1) are the unique coefficients in the martingale representation of the

square-integrable martingale N? = {N? ¢ € [0,7]}:

T T
NP = E F+/ f(s, YOO 7200 7%9P)ds|Fy | — E F+/ f(s, YOO Z20P | 7%9P)ds
0 0

t t
(4.1) = / Z§°’p+1dWS+/ Z2PTIN (ds x dx).
0 0

Furthermore, recall that we denote by (Y(”)’p, AQEACQES M(W)’p)peNu{o} the Picard sequences corresponding
to the BSAESs defined on the grid 7. In the remainder of the proof we will deploy the continuous-time extensions
of (Y™ zmp, Zmp, M(”)’p)peNU{o} defined by taking paths to be piecewise constant; we denote these
extensions also by (Y (>, z(mp AQES M(W)p)pENU{O}'
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In view of the decomposition
ym _y =y _yep + y(mp _ yoo.p LYSP_Y

and the fact that Y°P converges to Y and Y (™? to Y (™) in S%-norm as p — oo (see Tang & Li (1994) and
(3.18) above, respectively), we have that the convergence of Y (™ to Y in the Skorokhod metric in L? will follow

once we show that Y(™? converges to Y °? in the latter sense, for any fixed p:
Lemma 4.1. Let p € N. Then we have
(4.2) E[d%(Y(™P Yo -0, as A— 0.

To establish Lemma 4.1 we first provide a proof in the case of ‘smooth’ drivers and terminal conditions (in
Section 4.1), and use subsequently density arguments to show that the convergence carries over to the general
case (in Section 4.2). O

4.1. The smooth case. In order to show convergence we first restrict to the case that the terminal conditions

and driver functions are bounded infinitely (Fréchet-)differentiable functionals, in the following sense

Definition 4.2. Let H be a Hilbert space. (i) A function f : H — R is differentiable if it is Fréchet-differentiable
in every | € H, i.e., there exists a bounded linear operator A; : H — R satisfying

Lo S D = £ = Auh)

h—0 || =0

We set DU f(1) = A;.
(ii) A function f : H — R is k-times differentiable in [, k¥ € N, if there exists a bounded k-linear map
A; : H* — R such that for every hi,...,hy_1 € H

- DED f(hp +1)(hy ... hg_1) = DEDF) (b, ... hg_1) — Ay(ha, ... hy)

=0.
hi—0 | P |

(iii) A function f : H — R is element of Cy°(H) if all its higher derivatives are bounded, i.e., for every k € N
there exists Cj > 0 such that for all h; € H

k
sup | DWH(1)(hy, ..., h)| < Cr [ ] hal-
leH bale}

Given these definitions the formulation of the smoothness condition that is in force throughout this subsection

is as follows:

Assumption 2. (i) For some k € N and H € Cg°(R?) the terminal conditions F and F(™) are given by

FO = gw, . owi x, L x),

Sk

for some s1,...,s; € [0,T).
F=HWs,....Wq,, Xs1y---, X5, ),

Moreover, F(™) converges to F' as A — 0 in L?(P).

(ii) The drivers f and f(™ satisfy f(t,-) € C3°(R x R x L2(v(dx), B(R% \ {0}))) and £ (¢,-) € C3°(R x
R4 x L2 (v (dz), B(R% \ {0}))) where, for each k, the k-th derivative of f(™ is bounded uniformly in ¢ and
A, the mesh of .

Under the smoothness conditions given in Assumption 2 the corresponding Picard sequences obey a number

of properties that play an important role in the proof of Proposition 4.4:
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Lemma 4.3. (i) Let p € N. There exists a constant K'p > 0 satisfying for all partitions 7
(4.3) 122 (2)| < Kplz| for all z € R, 5 € [0,T),

where Zéw)’p denotes a continuous version (in x). Furthermore, Y™ gnd Z(™P are uniformly bounded over
partitions .
(ii) Z°°® are uniformly Lipschitz-continuous in x, i.e., there exists a constant K, >0 such that |Z22P (z)] <

Kp|z| for all z € R% and every t € [0,T], where Z;° denotes again a continuous version (in x).

Given these properties, which proof is given in the Appendix, we show the convergence of Y (™) as stated in
Lemma 4.1 and in addition the convergence in mean-square of the triplet (2™, Z(™ M(™)) to (Z, Z,0):

Proposition 4.4. For any p € N we have as A\, 0
(4.4) E[dg (Y ™?, Y>*P)] 0,

T
(4.5) E / {|Z§”)’p — 7P 4 / |Z(™)P(2) — Z§°7p(9c)|21/(dx)} ds + |M;”)“1 — 0.
0 Rd2\ {0}

Proof. The proof is based on an induction with respect to p. We note that the assertions are trivially satisfied
for p = 0. Assuming that the assertion is satisfied for a certain p we show next that (4.4) and (4.5) are satisfied
for p+ 1.

Proof of (4.4) with p replaced by p 4+ 1: In view of the uniform Lipschitz continuity of the driver functions
f(™) and since these are piecewise constant we have

t
limsup sup | 0 fO YT 27T ZT)A / Fls, Y200, 227, Z390)ds
A—0 t€0,T] jit;€mN[0,8] 0

T
< limsup/ |f) (s, Y0P Z(mhp Z(m)py _ f(7) (g Y ooP Z00P | 720P)|ds
A—=0 Jo

T
+limsup/ [FT (5, YO8, 239, Z3°F) = [ (5, YO8, 2507, Z3°7)|ds
A—0 0

127 237 4\ JB o (2577 (€) — 22 (©)P)]as).

T
(4.6) < limsupK(/ {|YS(’T)’1’ —Y>er
A—0 0

where in the third line the limsup vanishes in view of Assumption 1 and Lemma 4.3(ii). Using Lemmas 2.1
and 4.3 we find for any s € [0, 7]
(4.7) lim E, 0 ([Z{P(6) = Z2P(€))°) = lim |20 () = 230 () Pv(da).
A—0 - : A—0 R2\{0} ° ’

The induction assumption implies that the right-hand sides of (4.6) and (4.7) are equal to zero, where the
limits are in L2. By combining the convergence in H?-norm of the drivers and the extended convergence in
Proposition 2.4 (see also the remark after Definition 2.2) we find that as A \, 0

mEW) —E | ™ + Z f(Tr) (tijtS-W)’py Zt(ij)»P7 Zt(:)’p)A ]:t(ﬂ)

jitjem

T
=B (P [ f(s Yo, 20, 2200 ds
0

ft]7

t
YO =™ = S O, T 200 20T A = Y = - / F(8, Y200, 2207, Z237)ds,
jit; €mN[0,¢] 0

and as a consequence also
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where the convergence is in probability in Skorokhod J;-topology.

As Y™+ i uniformly bounded over partitions 7 (Lemma 4.3(i)), we deduce that E[dZ (Y (T):p+1 yoo.r+l)]
tends to zero as A — 0, so that (4.4) holds with p replaced by p + 1.

Proof of (4.5) with p replaced by p + 1: The argument consists of a number of steps that are listed in the

following auxiliary result:

Lemma 4.5. The following convergence holds in the supremum norm in probability as A — 0:

(4.8) / |Z{)I P 2ds + / | Z(M# 41 (1) 2p(da)ds + (MTP+LY,
0 [0, ]xEd2\ {0}

—>/ |Z§°’p+1|2ds—|—/ |Z§°’p+1(x)|2l/(dx)ds,

0 [0,]xR42\ {0}

(4.9) / Zrtlgs — / Z2PHds,
0 0

(4.10) / 20 () Z, (2)w(dz)ds —> 2207+ () Z, (2)v(de)ds,
(0, 1xE42\ {0} 0, 1xE42\ {0}

for any function Z : [0,T] x R% \ {0} — R that is bounded, jointly continuous, and zero in an environment

around zero. Furthermore, we have the following convergence in L' :
T

@y [ {|Z§”>’P+l B N OR Z:va’“(w,xn%(dw} ds + (M7 0,
0 R42\{0}

It follows from (4.11) that (4.5) is valid with p replaced by p + 1, and thus the proof of the proposition is
complete. 0

Proof of Lemma 4.5: The proof is given in four parts (corresponding to the different equations):
Proof of (4.8): We show that the assertion follows from the convergence of the compensators of the martin-
gales L™ defined by

(4.12) L = ™ _y @t

00,p+1
Yy

to the compensator of the martingale L = {L; = m; — }, by verifying that the conditions of Theorem 2.5

are satisfied. We first show
(4.13) E[d% (L™, L)] =0, as A — 0.

Since the processes L(™) converge to L in probability in the Skorokhod .J;-topology (see the end of the proof
of (4.4)), the convergence in (4.13) follows by the lemma de la Vallée-Poussin and the fact that the collection

(L(™), is uniformly bounded, as

(4.14) sup |[LS oo < sup [|[F™||o + sup [Y{™ | + Tsup| £ (t,0,0,0)| + B™
a2 (oup 1] sup iz ),
b t 0o T t 0o
where || - || denotes the essential-supremum norm and where by Jensen’s inequality, the independence of

increments and the conditions (2.4) and (2.5), we have

B™ .= ZAKKpH / 2|20 (dz) < VTKKpyy Z/ |z[2v(™) (dz) A
; Ré2\ {0} : JR2\{0}

= VTER,\E[X{7P] » VTKK,1v/E[ X7 [2].
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Since we have the convergence of Lg?) to Ly in L? (from (4.13)) and the extended convergence (L(™, F(™)) —
(L, F) (from (4.13), Proposition 2.4 and Remark 2.3) it follows from Theorem 2.5 that ((L(™, L(™),) converges
to ((L,L);) in probability in the Skorokhod J;-topology. By the orthogonality of the martingales M (™), W (™)
and the point process induced by X (™ on the one hand and the orthogonality of W and N on the other hand

we find
2
m),p+1 ~(m),p+1 ™ >(m),p+1 ™ T
> {iEP A EZDT AxTA - Y[R 20T AxT)] [ u @,
t;em\{T}N[0,] t;em\{T'}N[0,]
(4.15) — / | Z2oPT12ds +/ |22 P+ () |?v(dx)ds
0 [0,-]xRé2\ {0}

in the supremum norm in probability. In this display we note that the second sum vanishes as A tends to zero.

More specifically, in view of Lemma 4.3 and the condition in (2.3) we have

>(m),p+1 ™ 2 > T 2
(4.16) S [E0 T axO)][ < &2, Y [ [lax)[ =0
t,em\{T} t;em\{T}

as A tends to zero, where we used that E,, [|AXt(:r) | = IEHAXt(ZT) |] by the independence of the increments of X (™).
The assertion in (4.8) follows by combining (4.15) and (4.16) with the fact that 7P g piecewise constant
as function of s and with Lemma 2.1(ii), which is applicable as (Z (m)p+1) s uniformly Lipschitz-continuous.

Proof of (4.9): Tt follows from Corollary 2.6(i) and the representation (3.17) of the square-integrable mar-
tingale L(™) defined in (4.12) that as A — 0

'N|—1 .
WOLLE). = 3 |z A nn). = [z,
i=0 0

in the supremeum norm in probability which implies the assertion in (4.9).

Proof of (4.10): We conclude from Corollary 2.6(ii) and the representation of the martingale L(™)

im > {ELZTTTNAXT) 2, AXT)] - B2 AKX (20 (AX)]}
t;em\{T}N[0,]
— Z20PH (1) Z(x)v(dz)ds,
[0, ]xR42\{0}

in probability in the Skorokhod Jj-topology. As the limit is continuous, this convergence also holds in the
supremum norm. Moreover, as Z is bounded, continuous, and zero in an environment around zero, it is clear
that there exists K > 0 such that |Z(z)| < K|z|. It follows then from Lemma 2.1(ii) that we have the
convergence in (4.10) in the supremum norm in probability.

Proof of (4.11): Next let us switch to a subsequence and assume that all previous convergence results derived
in the proofs of (4.8)—(4.10) hold for a.e. w € Q. Fix such an w € Q. By Lemma 4.3 there exists constants

K11 > 0 such that

s

- 2 _ _
Sup/ ‘Zg“)’pﬂ(w,:c) v(dx)ds < KZ—H/ |z|?v(dz)ds = TK§+1/ |z|*v(dz) < .
[0,T]xR?2\{0} [0,T]xR*2\{0} R92\{0}

Hence, ZS(”)’pH(w, ) is uniformly bounded in L?(v(dx) x ds). By switching to a subsequence, we may assume
that Z{ ™ (w, z) converges weakly in L?(v(dz) xds, B(R%\{0})®B([0, T])) to a limiting function. From (4.10)
it follows that this limit is equal to Z>°?(w,-). Furthermore, by (4.9) we also know that for a.e. w we have
that Z.(W)’pﬂ(w) converges weakly to Z™? (w) in L3, (ds). We also have that the pairs (Z™7*!(w), ZmP (W)
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converge weakly (Z°Pt1(w), Z°°P+1(w)) in L3, (ds) x L*(v(dzx) x ds) equipped with the inner product

(24, 2Y), (2%, 7). :/T z;z3d3+/ ZH(x) 22 (z)v(dx)ds.

0 [0,T]xR%2\{0}

Denoting by || - ||« the norm associated to this inner product we have by (4.8)

- 2 - 2
lim sup HIAHi := lim sup H(Z(”)’p"’l(w), Z(W)J’+1(w)) < H(ZOOJ’-H(OJ)’ ZDO,P-I-l(w))H —. ||I||z
A—0 A—0 * *

Therefore, we have

0 <limsup(Ian — I,In — I) = limsup({Ia,In) — 2(I,Ipn) + (I,I)) < (I,I) —2(I,I)+(I,I) = 0.
A—0 A—0

Hence, all inequalities must be equalities and we get that

T

/ | Z(MPHL () — Z20PHL (W) 2ds —|—/ | Z P (@, 1) — Z2PH (w, 2)|2v(da)ds — 0 as A — 0.
0 [0,T]xR42\{0}

By (4.8) it follows that also |Mt(7r)’p 1 (w)|? converges to zero as well. Therefore, for a.e. w, for any subsequence

on the left-hand side in (4.11) we can find a subsubsequence converging to zero. Thus, we must have convergence

in probability in (4.11). We note that, for any p, (Méf)’p )? is uniformly integrable over partitions =, since we

have the bound

sup E[(M ™2 M™P)2] < sup B[(L™ P LP)2) < sup Cf'||L(T7T)’p||iO < o0, fora C >0,

which follow by the definitions of M(™? and L(™? the BDG and Doob inequalities, and the fact that Lgf ) is
bounded uniformly in 7 (by (4.14)).

That the convergence in (4.11) also holds true in L' may be seen from another application of the Lemma
de la Vallée-Poussin, which is applicable as the integral on the left-hand side is bounded uniformly in 7 (by

Lemma 4.3), in combination with the uniform integrability of (Mgr)’p 2, O

4.2. Density argument. We complete the proof of Theorem 4.1 by combining Proposition 4.4 with a density

argument.

Proof of Theorem 4.1. Let k € N be arbitrary. By standard density results we can find functions H, € Cp° (R2F)
and uniformly K-Lipschitz-continuous functions f* and f(™* such that f*(t,-) € C,?’OO(]R x R4 x L2(v(dx)),
and fk(t,.) € OP°(R x RN x L2(v(™)(dz)) converging to f* with

T sup (|f(t,y,2,2) — fF(ty, 2, D)+ |[fT 5y, 2,2) = FO(ty,2,2)))

t,y,2,2

(4.17) + E[F-HWs,Xs,,..., W,

Sk

X, )P <

Eal e

The triangle inequality for the Skorokhod metric dg and the inequality (z +y + 2)? < 3(2? + y? + 22) imply

E[d% (Y™, Y))
(4.18) < 3E[dZ (Y™, Y] 4 3E[d2(Y ™, V)] + 3E[d%(Y,Y)] := 3d3(k, ) + 3d3(k, ) + 3d2(k),

where ¥ and Y(™) denote the solutions of the BSDE and BSAE with terminal conditions F = Hy (W, X),
F(m = H, (W™, X)) and drivers f=f%and f(M = f(MF respectively.
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We first estimate the distances between Y (™ and Y (™) and between Y and Y in the supremum norm. By
applying Theorem 3.4 and Remark 3.5 we see that the following bounds hold true:

< CE

di(k,m) ==K | sup [v7 - 72
t€[0,T)

T
0~ o |5f(“)”“(s,Z§”),Zi”))Ist] ,
0

d2(k):=E | sup |¥; — Y

te[0,T]

<cE

T
\F—F|2+/ |(ka(S,ZS7ZS)|2dS‘|,
0

where we denote §f* := f — f* and 0™k .= f(m) — ™k By deploying the bound (4.17) and Proposition
4.4 and using that F(™) ¢ L2(F(™)) converges to F € L?>(F) in L?, we find

- ~ 2C 2c

(4.19) limsupd?(k,7) < CE[|F — F|?] + ¢ < —C, limsup d2(k,7) = 0, d2(k) < —.
A—0 k k A—0 k

Since the Skorokhod metric is dominated by the supremum norm (see e.g. Eqn. VI.1.26 in Jacod & Shiryaev

(2003)) we conclude from (4.18) and (4.19) that limsup_,o E[d%(Y (™, Y)] < 6(C +¢)/k for arbitrary k. Hence

the proof is complete. O

5. EXAMPLE

By way of illustration we specify in this section a sequence of approximating BSAEs driven by a discrete-

valued approximating sequence (X (”))W. We consider the BSDE

T
(5.1) Y= F+ / F(s, Yo Z,)ds - / Z.(@)N(ds x dz), te[0,T),
¢ (¢, T]xR\{0}

which is driven by the compensated Poisson random measure N associated to a square-integrable zero-mean
real-valued Lévy process X (dy = 1). Here, f :[0,T] x R x L?(v(dz), B(R\{0})) — R is the driver function. As
usual we assume that f is continuous as function of ¢, and uniformly Lipschitz continuous (as in (1.3) without

the Brownian term). We consider final conditions F' of the form

(52) F:H(XSO,... X ) with Si_si—12A07 50:0, SD:T,

) Sp
for some Lipschitz function H : RP+! — R (with Lipschitz constant K say). We also suppose that the Lévy

measure v of X has Blumenthal-Getoor indext f < 2 and admits a strictly positive density g, on R\{0}
satisfying the integrability condition

(5.3) / gv(2)|z|*Tedx < 0o, for some € > 0.
{lz|>1}

We mention that, under the integrability condition (5.3), E[|X;|?>¢] is finite for any ¢ (see Sato (1999)), so that
in particular F' is square-integrable.

For the ease of presentation we consider BSAEs defined on grids that are refinements of 7o = {sg, s1,...,5p}.
We next specify the final value F(™), the driver f(™) and the random walk X (™) and denote the corresponding
BSAE on the uniform time-grid = C g by
G4 Y =FO4 3 Oy za - Y {ZP0x) - B 27 axD))-

byt <t;<T tyiti<t;<T
Define the spatial mesh size h by h? = 3AX?, where X2 = fR\{o} 2?v(dx) and, as before, A denotes the mesh
of the partition w. Then we have v({z : |x| > h}) A < 1/3 as

#The Blumenthal-Getoor index 8 of X is 8 = inf{p > 0: f{\z\<1} |z|Pr(dx) < co}.
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We define the distribution of the increments of X (™) in terms of the averages of the Lévy measure v over certain
sets:
alA) = ﬁ/fxxu(dx), A€ B(R),v(A) > 0.

If a([—h, h]®) > 0 then set h_ := h and hy := inf{u > h : a([—h,u]¢) = 0} and similarly if a([—h, h]¢) < 0 then
set hy :=h and h_ :=inf{l > h: a([-¢, h]¢) = 0}.

Setting B;y1 := (hy(i),hy(i+ 1)] and B_;—1 := [-h_(i +1),—h_(7)) for i € N for some strictly increasing
sequences (h4 (4))ieny with hy (1) = hy and h_(1) = h_ and mesh size going to zero, we define for any integer
li] > 2

(M _ o) = with pi = ) me
P(th 71’1) pi  with p; AV(Bz)a T V(Bi) /ley(dm)

Note that with this choice we have

P(XD ¢ hhil) = 3 pi=Av{ziad b hil)),

|1 >2

(m) _ 00— ,
£ [th I{Xff%[h,,m}} = _Z;Zf”ipi =0=a([h_, hi]%).

The description of the distribution of X( ™ is completed by setting IP’(X(W) +h) = py; and P(Xt(lﬂ) =0) = po,
where py and py; are chosen so as to satisfy the conditions of unit mass and zero mean and to match the

instantaneous variance:
Z pi =1, Z zip; = 0, Z pi(z:i)® = A v*v(de),
i:]i|>0 i:i[>0 @i >0 R\{0}
or equivalently, p_; +po+p1 =1 —v({z: 2 ¢ [h_,hy]}) A, and
(p1 —p_1)h=0, (p1+p_1)h*=A 2?v(dx) + AV (h_, hy)
{z€lh—,h4]}

1
=Pp-1=D1 = @{S(h—vh-F) +V(h—ah+)}

[y

L >
6’ Do )

w

with

1 2
S(h—,hy) = / 2?v(dx) and V(h_,hy) := / z?v(dz) — {/ xu(dx)} ,
(Ao ] {e¢lh- hi]} 22 v(Bi) /s,

which is non-negative as a consequence of the Cauchy-Schwarz inequality. In particular, we see that the zero-

jump-condition (2.7) is satisfied. We note that the approximating processes (X (™) also satisfy conditions (2.3)
and (2.4), since by construction JE[|X,5(17T)|2} =A f]R\{O} 2?v(dz), while the expectation of ‘Xt(lﬂ) is o(v/A), since

we have

E[|x

| =@ +ph+a j2lv(da),
[h*7h+]c

where p; 4+ p_1 tends to zero when A — 0 and the second term is bounded by ¢ - h?~#/2 (which is o(v/A)
as A — 0 since B < 2 by assumption) with ¢ = [ |2|**#/2y(dx)/(3%2) (which is finite by definition of 3 and
[ 2?v(dz) < 00 & E[X}] < 00).

Furthermore, it is easily checked that the sequence (X (™), also satisfies the conditions in (2.5) and (2.6). In
particular, X (™) A XasA— 0, and on a suitably chosen probability space, X (™) converges to X in probability
in the Skorokhod J;-topology, and X;’T) converges to Xp in L2,

Next we define F(™) = (X, ... ,ng)). By the Lipschitz continuity of H and the convergence of X (™) to
X in 8% (by Doob’s maximal inequality) it follows that also F' (™) converges to F in L2.
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Finally, we specify f(™) in terms of f by f(™(t,y, %) = f(t,y, Q%) with

Z(l‘l), xEBi,i#l,i;ﬁO,
(Q2)(x) = § & (2(=h) + Z(+h)), @ € [h-, hy]\{0},
0, z = 0.

It is straightforward to verify that the drivers f(™ satisfy the required regularity conditions. In particular,
the uniform Lipschitz-continuity of f(™ (as in (3.2)) can be derived as follows: for any yi,yo € R, 21,30 €
L?(v™ B(R\{0})) the Lipschitz continuity of f implies
P2 = O w2 < K (=l +VT) Witk foi= [ 105 - Qao(a)Pae)
R\{0

Inserting the definitions of QZy and QZ; shows

Ig= ) |ai(@:) = Zo(a:)|*v(B;) +

i:|i|>2 2 h?
< ; A (@) = 2@ + (21() - 2(h) K+ (Bu(-h) - 2(-m)* B

- / 151(2) — Fo () [2o™ (da).
R\{0}

We next move to the description of the solution of the BSAE. Specifically, we have from Proposition 3.1 that
the solution is given by

(5.5) Vi = (Xg),...,xt(j)), i=0,...,N—1,
(5.6) Zt(zr)(x) =w; (Xt(:), .. .,Xt(:);x) —w; (Xt(:), . ,Xt(zr);O) ,

with Y;(;) = F(™) | for certain functions v; : R* — R and w; : R**! — R that are specified recursively as follows:

E[Y(ﬂ—) |Xt(:) = Z0y--- ,Xt(:r) = Zi, AXt(:r) = l‘] = Vj+1 (go)i, 2 + .’13), x € E(Tr),

tiy1

(5.7) Ui(éo,i) = f(ﬁ)(tivUi@o,i)vwi(éo,i? )= wi(éo,ﬁ 0)) + Z Ui+1(§0,ia i + x;)pj,
I]‘EE(”)

Wy (éo,i§ )

where z,,; = (20,...,2;) and E(™ = {z; : i € Z} denotes the support of the step-size distribution of X (™).
While in general v; is only implicitly defined by (5.7), the recursion in (5.7) has an explicit solution when the
driver f(t,y,%) (and thus f(™(t,y,%)) is constant as function of 3. In this case, the solution Y of the BSDE
is translation invariant in the sense that Y(F +a) = a + Y(F) for a € R, where Y (F) denotes the solution of
the BSDE with final condition F (see Royer (2006)). By Theorem 4.1, the solution Y(™) of the BSAE (5.4)
specified in (5.5) converges to the solution Y of the BSDE (5.1) in L? in the Skorokhod J;-topology.

APPENDIX A. PROOF OF THEOREM 3.4

The structure of the proof is inspired by that of an analogous estimate derived in a Wiener setting in
Proposition 7 in Briand et al. (2002).
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Assuming without loss of generality ¢; = T and that f (”)(t, 0,0,0) = 0, and simplifying notation by dropping
in the proof the superscripts () in the solution (Y (™), Z(™) AQR M), we have for tj,t, € ™ with t; <ty

k—1

Yy, = i+ <5f(“)(tm Y2,z 20 )+ fO Y2, 20 20 ) - e, Y, 2 Z&)) A
r=j
k—1 _ _
(A1) =3 162, AW + 62, (AX(T) = By [6Z,, (AX{T)]} = (0My,, — 6My,).
r=j

Since the functions f(™) are K-Lipschitz and assuming without loss of generality K > 1, we have

k—1
|6Y;57| S Etj |§Y;5h| + KZ { ‘6f(ﬂ)(tra Y;S(:a Zl?,a Ztor) + ‘6}/;%‘ + |5Ztr| + \/ Ey(ﬂ')([éztr(g)P)}A
r=j

and an application Doob’s inequality yields for t,, < t; with ¢,,,tr € 7\{0}

E| sup [6Y;[°

m<j<k

k—1
< 41EK|5YtkI + K> { o5, 0,28, 20)|

r=—m

— 2
(A4.2) 1%+ 1620, |+ \ By (102, <s>]2>}A) }

Since W™, X (™ and §M (™) are orthogonal martingales, we have

k-1 2

> {02, AW + 62, (AX(D) — By, 162, (AX{D)]} + My, — 0M,,,

r=

(A.3) E

= E

k—1
> 1620, PA + (6M)y, — (6M)e,, + (M), — <5M>tm]

where M is the martingale that is piecewise constant (outside the partition 7) and has increment 5]\thr 1
oM, given by EtT(AXt(f)) = 5ZtT(AXt(:T)) - E,, [JZtT(AXt(:T))], and (6M) and (§M) denote the predictable
compensators of M and §M, which are equal to

M), = > E [JAMTP], (0M), = Y B [|Al (X)),

ti<ti—1 ti<ti—1

Using the fact that (™)1 is K-Lipschitz using (A.1) we obtain

k—1
>~ {62, AW + 62, (AX(7) — By, 52, (AX(7)]} + 6My, — 30y,

r=

k—1
< lovil 4 Y {50 v, 28, 28] + 0%

r=m

+\/Eu<w><[62t,.<£>12>}A+ sup [0Y;,

m<r<k

(A4) +6Z,,
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By combining the estimates in (A.2), (A.3), (A.4) we get
k—1

E| sup |0V, [>+ Y |0Ze, PA+ (5M)y, — (M), + (IM), — (SM)y,,

m<r<k

T=m

k-1
< | (lovi 4 5 Y {5700 72,20 20)

B 107, 4y B 0, @) ba) |

An application of Holder’s inequality leads then to the estimate

k—1
E| sup [6Y;,[*+ D 167, [PA+ (6M)y, — (6M)s,, + (M), — <5M>tm]
m<r<k r=m

k—1 ~ 2 _
< Clou=tw)B| max 169, P+ 3 { 5700 Y2, 28, 200 +1020 4 B (921, () A
(A5)  +42E[sY,, |

with C(u) = 126 K? max{u?, u} independent of 7.

Next we let rg € (0,7) be such that C(r) < $min{1,C"} for all r < ro, where C’ is the constant from
Lemma 3.6 [with U taken equal to the function 6Z(™]. Let us fix b = [T'/ro] + 1 and consider the regular
partition of [0, 7] into b intervals. We set for 0 < ¢ <b—1,I, ={k:tx, € nN[{T/b, (£ + 1)T/b)}, £, = min I,

¢* = max Iy + 1. Then we obtain from (A.5) and Lemma 3.6 that for every ¢*

-1
E L sup, 16Ye, 12+ ) 1026, PA+ (5M)s,. , = (6M)y, + (5M)y,, — (M1, 1
rex r=0,

Z —1
S [or @ v2 20, 20| A].

< 42-6E[|5Yt*|+
5 e
r=>~0,

The proof is completed by a repeated application of this inequality.

APPENDIX B. PROOF OF LEMMA 4.3

Proof of part (i). Recall that Z(ﬂ)’p( 0) = 0 for all 7. Thus, to prove (4.3), it is enough to show that Z(ﬂ)’p( ) is
uniformly Lipschitz in 2 € R%. Given the assumed form of F', it is possible to find a function y( P Rlditda)i

R such that y(”)’p(AW(”) AXt(:), AW, AX(”) )= Y(” P, Subsequently, we will suppress the arguments
AWt(Oﬂ), AXt(O ), AWt(i)z,AXf:)Z whenever there is no ambiguity and write y( )’p(AW(W) AX(W) ).

Fix ¢t € [0,T] and for every mesh size A choose i such that iA < ¢ < (i + 1)A and denote w = Awy,
and r = Axy,. Denote by Y(”)’p’w ¥ for j > i + 1 the process (Y( P P);>i+1 conditional on AW = w and

AX(ﬂ) = x. For j > i+ 1 the conditioned BSAE with solution (Y(”)’p wr gmpa g(m)pw.e M(W)’p “") can

be written as
y@pws _ p(m)ws p y@e-lws pmp-lws smp-lweyn _ N 0 pws g g
t; = + Z f(tu, Yy, s 4, s 4, ) Z ty u
tu>t; tu>t;

(B.1) = 2 DX S B 2D @K} - (aD T D),

tu>t;
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with

F(‘ﬂ'),’w,w :H(wtl,...,wti +w7...,wti +w+Wf1(’V7r) —W(ﬂ-)

tit1?

Tiysoooy T, + T, .., Ty, +:1:+X7(fr) th(:?l).

Clearly, yt(:r)lp (w, ) has the same law as Y)‘S:)lp % - To simplify notation let us assume for the rest of the

proof that W and X (and hence W™ and X (™) are one-dimensional. The lemma would follow if we could

prove through an induction over p that for every p the following holds: For every [ € Ny there exist constants
Ry’l,p, KZ,l,pa K’ZM) > 0 such that for every m,k =0,...,l, and for all ¢ :

(a) For the mappings (w,z) — Yj(vr),p,w,m we have that sup,, ; A ¢, >¢ ‘%niw)m,w,x

(b) For the mappings (w,z) — Zt(:),p,w,w we have that supy, , a1, >¢ ‘63”&2(#)7?@@

2w amk tj

o () pwe

Owmozk “t;
Notice that (b) implies in particular that sup,, ; A ¢, ~¢ Zt(;r)’p’w’z(x’) < (IN(Z,l,p v f(Z’pr)(l Ala']).

Let us prove (a)—(c). As V(M0 = z(M.0 = Z(m.0 — 0 (a)-(c) clearly hold for p = 0 with Ky ;0= K70 =
RZ,Z,O = 0 for all [. Now assume that we have shown the induction for p — 1. Let us next show (a)-(c) for p.

By the induction assumption for all jA > t all higher derivatives of the processes Yj(”)’p_l’w’x, Z;W)’p_l’w’x,

¢) For the mappings (w,z) — Z™"P"* we have that sup .
t; w,x, At >t

and Z;W)’p b with respect to w and z satisfy (a)—(c). As by assumption also all higher derivatives of
fim (tj,-,+,) are bounded as well uniformly in ¢, j and A with ¢; > ¢ we have that
am—&-k B B ~ B
(7)) (4. (m),p—1lw,x (m),p—1lw,x (m),p—1lw,x
awma’rkf T (t]7y;fj 7th 7th )
is uniformly bounded by a constant, say IA(lyp_l. Now (B.1) entails that
ap |y e
w,T,At; >t Qwmozk b

am+]€ 8m+k¢ _1 1 ~ -1
_ E, F(‘/r),w,w E (m) t Y(ﬂ')yp YW, T Z(Tf),p W, T Z(Tf),P WY A
sup t; 4871]7"8.1376 + = 8wm8$k f ( s Lty s “ta, s “tg, )

w,x,At; >t

+k ), W,T aerk ny/ - m),p—1,w,x n),p—lw,x Z(7),p—1lw,x
F( )w, oo—|—T SKI;%& 7awm8xkf ((j+1)/n7Yt(j ),p—1,w, 7Zt(j),P W, 7Zt(j),P W, )

am
< o [ 2
_w,LpA Ow™mOzk

‘ o0

< K+ Tf(l,pq =: Ky p,

where K .1 is the uniform bound of the derivatives of the function I up to order [ for every I € Ny. This shows
that (a) holds. The validity of (b) follows immediately from that of (a) and the form (3.8) of Z.
To see that (c) holds true note that for every t; >t
gtk

| (m).pyw,z
dwmdzk "
aerk
— A1 (m),pw,x (m)
=4 |E {WY A, M

8m+k
= A1

8m+k s w,xr T us

wm gk 7t

aerk

Awm gk 7ti

aerk

R (0} AXt(;T)))AWt(f)] ‘

g P (AW, AXT)

S Ail]Etj anmaﬁl]k t;

77 0,8X) law ) |

SwmOxk 7t tj+1

< A oy 8 [Jaw D) 1AW ] = A7 R [

2 -
] = Ky i41,p-
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This establishes that (c) holds with K’Z’l,p = RY’Z_A'_l,p. The proof of the induction is complete. O

Proof of part (ii). The proof is analogous to the proof of part (i). Denote by YP** for s > t the pro-
cess (Y*)s>¢ conditional on AX; = Xy — X;- = z. For s > t the conditioned BSDE with solution

(Yoo | ZP:00:m  7D:29:%) can be written as
T T
~1 ~1, Sp—1
vy =P [yt e gteedu - [ zgonaw,
S S

- / ZP20T () Ny (du x dz).
(s,T]xR92\{0}

One may check directly that we have ZP°(z) = Y"°*"T% _Y?°*" 50 that we only have to show that ‘th#

is uniformly bounded. Using the assumptions on H (Assumption 2) this follows by a line of reasoning that is

analogous to the one followed in part (i). O
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