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Abstract—With increasing demands on capacity and height-
ened user density, it is imperative to propose approaches that
exploit and utilise all possible degrees of freedom (DoF) of a
MIMO system. This directly translates to increased channel
estimation accuracy. With this motivation, in this paper, a novel
MIMO antenna array system with a receiver of N antennas that
includes a joint estimation of Direction-of-Arrival (DOA) and
Direction-of-Departure (DOD) of the desired user in the presence
of other multiple access users, is presented. This is achieved by
using the concept of the “Manifold Extender” which increases the
dimensionality of the observation space of the received vector-
signals, and thus increases the DoF from N to NNext where Next

is the extended dimension. The performance of the receiver is
evaluated against the existing spatial-only and virtual receivers
by computer simulation studies.

Index Terms—MIMO, degrees of freedom, manifold extender,
array signal processing, DOA and DOD estimation

NOTATION
A, a Scalar
A, a Column vector
A Matrix
(·)T , (·)H Transpose, Hermitian transpose,
(·)∗ Complex conjugate
vec (A) Column-wise vectorisation of A
exp (A) Element by element exponential of A
OM×N M ×N matrix of zeros
⊙ Hadamard product
⊗ Kronecker product
E {·} Expectation operator
IN N ×N Identity matrix
1N Column vector of N ones
0N Column vector of N zeros
R, C Set of real and complex numbers

I. INTRODUCTION

Future communication systems are expected to operate in
very high density signal/user environments with high speeds
without sacrificing the quality of service. This drives the re-
quirement for future communication systems to deliver higher
number of “degrees-of-freedom” (DoF) that will enable the
system to detect, resolve and isolate signals from a large
number of interfering sources with greater accuracy. Using
antenna arrays at both the transmitter and receiver allows
a multitude of devices and users communicating with each
other at the same time on the same frequency band, possibly
within small enclosures. Therefore, the motivation for this
paper is to propose a MIMO system/approach to estimate

channel parameters of DOA and DOD of the desired user with
high accuracy.

In wireless communications, most of the direction finding
approaches are concerned with the DOA estimation problem
while the DOD estimation has been ignored. DOA estimation
has been an important research area with many applications,
including wireless communications, radar, sonar, radio astron-
omy, etc. On the other hand, only a small number of research
has focused on the DOD estimation, with the majority of
these approaches designed for radar and sonar applications.
Although DOD estimation is also important in wireless com-
munications, it has not been extensively investigated.

In the literature, a DOD estimation approach has been
proposed in [1] by exploiting the cooperation between the Tx
and the Rx. The Tx beamformer rotates its mainlobe then
the Rx measures the power level at the output of the Rx
beamformer and the DOD is connected to the largest power.
Several papers have been proposed for joint estimation of
DOD and DOA. For instance, in [2], a Cramer-Rao bound
(CRB) based on DOA and DOD using Multi-Mode Antennas
is derived, and then a beamformer is presented to estimate the
DOA and DOD by minimising this CRB. In [3], the DOD
and DOA have been estimated using a Bartlett beamforming
method and a SAGE algorithm [4], and it is implemented
in a measurement campaign with dual-polarized arrays and
assumed a line-of-sight (LoS) environment. In [5], using a
single antenna at the transmitter which provides switched
transmitting beams, a joint TDOA, DOA-DOD estimation
based on a 3D unitary ESPRIT approach is presented. In [6],
the transmit and receive auxiliary beam pairs were designed
based on a multi-layer pilot structure for estimating DODs
and DOAs in dual-polarized MIMO systems. In this paper,
the proposed DOD and DOA estimation algorithm is “blind”,
unlike the systems proposed in [5], [6] which use “pilots”. In
particular, a novel MIMO multiple-access wireless communi-
cation system is proposed which is able to jointly estimate
with high accuracy the DOD and DOA of all paths of the
desired user based on the concept of the “manifold extender”.

The paper is organised as follows. In Section II, the trans-
mitter, channel and receiver models of the system are pro-
posed, and the antenna array received signal is modelled as a
function of a virtual-spatiotemporal manifold extender. Based
on this modelling, a joint DOD-DOA estimation algorithm
is proposed. In Section III, computer simulation studies are
presented and this paper is concluded in Section IV.
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Fig. 1: Baseband representation of the i-th transmitter, the receiver and the MIMO channel. There are M co-channel users:
one “desired” with Ki multi-paths plus (M -1) MAI users.

II. SYSTEM MODEL

With reference to a multiuser MIMO communication system
of M co-channel users, Fig. 1 illustrates the baseband blocks
of the i-th user consisting of the transmitter, the channel and
the receiver. The transmitter employs an antenna array of N
elements1 and it is followed by a frequency selective multiple
access noisy channel of Ki resolvable paths. The receiver
employs an antenna array of N elements which include a
“manifold extender” and a DOA-DOD channel estimator.

A. Transmitter and Channel model

As shown in Fig. 1, M co-channel users including the
desired user plus the M − 1 Multiple Access Interference
(MAI) operate at the same time on the same frequency band.
The data stream of the i-th user denoted by {ai [n]} (see point-
A in Fig. 1), with a symbol period of Tcs, is weighted (point-B)
by the known code vector sequence {ci [q]} where cTi [q] is the
q-th row of the code matrix Ci ∈ RNc×N as this is shown
in Fig. 2. The elements of the code matrix Ci are denoted as
αim [q] ∈ {+1,−1} ,∀m ∈

[
1, N

]
,∀q ∈ [1,Nc]. The vector

cim denotes the m-th column of Ci and ci [q] denotes the
column version of the q-th row of Ci which is applied to all
Tx antennas at the q-th period Tc with Tcs = NcTc. At point-B
in Fig. 1, the sequence corresponding to the n-th data symbol
of the i-th user transmitted across N antennas is denoted by
the matrix Mi [n] ∈ CN×Nc and can be written as

Mi [n] = CT
i ai[n] (1)

Finally, using a DAC, the message symbols of Equation 1
become the analogue baseband vector signal mi (t) ∈ CN×1

at point-C in Fig. 1. The mi (t) is transmitted via a frequency
selective multipath channel of Ki paths, as this is shown in
Fig. 1 where the k-th path of the i-th user includes:

1Note: a bar at the top of a symbol, e.g. N , denotes a transmitter’s system
parameter.

Fig. 2: The code matrix Ci with elements ±1 of period Nc.

• the manifold vector Sik of the Tx antenna array,
• the delay τik,
• the Doppler frequency Fik,
• the complex path gain βik,
• the manifold vector Sik of the Rx antenna array.

The manifold vectors Sik and Sik can be expressed as a
function of the Cartesian coordinates of the Rx and Tx arrays
[r1, r2, ..., rN ]∈R3×N and [r1, r2, ..., rN ]∈R3×N as follows

Sik
△
= S(θik)) = exp(−j [r1, r2, ...rN ]

T
k(θik)) (2a)

Sik
△
= S(θik)) = exp(j [r1, r2, ..., rN ]

T
k(θik)) (2b)

with k ≜ k(θik) and k ≜ k(θik) denoting the wavenumber
vectors defined as

k =
2πFc

c
[cos θik, sin θik, 0]

T (3a)

k =
2πFc

c

[
cos θik, sin θik, 0

]T
(3b)

where θik and θik represent the DOA and the DOD of the
i-th user’s k-th path, respectively. In addition, Fc denotes the
carrier frequency and c is the velocity of light. This parametric
channel model allows the modelling of the received array
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signal vector x(t) at point-D in Fig. 1 to be expressed as
a function of channel parameters as

x(t) =

M∑
i=1

Ki∑
k=1

βik exp(j2πFikt)SikS
H

ikmi (t− τik) + n(t)

(4)
where n(t) is the noise vector which is assumed to be complex
white Gaussian noise of zero mean with covariance matrix
σ2
nIN , where σ2

n is the unknown noise power.
This design of the transmitter is also exploited in [7] which

presents a DOD and DOA estimation approach. In this paper,
the focus is the design of the receiver to further increase the
degrees of freedom of the system and consequently to provide
better estimation accuracy. Furthermore, the DOD and DOA
estimation comparison with [7] is provided in the computer
simulation studies.

B. Receiver model: Virtual-Spatiotemporal Manifold Extender

At point-D in Fig. 1, the received signal vector x(t) (given
by Equation 4) is firstly discretised with sampling period equal
to Tc, producing at point-E the discrete vector x(tl) where tl
denotes the l-th snapshot. Then, these snapshots are fed into
a “manifold extender” which transforms the discretised vector
x(tl)∈CN×1 to a longer snapshot x [n] ∈ C2NNNc×1 which
we call it a virtual-spatiotemporal snapshot.

In particular, the “manifold extender” block in Fig. 1
collects at its input (point-D) 2Nc snapshots and, for the n-
th time interval, forms an N × 2Nc matrix X [n]. This can
be visualised as the n-th slice of the 3D data cube shown in
Fig. 3a and modelled as follows (note that, with no loss of
generality, the first user is considered to be the desired user):

X [n] =

desired term︷ ︸︸ ︷
K1∑
k=1

β1kS1kS
H

1kTT
1ka1 [n] exp (j2πF1knTcs)

+ XISI + XMAI + N [n] (5)

where XISI and XMAI denote the Inter-Symbol Interference
(ISI) and the MAI, respectively, expressed as follows

XISI =

K1∑
k=1

β1kS1kS
H

1kTT
1k×{

JNca1 [n− 1] exp (j2πF1k (n− 1)Tcs)

+
(
JT

)Nc
a1 [n+ 1] exp (j2πF1k (n+ 1)Tcs)

}
(6)

XMAI =

M∑
i=2

Ki∑
k=1

βikSikS
H

ikTT
ik×{

ai [n] exp (j2πFiknTcs)

+ JNcai [n− 1] exp (j2πFik (n− 1)Tcs)

+
(
JT

)Nc
ai [n+ 1] exp (j2πFik (n+ 1)Tcs)

}
(7)

In Equation 5, Tik ∈ C2Nc×N contains the temporal informa-
tion of the received signal, which is given as

Tik = Jlik
[
Ci

ONc×N

]
⊙

(
F ik1

T
N

)
(8)

with

• F ik ∈ C2Nc×1 representing the Doppler shift vector
within a data symbol, i.e.

F ik = exp
(
j2πFik [0, . . . , 2Nc − 1]

T
Tc

)
(9)

• J is a 2Nc × 2Nc matrix defined as follows2:

J △
=

[
0T2Nc−1, 0
I2Nc−1, 02Nc−1

]
(10)

• lik =
⌊
τik
Tc

⌋
modNc denoting the discretised delay,

• N [n] representing the noise contribution.

Then, the “manifold extender” block vectorises the matrix to
form the 2NNc × 1 vector xst[n], i.e.

xst[n] = vec
(
XT [n]

)
(11)

as this is shown in Fig. 3b. This is further extended to a
longer vector with dimensions 2NNNc × 1 (see Fig. 3c) as
follows

x [n] =


(
IN ⊗ P⊥

B11

)
xst[n](

IN ⊗ P⊥
B12

)
xst[n]

...(
IN ⊗ P⊥

B1N

)
xst[n]

 (12)

where P⊥
Bim

denotes the projection operator which isolates the
signal corresponding to the m-th Tx antenna of the i-th user,
given as

P⊥
Bim

= I2Nc
− Bim

(
BH
imBim

)−1 BH
im (13)

with Bim ∈ C2Nc×Ki(N−1) obtained as follows:

Bim =

[
Jli1

[
Cim

ONc×(N−1)

]
⊙F i11

T
N−1

, . . .

. . . , JliKi

[
Cim

ONc×(N−1)

]
⊙F iKi

1T
N−1

]
(14)

Note that the matrix Cim ∈ RNc×N−1 is formed by the codes
of the i-th user (see Fig. 2) with the m-th code cim of Ci

removed. That is,

Cim =
[
ci1, . . . , ci(m−1), ci(m+1), . . . , ciN

]
(15)

After that, a projection matrix P⊥
B1

is defined which encloses
the projection operators of all Tx antennas of the desired user,

2With reference to Equation 10, the power l of J (or JT ) when applied
to a vector z ∈ CNc×1 or matrix Z, i.e. Jlz

(
or

(
JT

)l
z
)

and JlZ(
or

(
JT

)l Z), downshifts (or upshifts) the vector z or matrix Z by l elements

293



N L

Vectorisation

Projection
and

Concatenation

L

S
pa

ti
ot

em
po

ra
l 

sn
ap

sh
ot

V
ir

tu
al

-s
pa

ti
ot

em
po

ra
l 

sn
ap

sh
o
t

L

(a) 3D data cube matrix 
     at the output of the TDLs

(b) Vectorisation of
  3D data cube matrix 

(c) Projection of the
vectorised 3D data cube matrix

input to the 
manifold extender
(point-E in Fig. 1)

output of the 
manifold extender
(point-F in Fig. 1)

Fig. 3: Illustration of the received data processing at the manifold extender for the proposed system. The received data cube
matrices in (a) are first vectorised to get spatiotemporal snapshots in (b), and then each spatiotemporal snapshot is projected
by N projection operators to form virtual-spatiotemporal snapshot in (c). Different colors in (c) represent different projection
operators.

given as

P⊥
B1
=


IN ⊗ P⊥

B11
, O2NNc

, . . . , O2NNc

O2NNc
, IN ⊗ P⊥

B12
, · · · , O2NNc

...
...

. . .
...

O2NNc
, O2NNc

, · · · , IN ⊗ P⊥
B1N


(16)

Based on Equation 16, Equation 12 can also be written in a
more compact form as follows

x [n] =

K1∑
k=1

β1k exp (j2πF1knTcs) a1 [n]P⊥
B1
hik︸ ︷︷ ︸

desired term

+ ISI +MAI + n [n] (17)

which contains the desired symbol, the ISI, the MAI and the
noise n [n]. From Equation 17 it is clear that the virtual-
spatiotemporal snapshot x [n] is a function of the extended
manifold vector hik ∈ C2NNNc×1, which is defined as

hik = (S
∗
ik ⊗ Sik)⊗ (Jlikci ⊙F ik) (18)

and called as virtual-spatiotemporal manifold vector. The word
“virtual” has been used because the Tx manifold vector Sik

and Rx manifold vector Sik form the “virtual” manifold vector
S
∗
ik⊗Sik. In Equation 18 the vector ci ∈ R2Nc×1 representing

the sum of the weight code vector associated with each Tx

antenna of the i-th user. That is

ci =

[
Ci

ONc×N

]
1N (19)

where the operation with a vector of 1’s does the “summation”.
It is important to point out that, the theoretical covariance
matrix Rxx ∈ C2NNNc×2NNNc of x [n] is

Rxx = E
{
x [n]xH [n]

}
(20)

while in practice, over an observation interval of L symbols,
this matrix can be expressed as follows

Rxx ≃ 1

L

L∑
n=1

x [n]xH [n] (21)

In summary, by observing x [n] or Rxx, the “manifold ex-
tender” increases the dimensionality of the signal observation
space from N to 2NNNc so that the degrees of freedom has
been increased.

C. Joint DOA-DOD Estimation

Assume the delay and Doppler frequency of all the paths
of the desired user are pre-estimated (e.g. using the approach
proposed in [7]). Based on these parameters, the projection
matrix P⊥

B1
is constructed and thus the virtual-spatiotemporal

snapshot x [n] is formed by Equation 12 or Equation 17.
Towards this, the projection operator Pnv onto the subspace
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spanned by noise eigenvectors of the covariance matrix Rxx

can be formed. We now employ the virtual-spatiotemporal
manifold vector associated with the desired user as given by
Equation 18 in conjunction with the following cost function
to yield the DOA and DOD of the desired user’s paths

(θ, θ) = arg max
∀(θ,θ)

ξ(θ, θ) (22)

where ξ(θ, θ) is defined as follows

ξ(θ, θ) =

(
P⊥
B1
h(θ, θ)

)H P⊥
B1
h(θ, θ)(

P⊥
B1
h(θ, θ)

)H PnvP⊥
B1
h(θ, θ)

(23)

This is easy to be optimised by using a 2D search where the
peaks of the cost function ξ(θ, θ) correspond to the DOA and
DOD of all paths of the desired user respectively.

III. COMPUTER SIMULATION STUDIES

In this section the performance of the proposed algorithm
is evaluated using computer simulation studies. Without any
loss of generality, the Tx and Rx antenna array geometries
are assumed as uniform circular arrays (UCAs) on the (x, y)
plane with N = 7 antennas on the Tx’s side and N = 9
antennas on the Rx’s side. Furthermore, an observation interval
of L = 200 transmitted symbols is assumed. Table I provides
some additional system simulation parameters. The DOAs and
DODs are assumed to be randomly selected following uniform
distributions between 0 to 360 degrees.

TABLE I: Simulation Parameters

Parameter Value Parameter Value
M 4 Tc 0.1 ms
K 3 N 9

Nc 31 chips N 7

As indicated in Table I, there are M = 4 users, which
implies that the desired user operates in the presence of
three other co-channel interferers with K = 3 multipaths per
user. Therefore, it is assumed that the unknown DOA and
DOD of the three paths of the desired user are (280◦, 30◦),
(200◦, 110◦) and (60◦, 140◦), respectively. Fig. 4 shows the
results of the joint DOA-DOD estimation indicating that the
peaks occur at the correct directions associated with the three
paths of the desired user.

Consider again the simulation environment in Fig. 4, now
it is assumed two of the three paths of the desired user have
directions close together in space. That is, the DOA and DOD
values of three paths are (92◦, 68◦), (90◦, 70◦) and (60◦, 90◦).
The results are illustrated in Fig. 5 which still show high
accuracy with sharp and distinguishable peaks, indicating the
superresolution capabilities of the proposed algorithm.

Furthermore, a key performance parameter for subspace
based estimation approaches is the number of the snapshots L

Fig. 4: Joint estimation of DOA and DOD corresponding to
the three multipaths of the desired user.

Fig. 5: Joint estimation of DOA and DOD when the signals
from path 1 and path 2 of the desired user are closely spaced.

required to achieve a certain root mean square error (RMSE)
at a specified signal to noise ratio (SNR). Figures 6 and 7 show
the results of Monte-Carlo simulation studies illustrating the
performance of the proposed estimation algorithm in terms
of the RMSE of the DOD and DOA estimation versus the
(SNR×L), respectively. The number of snapshots L is fixed
at 200 (corresponding to data collected over an observation
interval of 200 symbols) and the SNR varies from -3dB to
36dB. The number of multipath per user is assumed to be 2.
As expected (see Chapter 8 in [8]), the error in the estimation
of DOA and DOD decreases with an increase in (SNR×L).
Thus, when the SNR is low, a high number of snapshots may
be needed to resolve two transmitters which are close together
in space.

Figures 6 and 7 also show the performance of the sys-
tem comparison between the proposed virtual-spatiotemporal
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system, the virtual system [7] and the spatial-only system
with the same Tx and Rx array geometries and under the
same simulation environment. Note that the DOD estimation
for the spatial-only system is not shown in Fig. 6 because
such system cannot estimate the DODs as its Tx information
cannot be exploited by the receiver. As illustrated in Fig. 6 and
Fig. 7, the proposed system has superior channel estimation
accuracy. It is also proven that the estimation accuracy is
related to the dimensionality of the system (or degrees of
freedom) since the dimensionality for the proposed virtual-
spatiotemporal system, the virtual system and the spatial-only

system is 2NNNc > NN > N , based on the parameter value
in Table I.

Note that to increase the DoF of the system, the spatial-
only approach needs to increase the number of Rx antennas
N to a large value in the order of 100s-1000s (Massive
MIMO) [9]. Remember that massive MIMO approach requires
more hardware (massive number of RF units, antennas, etc.)
to create a massive N -dimensional observation space, while
the approaches based on the “manifold extender” concept,
like the one presented in this paper, keeps N = small but
creates a massive NNext-dimensional observation space by
increasing the Next parameter which in our paper is 2NcN .
This increases the DoF from N to NNext and consequently
improves the capabilities of the overall system.

IV. CONCLUSION

In this paper, a novel MIMO antenna array system
was proposed which incorporates a virtual-spatiotemporal
manifold extender to perform joint estimation of DOD and
DOA of all multipaths of the desired user in the presence
of multiple access co-channel interference. The proposed
system largely increases the degrees of freedom by extending
its system dimensionality with a fixed number of antennas.
Finally, the proposed DOD and DOA estimation approach
was evaluated with varying noise levels and compared against
other estimation approaches. Computer simulation studies
illustrated that the proposed approach outperforms the existing
approaches.
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