Dynamic Factor Model with
Infinite-Dimensional Factor Space:

Estimation

Mario FORNI
Universita di Modena e Reggio Emilia, CEPR and RECent
Marc HALLIN'
ECARES, Université Libre de Bruxelles and ORFE, Princeton University
Marco LIPPI
Universita di Roma La Sapienza and EIEF
Paolo ZAFFARONT!

Imperial College London and Universita di Roma La Sapienza

November 8, 2014

*Research supported by the Sonderforschungsbereich “Statistical modelling of nonlinear dynamic
processes” (SFB 823) of the Deutsche Forschungsgemeinschaft, and by a Discovery Grant of the

Australian Research Council.
t Académie Royale de Belgique and CentER, Tilburg University.
fResearch supported by the ESRC Grant RES-000-22-3219.



Abstract. Factor models, all particular cases of the Generalized Dynamic Factor Model
(GDFM) introduced in Forni, Hallin, Lippi and Reichlin (2000), have become extremely
popular in the theory and practice of large panels of time series data. The corresponding
estimators rely on Brillinger’s dynamic principal components thus involving two-sided filters
leading to an extremely modest forecasting performance. No such problem arises with esti-
mators based on standard principal components, which have been dominant in this literature.
On the other hand, those other estimators require the assumption that the space spanned by
the factors has finite dimension, severely limiting the generality afforded by the GDFM. This
paper derives the asymptotic properties, namely consistency with exact rates of convergence,
for a semiparametric estimator of the parameters and common shocks for a general class
of GDFMs without relying on two-sided filters nor on the finite dimension assumption. A
Monte Carlo experiment corroborates our theoretical results and shows the potential of these
one-sided infinite dimensional GDFM, recently studied in Forni, Hallin, Lippi and Zaffaroni

(2014), for the purpose of out-of-sample forecasting.

JEL subject classification : C0, C01, EO.
Key words and phrases : Generalized dynamic factor models. Vector processes with singular
spectral density. One-sided representations for dynamic factor models. consistency and rates

for estimators of dynamic factor models.

1 Introduction

In the present paper we provide consistent estimation results for the Generalized Dynamic
Factor Model (GDFM) recently studied in Forni, Hallin, Lippi and Zaffaroni (2014) (FHLZ).
A GDFM, as introduced in Forni et al. (2000) and Forni and Lippi (2001), is a countably

infinite set of observable stochastic processes x;; with the following decomposition:

xit = Xit + &it = bin(L)urg + bio(L)uge + - -+ + big(L)uge + &ie, 1 €N, t € Z, (1.1)



where u; = (u1; ugt -+ ug) is a g-dimensional orthonormal unobservable white noise vector
and bif(L),i € N, f = 1,...,q, are square-summable filters (L, as usual, stands for the
lag operator). Detailed assumptions on the common components xi and the idiosyncratic
components &; are given below. Let us only recall here that the idiosyncratic components
and the common shocks uy; are orthogonal at any lead and lag, and that the idiosyncratic
components are “weakly” cross-correlated (orthogonality is an extreme case).

The recent literature on Dynamic Factor Models is based on (1.1) under the assumption
that the space spanned by the stochastic variables y;, for t given and ¢ € N, is finite di-
mensional (the definition of the common components obviously implies that the dimension
of the space spanned by the variables x;;, for ¢ given and i € N, is independent of ¢). Seminal
papers are Stock and Watson (2002a,b), Bai and Ng (2002). Under that assumption, model
(1.1) can be rewritten in the so-called static representation

Tit = NiFu A+ XioFop 4+ -+ N Frp + & (12)

F, = (Fit ... F)) =N{L)u,.
Criteria to determine r consistently are given in Bai and Ng (2002) (see also Alessi et al. 2010
and the literature therein). The vectors F; and the loadings \;; can be estimated consistently
using the first r standard principal components, see Stock and Watson (2002a,b), Bai and
Ng (2002). Moreover, the second equation in (1.2) is usually specified as a singular VAR, so
that (1.2) becomes

Tit = Nt Fie + XioFor + -+ Ain Fre + Ei (1.3)

D(L)F; = (I- DL - DyL2— ...~ D,LP)F, = Kuy,

where the matrices D; are r x r while K is 7 x ¢. Under (1.3), Bai and Ng (2007) and
Amengual and Watson (2007) provide consistent criteria to determine q.
In GHLZ we argue that the finite-dimensional assumption is far from being innocuous.

For instance, (1.2) is so restrictive that even the very elementary model

2t = a;(1 — oy L)y + &, (1.4)



where ¢ = 1, u; is scalar white noise, and the coefficients «; are drawn from a uniform
distribution, is ruled out. In this case the space spanned, for a given ¢, by the common
components Y;t, ¢ € N, is easily seen to be infinite-dimensional unless the «;’s take only a
finite number of values.

The problem with models like (1.1), when the space spanned by the common components
is infinite-dimensional, is that estimation cannot be based on a finite number r of standard
principal components. The GDFM without finite-dimensional assumptions is studied in Forni
et al. (2000). They use ¢ principal components in the frequency domain (Brillinger 1981) to
estimate the common components y;; (criteria to determine g without assuming (1.2) or (1.3)
are obtained in Hallin and Liska, 2007 and Onatski, 2009). However, their estimator involves
the application of two-sided filters to the observable variables x;; and hence is useless at the
end of the sample or for prediction.

In FHLZ we show how to obtain one-sided estimators without the finite-dimension as-
sumption. We impose the weaker condition that the common components have a rational

spectral density, that is, each filter b;¢(L) in (1.1) is a ratio of polynomials in L:

(D) ci2(L) cig(L)
Xit = dil(L)UIt+dig(L)UQt+ +d¢q(L)

Ugt, @ €N, f=12....q, (1.5)
where
Cif(L) =cCifo+ Cif71L +...+ Cif781L51 and dif(L) = dif,O + dz‘ﬁlL +...+ dif752L52

(the degrees s; and sg of the polynomials are assumed to be independent of i for the sake of
simplicity).

Denote by x;, X, & the infinite-dimensional column vectors whose coordinates are the
variables x;t, xit, &t, respectively. Elaborating upon recent results by Anderson and Deistler
(2008a, b), in FHLZ we prove that for generic values of the parameters c¢;s; and d;fy (ie.
apart from a lower-dimensional subset in the parameter space, see FHLZ for details), the

infinite-dimensional idiosyncratic vector x; = (X1t X2t -+ Xnt +--) has a unique autoregres-



sive representation with block structure of the form

Al(L) 0 0 R!

0 A%XL) --- 0 R?
Xt = uy, (1.6)

0 0 - AKI) RF

where A¥(L) is a (¢+1) x (¢ + 1) polynomial matrix with finite degree and R¥ is (¢ +1) x q.
Denoting by A(L) and R the (infinite) matrices on the left- and right-hand sides of (1.6),

using x; = x; — &, and setting Z; = A(L)xy:
Zt = Eut + A(L)&t (17)

Under the assumptions of the present paper the term A(L)&; is an idiosyncratic component,
so that (1.7) is a a static representation of the form (4.8) with D(L) = 1.

Thus, under the specification of a rational spectral density for the common components,
we obtain one-sided filters for the common components without the standard finite-dimension
restriction. Moreover, the large-dimensional VAR (1.6) is obtained by piecing tothether the
small-dimensional matrices A¥(L), each one depending only on the covariances of ¢ + 1
common components. Therefore no curse of dimensionality occurs with our procedure.

Our estimation of the common components x;, the shocks u; and the filters b;f(L) is

based on the sample analogues of representations (1.6) and (1.7):

(i) We start with a lag-window estimator of the spectral density matrix of the observed

vector X,y = (l’lt Top - JUnt), call it fiii(9)

(ii) Using the first ¢ frequency domain principal components of ﬁ]ﬁ(@), we construct an
estimator of the spectral density of xnt = (X1¢ X2t -+ Xnt), call it ZA)%(H) (like in Forni
et al., 2000) Estimators of the autocovariances of x,,; are then obtained from 33X (6), call
f‘é ;, the estimator of the covariance between x,,¢ and x,, ;—5. The estimated covariances

f‘z ;, are used to obtain estimators AR(L).
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(iii) A blockwise estimator of the variables Z;; is obtained by applying the finite-degree
matrices A*(L) to the observed variables z;;. Inversion of the matrices A*(L) provides
estimators for the filters b;¢(L). Estimators for the shocks us; and the entries of the
matrix R are obtained by using the first ¢ time-domain principal components of the

variables Z;;.

Our consistency results for the estimators described in (ii) and (iii) above are based on
recent results on lag-window spectral estimators in Shao and Wu (2007), Liu and Wu (2010)
as extended to the multivariate case in Wu and Zaffaroni (2014). Starting with the observable
time series x;, denoting by 7' the number of observations for each series and 6;;(0) a lag-
window estimator of the cross spectrum between x;; and zj, the (i, j) entry of $(6)), under
quite general assumptions on the processes x;:, x;; and the kernel, these papers prove that
Gi;(0) is consistent, as T' — oo, uniformly with respect to § with rate \/WBT/T , where
Br is the size of the lag window. As an important innovation with respect to the previous
literature on spectral estimation, these results are obtained without assuming linearity or
Gaussianity of the processes x;;.

The use of these results in our framework requires significant enhancement of the assump-
tions on the common shocks and the idiosyncratic components that we make in FHLZ. In
particular, (1) the vector u;, which is a white noise in FHLZ, is i.i.d. here, (2) the idiosyn-
cratic components depend on an infinite-dimensional i.i.d. vector. These, as well as other
changes in the assumptions with respect to FHLZ will be discussed in detail in the paper.
Under this enhanced set of assumptions we prove that the estimators £X(6), I'X and A¥(L)

are consistent with rate

(o = max (\/n—l, \/T—lBT log BT> , (1.8)

where By diverges as T°, with % <d< 1.
Lastly, though model (1.7) is finite-dimensional, the series Z;; are estimated, not observed.

As a consequence, the well-known results in factor literature (Stock and Watson, 2002a and



b, Bai and Ng, 2002) do not immediately apply and proving consistency of the standard prin-
cipal components estimators for the shocks u; and the loadings R* implies serious technical
complications. Still we are able to achieve consistency without losing in consistency rate,
which is, again, (7.

As we have pointed out in FHLZ, end of Section 4.5, though the dynamic model studied
in the present paper is more general than model (1.3), when a dataset is given, with finite n
and T, the static approach might perform well even if the data were generated by a model
not fulfilling the finite-dimension assumption. In the present paper the static and dynamic
methods have been applied to simulated data in several Monte Carlo experiments. A very
short summary of our results is that (i) when the data are generated by infinite-dimensional
models which are simple generalization of (4.8), the estimation of impulse-response functions
and predictions by the dynamic method is by far better than those obtained via the static
method; (ii) when the data are generated by (1.3), still the dynamic method performs slightly
better. Though not conclusive, our Monte Carlo results strongly suggest that the model
proposed in the present paper may be a competitive specification for dynamic factor models.

In Sections 2 and 3 we present and comment the assumptions and the estimators’ asymp-
totic properties respectively. Section 4 gives a detailed description of the Monte Carlo ex-
periments. Section 5 concludes. Short proofs are given in the body of the paper, the longer

ones in the Appendix

2 Assumptions

2.1 Common and idiosyncratic components
The Dynamic Factor Model studied in the present paper is a family of stochastic variables
{xitv Xity fit) ZG Na te Z}a

such that x; = xi + & The variables x;; and their components x;; (called the common

components) and &;; (the idiosyncratic components) fulfill the assumptions listed below as
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Assumptions 1 through 10.

Assumption 1 There exist a natural number ¢ > 0 and:
(1) A g-dimensional stochastic zero-mean process wy = (uiy uge -+ ug,), t € Z, and an
infinite-dimensional stochastic process ny = (it nor -+ ), t € Z.
(2) square-summable filters bjp(L), i €N, f=1,...,q;
(3) coefficients By, fori,j € N, k=0,1,...,00, where Z;’il Yoo ijk < oo for alli € N;
such that:
(i) the vector Sy = (u} n})" is i.i.d and orthonormal, i.e. E(S:S}) = 1. In particular,
cov(us,nj—k) =0, f=1,...,¢, €N, k=0,1,...,00;
(1)

Xit = bi1(L)urg + big(L)ugr + - - - + big(L)ug

o0 o0
G =33 Bijkljt-r-

7=1 k=0

(2.1)

Let us observe that neither u; nor the polynomials b;s(L) are identified. For, rewriting
the second equation in (2.1) as x4 = b;(L)u, for any orthogonal matrix Q the common
component x; has the alternative representation x; = [b;(L)Q ™' [Qui] = b (L)u;.

Note that (i) and the definition of & in (2.1) imply cov(us, & —r) = 0 for all f, i, k.
Two differences with respect to FHLZ must be pointed out. Firstly, here uy is i.i.d., not only
white noise as in FHLZ. Secondly, unlike in FHLZ, the idiosyncratic components are modeled

as (infinite-order) moving averages of the infinite-dimensional i.i.d. vector ;.

Assumption 2 Conditions on the filters b;s(L).

i) The filters b;¢(L) are rational. More precisely, b;s(L) = cif (L) where
d d dif (L)

cif(L) = cigo+eipib4 - +eips L7 and dip(L) = 14 diga L+ - +dif 5, 172, (2:2)
forieN, f=1,...,q.

(ii) There exists ¢ > 1 such that none of the roots of dif(L) is less than ¢ in modulus, for
ieN, f=1,...,q.



(1it) There exists BX, 0 < BX < oo, such that |c;s;| < BX,i €N, f=1,...,¢q,7=0,...,s1.

Under Assumption 2, the vectors xn: = (x1¢ X2t -+ Xnt)" have rational spectral density.

Assumption 3 Figenvalues of the spectral density of the common components.
Let £X(0) be the spectral density matriz of Xnt and A%(Q) be its eigenvalues in decreasing
order. There exist real numbers a}‘, f=1...4q, ﬁ}‘, f=0,...,9—1, and a positive integer

nX such that for n > nX,

\X, (8) A (6
X 1 X X 2 X X X X
502 nn 2041>/612 nn >a2>622"'2aq71>6q712

Mg (6)

n

~—

2a§>0,

for all 0 € [—7, 7).

Assumption 3 is an enhancement of the standard assumption on the eiegenvalues of the
common components. It will be used in our consistency proof, see in particular Lemma 3,

Appendix B.

Assumption 4 Cross and time dependence of the idiosyncratic components.

There exists finite positive numbers B, B;s, 1 € N, s € N, and p, 0 < p < 1, such that

> Bis < B, foralieN (2.3)
s=1
Y Bis < B, foralseN (2.4)
=1

|Bisk| < Bisp®, foralli,seNandk=0,1,... (2.5)

A consequence of (2.3) and (2.4) is that

oo o0

> Y BiBjs < B? foralljeN. (2.6)
i=1 s=1

For, the right-hand side is

o o0 o0
> (BjSZBiS> <B) Bj, < B

s=1 i=1 s=1



Conditions (2.3) and (2.4) are quite obviously satisfied in the “pure idiosyncratic” case
&t = nie and for finite “cross-section moving averages”, for example & = 7 + i1+ By
condition (2.5), the time dependence of the variables &;; declines geometrically at the common
rate p.

Under Assumption 4, setting Sis(L) =Y 72 BiskL* and & = > 20| Bis(L)nst and denot-
ing by 1 the imaginary unit,

00
Z Bis,ke_lke

k=0

o0 00 1
< Z ‘6is,k| < ZstPk < Bisi-

k=0 k=0 L=p

‘Bis(e_le)‘ =

3

Therefore, letting o;;(¢) be the cross spectral density between & and &,

00 1 oo 00 . _ . o
; 75O < 530 S Bl Ble ) € o D> BBy

i=1 s=1 i=1 s=1 (2.7)
1

<B*——
T 2r(1-p)?

3

by (2.6). Thus Assumption 4 implies that the cross spectra aij(H) are bounded, in , uniformly

in ¢ and j. On the other hand, Assumption 2, (ii) and (iii), implies that o7;(¢) is bounded,

in 0, uniformly in i and j. Therefore of;(0) = o5(0) + afj(ﬁ) is bounded, in €, uniformly in i
and j.
Define the spectral density matrices £5(6), £2(6) and their eigenvalues )\fL ;(0) and A7 (0)

in the same way as X5(6) and )\zj ().

Proposition 1 Under Assumptions 1 through 4,
(i) there exists B¢ > 0 such that
X (6) < B*

for alln € N and 0 € [—m, w|. (Thus the &’s are idiosyncratic, see FHLZ, Section 2.2.)

(i1) There exists n® € N such that for n > n" and all § € [—7, 7],

”;()>a’f> "2()>a§>--->q()

X
> ay,

where the numbers a;‘ are defined in Assumption 3.

(iii) There exists B® > 0 such that A}, ,1(0) < B® for alln € N and ¢ € [-, n].

10



PROOF. The column and the row norm of £5(6) are
n o0 1
- < - < B2
2 27O < e Dol < B

by (2.7). On the other hand, the product of the row and the column norms, the square of the

column norm in our case, is greater or equal to the square of the spectral norm, see Lancaster

1

and Tismenetsky, p. 366, Exercise 11. As a consequence, setting B¢ = BQW,
ml=p

we
have )\fll(e) < B¢ for all n and 6.

Regarding (ii), 7 (0) = £X(0) + £5(0) implies that Anp(0) = X5 6(0) + 25 (6) (this is one of
the Weyl’s inequalities, see Franklin (2000), p. 157, Theorem 1; see also Appendix B in the

present paper). By Assumption 3,

Xap(0) _ Nip(0) + Xin(6)

X
" = n > Qs
for f=1,...,q,and, for f =2,...,q,
AZL(0)  NL(0) +A5,(0)  N,(0) BS Bt
nf(>§ s ) 1()§ nf()+fﬁﬁ}<_1+f<a}<_1,
n n n n n
if n > nX and such that BE < min (o — BY)
n f=12,...,q\Xy /-
For (iii), A, .11 < >\>r<b,q+1(9)+)\§ﬂ (6) (another Weyl inequality). On the other hand, Ay . ;(0) =
0 for all 8. The result then follows from (i). O

Proposition 2 Under Assumptions 1 through 4, The cross-spectral densities afj(ﬁ) POSSsess
derivatives of any order and are of bounded variation uniformly in i,5 € N, namely, there

exists AT > 0 such that
> 1of(0n) — oF;(6h-1)| < A7,
h=1

for alli,j,v € N and all partitions
—m=0<Ohh < - <O0,_1<0, =7
of the interval [—7, .

11



PRrROOF. Let h > 0 and denote by 'yfj ;, the covariance between &;; and &; ;.

oo oo 00 0o 00 0o =
DD Busabiswen| <D > BisBjsp"p" < p" Y 0% ) BisBjs < o'
k=0 s=1

k=0 s=1 k=0 s=1

"ij,h‘ =

by (2.6). If h < 0, %, ), = E(€&ja—n) = E(&ji&ie—(-n)) =5 _, In conclusion

Al

3
Vgl = P el

This implies that
1 (o.9]
_ £ _—1hf
Ufj(e) =90 E Vij,n€
h=—00

has all derivatives. Moreover,

o0

Z (_lh),yfj’heflhe

h=—0oc0

B2

1 < 372 ihph _
Tl =p?) = m(1—p?)(1 = p)?

T or

/
|05, (0)]

This implies bounded variation of afj(Q) uniformly in 4 and j. Bounded variation of JZX]-(O),
uniformly in ¢ and 7, is an obvious consequence of Assumption 2. The conclusion follows

from of;(0) = o5(0) + afj(Q). O

ij

2.2 Autoregressive representation of the y’s

In FHLZ we prove that, for generic values of the parameters c¢;r; and d;fy in (2.2), the
space spanned by uys;x, f = 1,2,...,q, K > 0, is equal to the space spanned by any
(¢ + 1)-dimensional subvector of x; and its lags. In other words, u; is fundamental for all the
(¢ + 1)-dimensional subvectors of x; (but not for all g-dimensional subvectors). Moreover,
we prove that generically the (¢ + 1)-dimensional subvectors of x; have a finite and unique
autoregressive representation (see Section 4.1, Lemma 3 in particular). Following FHLZ, we
use these genericity results as a motivation forassuming that any (g+1)-dimensional subvector
of x; and its lags spans the space spanned by the u’s and has a unique finite autoregressive

representation.

12



11,8250, 0q+1

Assumption 5 FEach vector x, = (Xist Xist = Xigyat), with iy <ig < -+ <igy1,

has an autoregressive representation
11,82, ylg+1 11,82, 0q+1 11,82, ylg+1
A 1sizdatd () xd R tatiy, (2.8)

where

(i) Atiz-ia+1 (L) is of degree not greater than S = qs1 + ¢*sa, A2ria+1(0) = T4,

(ii) R+t has rank q,

(iii) Representation (2.8) is unique among the autoregressive representations of order not
greater than S, i.e. if B(L)xil’lé""’iqul = Ruy, where the degree of B(L) does not exceed S
and B(0) = 41, then B(L) = A 2eta+1(L) and R = Rit2iat1,

An immediate consequence of Assumption 5 is that x; can be represented as in (1.6), that

is,
X1t Xg+2,t
2 3
Ay | | =R, A2 | Y | =R, L (2.9)
Xq+1,t X2(g+1),t

where the degrees of the polynomial matrices A*(L) do not exceed S. Moreover, the matri-
ces A¥(L) are unique among the autoregressive representations of degree not greater than S.
Writing A (L) for the (infinite) block-diagonal matrix with diagonal blocks A1(L), A%(L),...,
and letting R = (Rll, R? ... )/, we thus have

A(L)x: = Ruy. (2.10)

The upper n x n submatrix of A(L) and the upper n x ¢ submatrix of R are denoted
by A, (L) and R, respectively. If n = m(q + 1), so that the first m blocks of size ¢ + 1 are
included,

An(L)Xnt = Rnut. (211)

PZ: The block-diagonal structure of A,,(L) holds for every arbitrary partition of the indexes

1,2,...,n into blocks of size m. In other words, the choice of the partition is irrelevant. In

13



practical estimation, obviously, every partition could lead to slightly different results, a small
sample effect that vanishes asymptotically.
The following proposition is an immediate consequence of the fact that (2.10) is the

orthogonal projection of x; on its past values.

Proposition 3 Under Assumptions 1 through 5,

(i) Let A*(L)x: = R*vy, where degree(A*(L)) < S, then R* = RQ/, v = Qu¢, A*(L) =
A(L), where Q is a q X q orthogonal matriz.

(i) Let v = (ry --- r4) be the row of R, or of R+l corresponding to xit. Then
ry=cif(0) =cifo, f=1,...,q.

Let ¥, = A(L)x: = Ruy, let I";IL’ be the variance-covariance matrix of ¥,;, with eigenval-

ues ,ufl’j, in decreasing order.

Assumption 6 There exist real numbers a}’, f=1....q, ﬁ}’, f=0,....¢—1, and a

positive integer n¥ such that for n > nY,

)4 L )4
0

BY > Hnl s oW s gl s B2 s s gl s sl s gl > s s
n n n

Note that the eigenvalues ,“;I;f depend on the coefficients c;¢, see Proposition 3(ii), but
are invariant if R and u; are replaced by RQ’ and Qu; respectively.

We now show how (2.9), i.e. the matrices A¥(L) and (up to multiplication by an or-
thogonal matrix) R¥, can be constructed starting with the spectral density of the x’s. This
procedure leads to our estimator as explained in Section 3, with the population quantities

replaced by their estimates.

(i) The nested spectral density matrices £%(6), n € N, are known functions of the coeffi-
cients ¢;f s and d;f 5.

(ii) Denote by x¥ the k-th of the (g + 1)-dimensional subvectors of x; appearing in (2.9),
and call 2%(0) the (¢4 1) x (g + 1) cross-spectral density between X/ and x¥. Then,

denoting by I ;(k . the covariance between x{ and xF_,,

14



™

4 , )

Irh:=E (Xinf_s ) = / e*'TX, (0)do, (2.12)
—T

where 1 stands for the imaginary unit.

(iii) Using the autocovariance function sz s> We obtain the minimum-lag matrix polynomial

A*(L) and the variance-covariance function of the unobservable vectors

U =ADx, V=AY ... (2.13)
Indeed, letting A¥(L) =TI, — AYL — - — AKLS| define
Al = (A]f Af - A’é) , By= (Ffm o I‘zkz,5> (2.14)
and
F?k,o F;'(k,l T F;'(k,S—l
I‘Xk -1 ka 0 T ka S—2
ch=1 " o o (2.15)
F?k,—S+1 F;‘Ck,—S+2 T F;(k,o
We have
k -1 -1
Al = B (Cf) =Bj (Czk)ad det (C) (2.16)

where F,q denotes the adjoint of the square matrix F.

Assumption 7 There exist a real d such that
det Cf, > d >0,

for all k € N.

PZ: Non-singularity of the C}, is necessary for existence of the A However, we require a

slightly stronger condition to ensure that the Akl

are (uniformly) bounded, in norm, as n
and hence k diverge to infinity.

Now define Z; = A(L)x; and consider the following factor model for Z;:

¥; = Ruy
Q= A(L)E: (2.17)
Zt - \I’t + q’f.

15



Proposition 4 Let I‘S the variance-covariance matriz of ®p, = (L1 Doy -+ Ppy) and ,u:fj
its j-th eigenvalue. Under Assumptions 1 through 7 there exists B® > 0 such that ,uf;l < B?
for allm € N.

PROOF. Let )\;fj (0) be the j-th eigenvalue of the spectral density matrix of ®,;. We want
to prove that there exists C® > 0 such that A% () < C? for all n and 6. Because A&, (0)
is non-decreasing as n increases, for all § (see Forni and Lippi, 2001), we can assume that

n =m(q+ 1). The spectral density of ®,, is
A (e )5 (0) AL (),

where A, (L) (see equation (2.11)) has the matrices A*(L) on the diagonal. If a(f) is an

n-dimensional complex column vector such that a(f)’a(f) =1 for all 6, we have
(0 Ao (™5 (0) AL ()08 < X5, (0) (=(0)An(e ™)AL ()a0)) < XS, (B)X (0),

where /\‘14”(9) is the first eigenvalue of A,(e7?)A’ (¢'?), which is Hermitian, non-negative
definite. By Proposition 1 sup,, )\21(9) < Bf. Moreover, given the diagonal structure of
A (L), A (8) = supp_y g M (0) < suppen MY (6), where A (6) is the first eigenvalue
of A¥(e19)A¥ (). Assumptions 2 and 7 imply that SUPLeN )\{‘k (6) < D® for some D* >0
and all #. On the other hand,

AL (6) = supa(8)' A, (e )ES ()AL (¢*)a(d) < BED®,

the sup being over all the vectors a(f) such that a(6)'a(d) = 1.

Lastly,

™

gy = supbTyb = /

—T

(b'E2(0)b) df < / A2 (0)df < 27 BSD?,

—T

the sup being over all the n-dimensional column vectors b such that b’b = 1. O

Note that ®; and W¥; are orthogonal, a consequence of Assumption 1(i). In view of
Assumption 6 and Proposition 4, the model (2.17) is a special case of (1.3), with r = ¢ and
N(L) =1,.
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3 Estimation: asymptotics

Our estimation procedure follows the same steps as the population construction in Section
2.2, with the population spectral density of the x’s replaced with an estimator f)ﬁ(@) fulfilling
Assumption 9. Based on Forni et al. (2000), we obtain the estimator 33X(#) by means of the
first ¢ frequency-domain principal components of the z’s (using the first ¢ eigenvectors of
f)‘ﬁ(&)) Then the matrices f‘fk., P’;’(w C;‘k and A, (L) are computed as natural counterparts
of their population versions in Section 2.2. Lastly, estimators for R,, and u; are obtained
via a standard principal component analysis of Znt = A(L)xnt. Consistency with exact rate
of convergence (7, as defined in equation (1.8), for all the above estimators are provided in
Propositions 7 through 11.

Explicit dependence on the index n has been necessary in Section 2. From now on, it
will be convenient to introduce a minor change in notation, dropping n whenever possible.

In particular,
(i) £*(9) = (Ufj(e))i,jzl,...,n and A%(0) replace X7 (0) and A7 ((0), respectively.
(i) A®(0) denotes the g x ¢ diagonal matrix with diagonal elements A%(0).

(iii) P?*(#) denotes the nx ¢ matrix the g columns of which are the unit-modulus eigenvectors
corresponding to X*(#)’s first ¢ eigenvalues. The columns and entries of P*() are
denoted by P%(6) and p{;(0), respectively.

(iv) ¥X(0) = (szj(@))i,jzl,...,n’ )\35(6), AX(0), PX(0), £¢(0), etc. are defined as in (i).

(v) All the above matrices and scalars depend on n; the corresponding estimators,

A ~ ~ ~ A~

£2(0), Aa(6), A®(6), P*(6) and BX(9), X¥(9), Ax(8), PX(9)

(precise definitions are provided below) depend both on n and the sample x;, i =

1,...,n,t=1,...,T. For simplicity, we say that they depend on n and T'.

(vi) The same notational change applies to T} and related eigenvalues and eigenvectors.
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(vii) A(L) and R, denoting the upper left n x n and n x ¢ submatrices of A(L) and R,
respectively, are used instead of A, (L) and R,,; A(L) and R stand for their estimated
counterparts.

(viii) To avoid confusion, however, we keep explicit reference to n in Xp¢, Xnt, Znt €tc.,

~

with estimated counterparts of the form X.:, Z.:, etc.; thus, we write, for instance,
Zyi = A(L)xp: = Ruy + @,y

(ix) Lastly, if F is a matrix, we denote by F the conjugate transposed of F and by ||F|| the
spectral norm of F (see Appendix B).

3.1 Estimation of ¥ (0)

The following definition, coined by Wu (2005), generalizes the usual measures of time depen-

dence for stochastic processes.

Definition 1 Physical dependence. Let €; be an infinite-dimensional i.i.d. stochastic vector
process and let

Zt = F(Et,ﬁt_l, . .),

where F : [R x Rx]--- — R is a measurable function. Let € be an infinite-dimensional
stochastic vector with the same distribution as €;, such that €* and €; are independent for all

t. Assume that z; has finite p moment for p > 0. For k > 0 define

67 = (E(IF(ers . €01, -..) = Flers... €% ec1,..) ).

Assumption 8 There exist p, A, with p > 4, 0 < A < oo, such that

E(lupl) <A, E(nal?) < 4, (3.1)
forallieNand f=1,...,q.

The main result of the section, that the estimate of the cross spectral density between ;¢
and z;; converges uniformly with respect to the frequency and to ¢ and j, see Proposition 6,

requires the following results on the p-th moments and the physical dependence of the x’s.
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Proposition 5 Under Assumptions 1 through 8, there exist p1 and A1, 0 < p1 < 1 and

0 < Ay < o0, such that

E(lzal’) < A1, 0 < Ayph, (3.2)
for all i € N.

1 1 1 1
PROOF. For the first inequality, (E (|z|P))? = (E (|xit + &t|P))? < (B (|xi|P))?+(E (|€i]?))»
by the Minkovski inequality. Then, again using the Minkovski inequality, condition (2.3) and

Assumption 8,

S =

=

p > 0o 00
)) <D (E(1Bisknsi—rk)?)
SZD&M\E(WH ) < Zkz op <ApBlp

An analogous inequality can be obtained for the common components, using Assumption 2

-
H

and the first of inequalities (3.1). The conclusion follows.

As regards the second inequality, for & > 0,
o
‘Eik - fl*k = Zﬂis,k(”sk - 77:)7
s=1

where £, has the same definition of &;, with 7y replaced by n;. Then, using the Minkovski

inequality, condition (2.3) and Assumption 8,

({5

1 1
< kast (Insk —m2)IP))» < p*2BA».

1)

)) < ST (B (Bis o —m)P))?

s=1

An analogous inequality can be ontained for the common components, using Assumption 2

and the first of inequalities (3.1), with p replaced by ¢!, ¢ being defined in Assumption 2.
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Then: ) )
o) = (Blaa — l?)> = (B (1 = i) + (€ — €))7 )
1 . 1
< (B (Ixat — xaD)P) e + (B (1 — &:DP)»
_ 5}[3}(}#} + 5[6%]‘
The conclusion follows. O

Consider now the lag-window estimator of the spectral density X (6):

1 = k
BT (P) = — K(— e .
=5 3 () (33
where ', = % Z?z\k\ﬂ XXy k|-

Assumption 9 (i) The kernel function K is even, bounded, with support [—1,1]. More-
over, (1) for some r > 0 it satisfies limy—o |K(u) — 1| = O(|z]"), (2) [*2 K?*(u)du < oo,
(3) 22 ez sup|s—ji<1 [ K (jw) — K(sw)| = O(1) as w — 0.

(ii) For some c1,co >0, § and § such that 0 < < d <1< §(2k+ 1),

a1 T? < By < eoT°.

Proposition 6 Under Assumptions 1 through 9, there exists C > 0, independent of i and
7, such that

E <}1£n<aé< ‘a ) — a%(@}i)f) < C (T 'BrlogBr), (3.4)

where 0} = wh/Br, for all T € N.
See Appendixz A for the proof.

3.2 Estimation of o;(¢) and 75,

Our estimator of the spectral density matrix of the common components x,: is the Forni et
al. (2000) estimator
$X(6y,) = P=(0),)A%(6,) P ().
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Proposition 7 Under Assumptions 1 through 7,

|}{|Il<aé{ ‘O—U (Hh) o sz (Hh)‘ = OP (CnT)

where 0; = wh/Br, as T — co and n — oo.
See Appendix B for the proof.
Our estimator of the covariance 'szjz of xi+ and x;¢—¢ is, as in Forni et al. (2005),

Ao = Z et hJU (05), (3.5)
\h|<BT

where 0} = 7h/Br. Recalling that

we have
A~ 7-‘- */\ *
95,0 = 150l < o D (e (65) — ok (67)]
T hl<Br
Z et hO'Z] (07) / elwax(H)dH
W<BT -
ﬂ- A
< B Z 1635(65) — o5(03)]
T hi<Br

4 0y 17
5 D gy IR, € ok (05) — o (0)]
T \h<By 1=

B "
< 0 + = Z gyl
< 7 max |635(6%) — o5(03)] 5 e 0*711113(%02 le e

— 0r) — X (6
+B |h|§; o 11nS6’<9* ‘O’ ( h) O-Zj( )|
<7 manga (07) — 035(65)]
+71T373 Z (|€lf6’271 B 61125;;71| + |6leeh L 61@0;71”
Q * N)* Nk *
t5- Y (o} Oh-1) = oS5O -1) + 0565 -1) — o5 (07)]),

(3.6)

21



where: (a) B is the bound in Proposition 1(i), (b) 52_1 and 6% | are points in the interval

[0h_1,05] where the functions of 0, | — Y| and 0;;(0F) — 04;(0)|, respectively, attain a

L6 X

is of bounded variation, while the functions o (6)

maximum. Of course, the function e' i

are of bounded variation by Assumption 2, so that the second and third terms are (1/Br).

Using Proposition 7 we obtain that ]’)/ZXM - ’yixj’A is Op (Cur) + O(1/Bry).
Assumption 10 The lower bound § in Assumption 9 must satisfy § > 1/3.
Proposition 8 Under Assumptions 1 through 10, for each £ > 0,
1955 ¢ = V5.0l = Op (Car) 5 (3.7)

as T — oo and n — oo.

3.3 Estimation of A’“(L) and I‘}ﬁk

Under our assumptions, the common component satisfies the block-diagonal vector autore-
gression (1.5) of finite order. If the x; were observed, estimation by OLS would be appropriate.
However, although we do not observe the x;, we do have (consistent) estimates of their au-
tocovariance function. This leads to the Yule-Walker estimator of both the autoregressive
coefficients as well as of the one-step ahead innovation covariance matrix. The definition of

the estimators A¥and f‘;l’k is straightforward from (2.14), (2.15) and (2.16).
Proposition 9 Under Assumptions 1 through 10,
IAM — AW = Op (¢ra)  and |0, =T, = Op (Gur)

as T — oo and n — oo.

See Appendix C for the proof.
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3.4 Estimation of R and u;

We start with Z,; = ¥,,; + ®,;, = Ru; + ®,,;. The covariance matrix of ¥,,; is
RR = P\IIAQ,I)P\II/ _ P\II(A‘I!>1/2(A\I/)1/2P\I//7

where AY is ¢ x ¢ with the non-zero eigenvalues of RR’ on the main diagonal, while
PY is n x ¢ with the corresponding eigenvectors on the columns. Thus we have the

representation

Z,; =P" (A\y)lmvt + @, = Rvy + @y,

say, where v; = Hu,, with H orthogonal. Note that, given i and f, the entry (i, f)
of R depends on n, so that the matrices R are not nested; nor is v, independent of
n. However, the product of each row of R by v, yields the corresponding coordinate
of ¥,; and is therefore independent of n.

Our estimator of R = P¥(A¥)/2 is R = P?*(A*)Y/2, where P* and A* are the
eigenvectors and eigenvalues, respectively, of the empirical variance-covariance matrix
of Z,; = A(L)xm, that is, x,,; filtered with the estimated matrices A(L) This, as
already observed, is the reason for the complications we have to deal with in Appendix

D.

Proposition 10 Under Assumptions 1 through 10,
IR = RiW?|| = Op(Gur),

as T — 0o and n — oo, where R; is the i-th row of R, and W* is a q X ¢ diagonal

matriz, depending on n and T', whose diagonal entries equal either 1 or —1.

See Appendix D for the proof.

Let us point out again that the i-th row of R depends on n. Therefore, Propo-

sition 10 only states that the difference between the estimated entries of R and the
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entries of R converges to zero (upon sign correction), not that the estimated entries
converge. Now suppose that the common shocks can be identified by means of econom-
ically meaningful statements. For example, suppose that we have good reasons to claim
that the upper ¢ x ¢ matrix of the “structural” representation is lower triangular with
positive diagonal entries (an iterative scheme for the first ¢ common components).
As is well known, such conditions determine a unique representation, denote it by
Z, = R'u; + ®;, or Z,; = R*u; + ®,;, where the n x ¢ matrices R* are nested. In
particular, starting with Z,; = Rv; + ®,,;, there exists exactly one orthogonal matrix
G(R) (actually G(R) only depends on the ¢ X ¢ upper submatrix of R) such that
R* = RG(R). Thus, while the entries of R depend on n, the entries of RG(R) do
not.

Applying the same rule to R we obtain the matrices R* = 7AQG(7A2) It is easily seen
that each entry of R* (depending on n and T') converges to the corresponding entry
of R* (independent of n and T') at rate (ry.

Lastly, define the population impulse-response functions as the entries of the n x
¢ matrix B(L) = A(L)"'R* and their estimators as those of B(L) = A(L)"'R*.
Denoting by Bis(L) = Biso+Bis1L+--- and Bi(L) = Biso+Bis1L+- - -, respectively,
such entries, Propositions 9 and 10 imply that |f3Z #k— Birk| = Op(Cur) for all 4, f and
k.

An iterative identification scheme will be used in Section 4 to compare different
estimates of the impulse-response functions.'

~1/2 namely,

Our estimator of v; is simply the projection of Z, on ISZ(AZ)

¥, = ((Az)lﬂpz’pz([\z)l/?)—l(_fv)mpzlzt _ (AZ)—I/QPz/Zt'

For that estimation ¥, we have the following consistency result.

LAll just-identifying rules considered in the SVAR literature can be dealt with along the same lines,

see Forni el al. (2009).
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Proposition 11 Under Assumptions 1 through 10,
||‘7t - WthH = Op(Cur),

as T — oo and n — oo, where W* is a q X q diagonal matriz, depending onn and T,

whose diagonal entries equal either 1 or —1.

See Appendix E for the proof.

4 A simulation exercise

In the present section we evaluate the performance of the methods studied in the present
paper, referred to as FHLZ. We focus on (i) estimation of impulse response function,
(ii) estimation of structural shocks and (iii) 1-step-ahead forecasts. Regarding (i) and
(ii), we compare FHLZ with model (1.3), which has been studied in Forni et al. (2009)
and is referred to as FGLR. As regards (iii), the results of FHLZ are compared to the
method in Stock and Watson (2002a), referred to as SW. Let us recall that both FGLR
and SW assume the existence of a static factor representation. We generate artificial
data according to two simple models: (I) a dynamic factor model with no static factor
representation (so that neither FGLR nor SW are consistent) and (II) a model having

a static factor representation (under which all methods are consistent).

4.1 Data generating processes

We consider the following data generating processes.
Model I (with no static factor representation)

Tip = a; (1 — ailL)ilult +ap (1 — Oéi2L)71U2t + &t
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We generate uj;, j = 1,2 and &, ¢ = 1,...,n, t = 1,...,T as Gaussian, unit vari-
ance, independent variables; a;; as independent variables, uniformly distributed on
the interval [—1, 1]; aj; as independent variables, uniformly distributed on the interval
[—0.8,0.8].

Estimation of the shocks and the impulse-response functions requires an identifica-
tion rule. Our exercise is based on a Choleski identification scheme on the first ¢ vari-
ables. Precisely, denote by B,(0) the matrix with b;¢(0), i =1,2,...,q, f =1,2,...,¢,
in the (i, f) entry, and H be the lower triangular matrix with positive diagonal en-
tries such that HH' = b,(0)b,(0)’. Then the “structural” shocks, denoted by u}, and
the impulse-response functions, denoted by b#(L), are b(L) = b;(L)B,(0)"'H and
u; = H'B,(0) u,.

Model II (with static factor representation)
Ty = AaFu+ApFo + -+ X B+ &a
Ft = DFt,1 + Kut.

Here F; = (Fy; ... Fp) and uy = (ugy ... ug)’, Disr xrand K is r x ¢. Again, uj,
j=1,....,qand &;,i=1,...,n,t=1,...,T are Gaussian, unit variance, independent
white noises. Moreover, Ap;, h = 1,...,r, i« = 1,...,n and the entries of K are

independently, uniformly distributed on the interval [—1,1]. Finally, the entries of D
are generated as follows: first we generated entries independently, uniformly distributed
on the interval [—1,1]; second, we divided the resulting matrix by its spectral norm
to obtain unit norm; third, we multiplied the resulting matrix by a random variable
uniformly distributed on the interval [0.4,0.9], to ensure stationarity while preserving
sizable dynamic responses. Precisely, b;(L) = X\;(I — DL)™'K, X, being the 1 x r
matrix having \;, as its (i, h) entry. To identify the “structural” shocks u; and the
corresponding impulse response functions b} (L)(L) we impose a Cholesky identification

scheme on the first ¢ variables as in Model I.
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4.2 Estimation details and accuracy evaluation

Let b;(L) = Y peo bl L* be the i, f entry of by(L). Our target is estimation of b},
i=1,...,n, f=1,...,¢,k=0,...,Kand u}y, f=1,...,q, t =1,...,T, as well as
forecasting of x;741,1=1,...,n.

The structural impulse response functions and the structural shocks are estimated
by the FHLZ method and the FGLR method. For FHLZ, the number of lags for each
q + 1-dimensional VAR is determined by the BIC criterion. The contemporaneous and
lagged covariances of the common components needed to compute the VAR coefficients
are estimated by the FHLR (2000) dynamic principal component method, with lag
window T'3. As regards FGLR, we estimate a VAR for the principal components of
the data. The number of principal components is either assumed known or determined
by Bai and Ng’s ICy criterion, the number of lags is determined by the BIC criterion.
The number of structural shocks is assumed known: such condition is obviously needed
when estimating the structural shocks and impulse response functions. Identification
is obtained by imposing the Cholesky scheme above.

Regarding prediction, FHLZ forecasts are computed by filtering the estimated
shocks with the estimated impulse response functions.? The number of structural
shocks is no longer assumed known. Rather, it is estimated by using Hallin and Liska’s
(2007) method.? SW forecasts are obtained by regressing the z’s onto either the lagged
principal components and the lagged z’s (just the first lag), or the lagged principal
components alone. The former method correspond to the original Stock and Wat-

son’s (2002a) method; the latter is motivated by the fact that in both of the models

2When averaging over different re-orderings of the variables, we compute the average after filtering,

rather than applying the average of the filters to the average of the shocks.
3We used the log criterion I Cg:n with penalty function p; and lag window equal to v/T'. The “second

stability interval” was evaluated over the grid n; = Round(3n/4 + jn/40),T; =T, j =1,...,10.
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above the idiosyncratic components are serially uncorrelated. The number of principal
components is determined with Bai and Ng’s IC), criterion.

The estimation error for the impulse-response functions is defined as the normalized
sum of the squared deviations of the estimated from the “structural” impulse response
coefficients. Precisely, let Z;;‘fk be the estimated impulse-response coefficient of variable
i, shock f, lag k: the estimation error of the impulse response functions is measured
by

. 2
Sy e T (Bipn = biga)
DI/ D DA (/LI

The truncation lag K is set to 60. Similarly, denoting with @}, the estimate of u},, the

estimation error of the “structural” shocks is measured by

T ~ % % )2
2;21 > i (uft - uft)
T / = :
S

Finally, the accuracy of the forecast is measured by the sum of the squared devi-

ations of the forecasts from the unfeasible forecasts obtained by filtering the true

structural shocks with the true structural impulse response functions, i.e. zl. o=

o1 25:1 W1 Again, we normalize by dividing by the sum of the squared

targets:
. 2
Z?:l (:CiTJrl - xf}ﬂ)
Z?:l(szT—o—l)z

Model I is evaluated for different sample size combinations, with n = 30, 60, 120, 240

and T = 60, 120, 240, 480. Model II is evaluated for a fixed sample size with n = 120
and T" = 240, but different configurations of ¢ and r, i.e. r =4,6,8,12 and ¢ = 2,4, 6,
r > q.* For each couple (n,T), Model I, and (r, ¢), Model II, we generate 500 data sets
and compute the average MSE.

4We impose r > ¢ since for the case r = ¢, method FHLZ, the regressors of the ¢ + 1-dimensional

VARs are asymptotically collinear.
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4.3 Results

Table 1 reports results for the impulse response functions and structural shocks, Model
I. PZ: Recall that the asymptotic properties of the estimates are independent of the
particular partition adopted to constuct the (g + 1)-dimensional blocks. To mitigate a
finite-sample effect that could arise, we average the results across several partitions. It
turns out that the results quickly stabilize by considering a limited number of partitions.
We present the results corresponding to the average across a number of partitions
equal to 30. The upper panel reports results for method FHLZ without averaging over
different partitions of the variables in the data set, whereas the central panel reports
results for FHLZ when averaging.

The static factor estimates (lower panel), despite being theoretically inconsistent,
approach the target as n and T get larger. The estimation error of both response
functions and shocks reduces by over 70% when passing from the smallest to the largest
panel. Indeed, the number of estimated static factors increases with n and 7', so that
the static model better approximates the theoretical model.® As expected, for large
n and T the performance is comparable to FHLZ without averaging, but for small
samples the error is larger, particularly for impulse response functions. FHLZ with
averaging dominates the static method for all n-T" configurations. For small samples,
the error of the estimated impulse response functions is about 30-35% smaller.

Forecast results (Table 2) are very similar. Not surprisingly, the SW method (cen-
tral and lower panels) performs better when lagged z’s are not included among the
regressors, owing to the fact that the idiosyncratic components are serially uncorre-
lated. Indeed, we are comparing forecasts of the common components of the z’s, i.e.

the x’s, rather than the z’ themselves. FHLZ forecasts (with averaging) over-performs

5The average 7 is 2.01 for n = 30,7 = 60 and 4.00 for n = 240, T = 480.
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Table 1: Model I, estimated impulse response functions and structural shocks. Average
normalized MSE across 500 generated data sets with different size. For the static method,

the number of static factors is determined by Bai and Ng’s ICp criterion.

Impulse response functions Structural shocks

T 60 120 240 480 60 120 240 480

n method FHLZ, no averaging

30  0.456 0.321 0.235 0.167 | 0.465 0.362 0.293 0.247
60 0.424 0.301 0.223 0.168 | 0.366 0.281 0.225 0.191
120 0.426 0.294 0.211 0.148 | 0.345 0.241 0.181 0.139
240 0.415 0.299 0.232 0.150 | 0.314 0.232 0.189 0.126

n method FHLZ, averaging

30  0.369 0.259 0.191 0.122 | 0.387 0.308 0.261 0.209
60 0.338 0.250 0.183 0.122 | 0.306 0.247 0.200 0.155
120 0.332 0.242 0.178 0.125 | 0.271 0.209 0.168 0.131
240 0.337 0.245 0.181 0.126 | 0.264 0.198 0.156 0.117
n static factor method (FGLR)

30  0.542 0.445 0.375 0.328 | 0.456 0.372 0.301 0.256
60 0.511 0.421 0.313 0.250 | 0.374 0.300 0.215 0.178
120  0.507 0.396 0.246 0.153 | 0.353 0.272 0.199 0.133
240 0.493 0.324 0.233 0.155 | 0.341 0.255 0.197 0.123

SW for all n-T' configurations, with an improvement ranging from 30 to 40%.% Observe

that here we no longer impose the correct ¢, but estimate it with Hallin and Likska’s

SFHLZ without averaging, not reported here, performs better than SW , consistently with results

in Table 1.
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Table 2: Model I, 1-step-ahead forecasts. Normalized sum of square deviation from the pop-
ulation forecasts: average across 500 generated data sets with different size. For the dynamic
method, the number dynamic factors is determined by Hallin and Liska’s log criterion. For

the static method, the number of static factors is determined by Bai and Ng’s IC) criterion.

T=60 T=120 T =240 T =480

method FHLZ

n =30 0.575 0.424 0.378 0.297
n = 60 0.494 0.360 0.285 0.204
n =120 0.449 0.321 0.247 0.161
n =240 0.430 0.301 0.222 0.141
static factor method (SW), with lagged x’s

n = 30 1.060 0.699 0.650 0.523
n = 60 0.932 0.648 0.551 0.403
n =120 0.867 0.592 0.430 0.266
n =240 0.871 0.545 0.363 0.226

static factor method (SW), no lagged x’s

n = 30 0.898 0.693 0.667 0.572
n = 60 0.790 0.640 0.549 0.430
n=120 0.734 0.556 0.400 0.253
n =240 0.716 0.460 0.322 0.211

(2007) criterion, so that both forecasts in the upper an central panels are feasible.
Table 3 shows results for Model II, estimation of the structural impulse response

functions and shocks. Here both FHLZ and FGLR are consistent. FHLZ (with av-

eraging, upper panel) outperforms FGLR for almost all r-¢ configurations. In the
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present model, Bai and Ng’s criterion underestimates the number of factors.” Hence,
we computed the (unfeasible) FGLR estimation obtained by imposing the correct r
(lower panel), to see whether the above result can be ascribed to underestimation of r.
For r = 4, FGLR performs remarkably better (and better than FHLZ) when impos-
ing the correct number of factors; but this is no longer true for larger r, particularly
when estimation of the structural shocks is concerned. For instance, with r = 12,
underestimation of r improves estimation of the shocks rather than worsening it.
Forecasts errors, reported in Table 4, confirm the above result. FHLZ performs
better than SW for most r-q configurations, with the exception of ¢ = 2, r = 8,12, for
which results are similar. The forecast error is considerably smaller for ¢ = 6 (about

25%).

5 Conclusions

An estimate of the common-components spectral density matrix X is obtained using
the frequency-domain principal components of the observations x;;. The central idea
of the present paper is that, because X has large dimension but small rank ¢, a
factorization of £X can be obtained piecewise. Precisely, the factorization of Bx only
requires the factorization of (¢4 1)-dimensional subvectors of x;. Under our assumption
of rational spectral density for the common components, this implies that the number
of parameters to estimate grows at pace n, not n?.

The rational spectral density assumption has also the important consequences
that x; has a finite autoregressive representation and that the dynamic factor model
can be transformed into the static model z, = Rv; + ¢;, where z, = A(L)x;. We

construct estimators for A(L), R and v; starting with a standard non-parametric es-

"On average, 7 is smaller than r for all n and T configurations.
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Table 3: Model II, estimated impulse response functions and structural shocks. Average
normalized MSE across 500 generated data sets with different configurations of static and
dynamic factors. For the static method, the number of static factors is determined by Bai

and Ng’s IC) criterion.

Impulse response functions Structural shocks
r 4 6 8 12 4 6 8 12

q method FHLZ

2 0.126 0.115 0.125 0.108 | 0.170 0.117 0.120 0.100
4 0.119 0.106 0.083 0.245 0.148 0.091
6 0.097 0.102 0.229 0.152

method FGLR, r determined with 1C)

2 0.138 0.128 0.138 0.126 | 0.208 0.136 0.137 0.129
4 0.107 0.117 0.091 0.237 0.165 0.109
6 0.092 0.114 0.220 0.167

method FGLR, r assumed known
2 0.100 0.119 0.125 0.106 | 0.159 0.146 0.157 0.149
4 0.103 0.105 0.090 0.217 0.165 0.125
6 0.090 0.114 0.215 0.179

timator of the spectral density of the x’s. This implies a slower rate of convergence

/2 However, in Section 3, we prove that our estimators

as compared to the usual 7'~
for A(L), R and v; do not undergo any further reduction in their speed of convergence.

The main difference of the present paper with respect to previous literature on
GDFM’s is that although we make use of a parametric structure for the common

components, we do not make the standard, but quite restrictive assumption that our
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Table 4: Model II, 1-step-ahead forecasts. Normalized sum of square deviation from the
population forecasts: average across 500 generated data sets with different configurations
of static and dynamic factors. For the dynamic method, the number dynamic factors is
determined by Hallin and Liska’s log criterion. For the static method, the number of static

factors is determined by Bai and Ng’s ICpo criterion.

r=4 r=6 r=8 r=12
method FHLZ
g=2 0436 0423 0.379 0.387
q=4 0.358 0.378 0.345
q=6 0.365 0.386

static factor method (SW), no lagged x’s
g=2 0.530 0.534 0.374 0.375
q=14 0.372 0.426 0.390
qg==6 0.472 0.522
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dynamic factor model has a static representation of the form (1.3). Section 4 provides

important empirical support to the richer dynamic structure of unrestricted GDFM’s.
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Appendix

A Proof of Proposition 6

)

Summing and subtracting E(67;(0;;)) within the absolute value into £ (maX|h|§ By ‘&f”j (03) — of:(6)

2).

and re-arranging, gives

2) +( max |E6%(05) — oF (65)

|h|<Br

E ( max ‘6;’3(92) — 0%(02)

|h|<Br

2> <E ( max |62 (6)) — E6%(6;)

|h|<Br

The result follows by deploying Theorem 5 of Wu and Zaffaroni (2014) with v* = 1
to the first term on the right hand side. In fact the second term on the right hand
side, the squared bias, turns out to be of smaller order since, by the smoothness of the
0;(0), then by standard arguments (see for instance Theorem 4.10 of Hannah (1970))
Max(|< By ‘E&%(@Z) —o5(0r) 2= O(B7*") = O(T~2%). This term goes to zero faster

than O(BrlogBr/T) whenever 1 < 6(2k +1). Q.E.D.

B Proof of Proposition 7

The proof below closely follows Forni et al. (2009). Denote by p;(A), j =1,2,...,s,
the (real) eigenvalues, in decreasing order, of a complex s x s Hermitian matrix A,
and by ||B|| = 1/u1(BB) the spectral norm of an s; X s, matrix B. The norm ||B|
coincides with the Euclidean norm of B when B is a column matrix and is equal to
|1 (B)| when B is square and hermitian. Recall that, if By is s; X so and By is s9 X s3,
then

IB.B|| < |[By][Bs). (B.1)

We will use of the following inequality: for any two s x s Hermitian matrices A; and

A2>
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i (AL + Az) — i (A1) < [[Aqf, j=1,....5. (B.2)

This is an obvious consequence of the Weyl’s inequality 11;(A1+As) < (A1) +p1(A2)
(Franklin, 2000, p. 157, Theorem 1).

The proof of Proposition 7 is divided into several intermediate propositions. Let

a; < ag < --- < apr be integers, and put M = {ay, as, -+ ,ap}. Denote by Sy the n x

M matrix with 1 in entries (a;, j) and zero elsewhere, and define pr = T'/Brlog Br.

As most of the arguments below depend on equalities and inequalities that hold for

all § € [—7 7], the notation has been simplified by dropping 6. Moreover, properties

holding for max,<p, F(0), where F' is some function of §, are often phrased as holding

for F uniformly in 0. Lastly, all lemmas in this Appendix hold, and are proved under

Assumptions 1 through 10.

Lemma 1 AsT — oo and n — oo,

(i) maxip<p, n ' |ET = 7 = Op(pp'"?);

(ii) given M, maxpu<p, n~ /2| S4(£7 — )| = Op(p7"*);
(iit) maxip<p, 0|57 = £X|| = Op(max(n~, p7'*));

(iv) given M, maxyy<p, n~/2||S34(£7 = £9)|| = Op(max(n™/2 pp'"*)) = Op (Gur)-

PROOF. Since

(8 = 57)(57 - £7)) < trace((57 — 27)(8 > 16

=1 j=1

_ 2 2
n” mex ZZ\%—W <n ZZ”{{% 5% = ol

=1 j5=1
statement (i) follows from (3 4) see Proposition 6, and Markov inequality. Because

trace(Sp (27 — =) (& - 5 )Sm) =Y Z 6%,

ieEM j=1

Because

statement (ii) follows in the same way. As regards (iii), £% = SX+X¢ implies 7 -2 =
$* — ¥ + B¢ so that, by the triangle inequality for matrix norm, Hf}"’ - XX <
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£ — B[] + ||£¢||. The statement follows from (i) and the fact that |6 = A$ is

bounded. Statement (iv) is obtained in a similar way, using (ii) instead of (i). O

Lemma 2 AsT — oo and n — oo,

(i) maxp<p, n* 5\3% — )\}‘ = Op(max(n_l,p;lﬂ)) for f=1,2,...,q;
(ii) Letting
S T PR B T PYEN
n(AX)~!  otherwise, n(A®)~!  otherwise,

max|y<p; 0 ||AX]] and max, <, |GX|| are O(1), maxp <, n_1||1A\”"|| and max|,|<p;, ||Gx]\

are Op(1);

PROOF. Setting A; = ¥X and Ay = £ —¥X, (B.2) yields |5\§§—)\3§| < ||£= —=X||; hence,
statement (i) follows from Lemma 1 (iii). Boundedness of n~!||AX|| and |GX||, uni-
formly in 6, is a consequence of Assumption 3. Boundedness in probability of n=||AZ||

and ||G?||, uniformly in 0, follow from statement (i). O

Lemma 3 AsT — oo and n — oo,
(i) maxjp<p, n~|PXPTAT — AXPXP?|| = Op(max(n~', p;'/?));
(ii) max < g, [PTPXPXPT — || = Op(max(n", p7"/?));
(iii) there exist diagonal complex orthogonal matrices W, = diag(wy Wy --- 1b,),
lw;]? =1, j =1,...,q depending on n and T, such that max,<p, ||1§xpx - W, || =
Op(max(n~t, p;'/?)).
PROOF. Using inequality (B.1) and |PX|| = ||[PX| = 1, |[PXP7A® — AXPxP*|| =
|Px(£* — £X)P|| < ||£® — £X|. Statement (i) thus follows from Lemma 1 (iii).
Turning to (ii), set

a=PrPXPDr, b= [PrPPDe| nIAeGr = PP PP AT G,

A~

c — P*PX [n—lef:xfw] G — [n—lfwzxfsw] G* d= [n—lfmzzpr} G = n ARG

40



and f = I,: we have

|

Using Lemma 2, statement (i), and the boundedness in probability, uniformly in 6,

of |P*Px||, |G*| and |P*PXPXP?|, all terms on the right-hand side of inequality

P PXPXP? — I || < |la—b| + ||b—c| +]|c—d|+||d— f]. (B.3)

(B.3) can be shown to be Op(max(n~, p}lﬂ)), uniformly in 6.

As regards (iii), note that, from statement (i), n’lf’iPz‘(Az—S\‘fL) = Op(max(n~!, pp~1/?)).
Assumption 3 (asymptotic separation of the eigenvalues A¥(0)) implies that, for h # k,
f’ﬁPﬁ = Op(max(n~', pr~'/?)). Moreover, from statement (i), Y2%_; |1§’;”LP3§\2 -1=

Op(max(n~', pp~/?)). Therefore
PiPYP — 1= (P;P}| — D(PXPE| + 1) = Op (max(n~", pr~'/%)).

The conclusion follows. O
Note that Lemma 3 clearly also holds for n~t||P*PXAX—A*P=Px||, [PXP*PPx — L
and |PXP* —W,||.

Lemma 4 Given M, as T — oo and n — oo,

max [[Syy(PX(AY)'*W, — P*(A")'2)|| = Op (Gur). (B4)

|h|<Br

Proor. We have

ISM(PX(A)'2W, = P (AT) )| < [[Spa(n!PPYW, — 0 ZP7) (0 AX) 12|

+|SMP (0 (W) = T2 (R) ).
By Lemma 2 (i), thus, we only need to prove that
|n' 283 PYW, — n'/2Sy, P?|| = Op(max(n~"2 pr~1/2)).
Firstly, we show that, uniformly in 6,
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In'/2S3,PX|| = O(1). (B.5)

Assumption 2 implies that o = Z;]le )\}<|p§‘f|2 = O(1), uniformly in 6. As all the
terms in the sum are positive, A¥|p}s[* = (A\j/n)n|p)y|* also is O(1), uniformly in 6.
Assumption 3 implies that A}‘ /n is bounded away from zero uniformly in 6, so that
n|p}y|* must be O(1), uniformly in . Hence, the eigenvalues of nSjPXPXSyy are O(1)
uniformly in 6; (B.5) follows. Next, define

g = n'/2Sy, PX [Wq} : h = n'/28;,PX [13"15:”] = n'/2S3 PX[PXP*A® /n](A" /n) Y,
i = n'2SyPY[(AY/n)PXPTI(AT /n) ™t = [0V 2S,EXPT (AT /),
and L )
j = [nV2SuETPE (AT /n) "t = n'/2S5, P2,

Using (B.5), Lemma 3 and Lemma 1 (iv), we obtain that ||g — h|| and ||h — i|| are
Op(max(n~ pr=1/2)), while ||i — j|| is Op(max(n=2 pr~1/2)); the result follows. [

Note that the eigenvectors PX are defined up to post-multiplication by a complex
diagonal matrix with unit modulus diagonal entries. In particular, using the eigen-
vectors IIX = PXW,, (B.4) would hold for TTX(AX)/2 — Pr(A7)1/2. For the sake of
simplicity, we avoid introducing a new symbol and henceforth refer to the result of

Lemma 4 as

max [[Si(P (W) = PE(A%)2) | = Op(max(n 2 pr ). (B6)

In the same way, the result of Lemma 3(iii) will be referred to as
[BePY — 1,|| = Op(max(n ™, pr ).

Proposition 7 now follows from the fact that BX = f’x[\xf’x and X = PXAXPX,
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C Proof of Proposition 9

Firstly, note that, as the last term in (3.6) contains
Br
G 10 100
e max |e "% —e |,
D S
S

1 as<O0<Bs

=—Br+
convergence in (3.7) is not uniform with respect to £. However, estimation of the matri-
ces BY and C;(k only requires the covariances 4;;, with £ < S, where S is finite. There-
fore, Proposition 8 implies that |BY —BY|| and ||C;<k — C}, |l are Op(max(n~'/2 o).
From (2.16), applying (B.1),

¥ — AM < [BEICE) ™ ~ (O I+ 1B} = B () I

By Assumption 2, |BY|| < W for some constant W > 0, so that ||B)|| is bounded in
probability. By Assumptions 2 and 7, || (CY) ™" || < W; for some W; > 0. Observ-
ing that the entries of (C),)”" are rational functions of the entries of C),, and that
det (CY,) > 0 by Assumption 7, Proposition 8 implies that [[(C})! — (C.) ™" | is
Op(max(n=1/2 p7/%)). Thus |AK — AW is Op(max(n=12 p7/%)). As regards f‘fk,
using (B.1),

|AVIEN AN~ AVIC AN < RGN - A+ AVIE), - CllIAY)
AV - AU |Cy AN,
The conclusion follows. Q.E.D.

D Proof of Proposition 10

Consider the static model Z,; = Rv; + ®,;. If Z,;, = A(L)x,; were observed, i.e. if
the matrices A(L) were known, then Proposition 10, with an estimator of R based on

the empirical covariance I'* of the Z,;, would be straightforward. However, we only
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have access to Z,; = A(L)xt and its empirical covariance matrix IA‘Z, which makes the
estimation of R significantly more difficult. The consistency properties of our estimator
follow from the convergence result (D.4) in Lemma 11, which establishes the asymptotic
behavior of the difference I'* — fz; Lemmas 5 through 10 are but a preparation for that
crucial result. All lemmas in this Appendix hold, and are proved under Assumptions 1

through 10.

Lemma 5 For f=1,...,q, asT — oo and n — oo,
(i) | pff |=O(n="?) and | b 1= Op(n=Y2), uniformly in 0;
(ii) for any positive integer d, n=" Y7 | pl | and n= Y50 | pF |* are O(n~%?) and

Op(n~%2), respectively, uniformly in 6.

PROOF. The first part of (i) already has been taken care of in the proof of Lemma 4.
Lemma 4 and Assumption 2 jointly imply that &7; = > °%_ Ax‘ﬁ?f‘Q = Op(1), uniformly
in 0. As all the terms in the sum are positive, A% 1o = ()\f/n)n|pzf|2 is Op(1) as well,
uniformly in 6. Lemma 2 (i) and Assumption 3 imply that )\fc /n is Op(1) and bounded
away from zero in probability uniformly in €. The conclusion follows.

Statement (ii) is proved by induction. First consider P¥. Whend = 1,n~' 377, [p)y|
is bounded by (n™' 3" | |pz<f|2)1/2, which is O(n~'/2). Assume now that the result holds

for d — 1, d > 2. Summing by parts and using part (i) of this Lemma,
n! Z | pzxf ¢ = n! Z | pff | p?f |
i=1 i=1

n n—1
= n! !Pif | Z | p?f [ _nilzz |psf [ ‘p§<+1,f | - ‘pzxf )
i=1

i=1 s=1

< ’p§f|n_1 Z ‘ p?f |d71: O(nil/Q ni(dil)ﬂ) =0 (nfd/Q) )
=1

the inequality holding because without loss of generality (reordering) we can assu-

me | py\; ¢ [>| pj; |- The same argument applies to f’fc O
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Lemma 6 AsT — oo and n — oo,

max
|h|[<Br

- ~ /A \1/2
PX (A2 W, — P* (A) = Op(n"? max(n~", p7/%)). (D.1)

PRrOOF. The left-hand side of (D.1) equals the left-hand side of (B.4) when Sy is re-
placed by I,. The proof goes along the same lines as that of Lemma 4. Firstly, ||n'/?PX||
is O(n'/2). Both ||g — h| and ||h — i|| are Op(n~Y2max(n~", p7/%)). As for [[i —j|,

the conclusion follows from Lemma 1 (iii). O

Lemma 7 For f=1,...,q, asT — oo and n — oo,

(i) |p; — 0] = Op(n~'/? max(n="/2 o)), uniformly in 6;

n

i) n~! X — p%| = Op(n™"? max(n™}, p_1/2 , uniformly in 6.
if if T
i=1

PROOF. Starting with (i), by (B.6), pl;(\5)V/2 — p*(A2)/2 = Op(max(n"/2 p;'/*)).

Now,
POV = p ()2 =l (2 = (O)Y2) + (Y2 (0 = 3%) . (D2)
For the first term on the right-hand side of (D.2),

(/\iéf - ;\ff)/”
(D2 + (35172 /P2

= Op(max(n~*, pp'/%)),

ply ()2 = (3)72) = 2

by Lemma 2(i), Assumption 3 and Lemma 7(i) above. Thus, (/A\?)l/ 2 (ps —ly) is
Op (max(n~1/2 p;ﬂ)). By Assumption 3, nil/Q(Xi)l/Q is bounded away from zero. The
conclusion follows.

Regarding (ii), taking modulus and summing over ¢ = 1,...,n in (D.2) yields
n—l/2(5\3c£)1/2 Z ‘p;<f_ﬁixf‘ < n-1/2 Z ’pgcf()\}()l/Z_ﬁx<5\§)l/2‘ + n—l/2,(}\}()1/2_(5\§)1/2’ Z |pz>‘<f"

=1 =1 =1
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Regarding the first term on the right-hand side, by Jensen’s inequality and Lemma 6:

> e 50| < 2 (3
i=1

i=1 =

R 2 1/2 L
PO =57 ()] ) = Op(nmax(n™, py ).

Lemma 2(i)-(ii) and Lemma 5(ii) provide bounds for the second term. O
Lemma 8 For any integer d € N, for f=1,...,q, as T — 0o and n — o0,
n > Ik = By |*= Op((n™ max(n~", pp'))?), (D.3)

=1

uniformly in 6.

PROOF. By induction. Lemma 7(ii) implies that n=' =", | pj;—p; | is Op((n =" max(n~", prN)Y).
In fact, to avoid unnecessary complications, we consider here a slightly looser bound
than the one provided by Lemma 7. Assume now that d > 2 and that the result holds

for d — 1. Using summation by parts,

n n
n! Z | p?f — Dy |d: n! Z | p?f — Dif |d_1| p?f — Diy |
i=1 i=1
n

=| piif — Doy | n! Z | picf — Diy [
1 nf§:1i
T n ZZ | pif _ﬁif |d_1 (] pﬁl,f—ﬁfﬂ,f | —| p?f_ﬁff )
i=1 k=1

AT 1 - AT — AL - — — —
< Phy=py | D 1=y I77'= | Py =iy [Op (07" ma(n ™, pp))072)

i=1
since without loss of generality we can assume | p,,  —pf,; ; [>| piy —D§; | The result

follows from Lemma 7(i). O

Lemma 9 Forn — oo and T — oo, uniformly in 0,

(i) 723N 65(6) — o(8)|" = Op((max(n™", p71))¥?);

i=1 j=1
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(i) n= Y 1 65(8) = 0(6) "= Op((max(n™, pr')"?) for any 1 < j < n;

(iii) n™" zn: | 6X(0) — 035(8) |"= Op((max(n™", p11))¥?).
i=1
Proor. We have
65 —oy5 = (5\:;: )‘X)pﬁ Pjp+ -+ (/\ )\X)pfquq + /\1p11(p]1 ]7?1)
HNDN B — D) + -+ NBi (B — D)) + AP, (Bl — Ply)-
Using the triangular and C, inequalities, by Lemmas 2, 5 and 8,

n n
POILELT,

i=1 j=1

< G0 (IR =100 0 ) ok D= (2 17 1)
=1
+ B N (Y 1 1Y I — | Zml |d2|pﬂ % 1)
i=1 j=1
T e R ST AL ST R AR ST ALY Sl AT
i=1 j=1 j=1 i=1
= Op((max(n ™, p77%)") + Op((max(n ™", 7)) = Op((max(n~", o))

Statement (i) follows. For statement (ii),

n
WY I8y oy 1
i=1

< @) UM = AUBLI 0 D Rl A = A 1 18, Z | 55, 1
(SQ)d ! (A) (’pﬂ n_l Z |le| + |P]1| Z ’pn Pi ‘d

d _ - x| d _ - -
+(3q)d ! /\X |qu qu n 1Z}piq| +}p;'(q| n 12 ’p;il_piq ‘d)
i=1 i=1
= Op((max(n™" pz'/%))%) + Op((max(n™", p7"))¥?) = Op((max(n™", p7"))¥?).
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Statement (iii) follows along the same lines, by setting j = 1.

O
Lemma 10 Forn — oo and T — oo,
S n n S n
3 3) DIE TSR FPIED ) DR T
=0 i=1 j=1 (=0 i=1

are Op ((max(n™!, p7'))%?).

Proor. We have ‘:szj,e — ’yz?‘j’g] < U;; + Vi + Wij, where U,j, V, and W;; are the terms

in the last line of (3.6). Using the C, inequality we get

n on n on n o n n o n
2 Z Z 4% 6= 7| < 23071 Z U 72301 Z Z V2301 Z Z Wi,
i=1 j=1 i=1 j=1 i=1 j=1 i=1 j=1
The first term on the right-hand side is bounded using Lemma 9. Because ¢ takes only
a finite number of values, the second term is O(B;%) (see the proof of Proposition 9).
Because the functions o7; are of bounded variation uniformly in i and j, see Proposition
2, the third term is O(B;%). The same argument used to obtain Proposition 8 applies.
The second statement is proved in the same way. 0

We are now able to state and prove the main lemma of this section. Assume,

without loss of generality, that n increases by blocks of size ¢+ 1, so that n = m(q+1).

Lemma 11 Denoting by Z the T x n matriz with Zy in entry (t, i), let [ = 7'7)T.

Then, as n — oo and T — oo,
nTHE* =T = Op(Gur)  and 0~ Sp (2 = T7)[| = Op(Cur), (D.4)
where I'? is the population covariance matric of Zi,;.

PROOF. Denote by I'* = Z'Z /T the empirical covariance matrix we would compute

from the Z,;, were the matrices A(L) known. We have
B —T7|| < 0% — 1) + | T* — T, (D.5)
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so that the lemma can be proved by showing that (D.4) holds with ||I'* — I'¥|| replaced
by any of the two terms on the right-hand side of (D.5). Consider firstly ||I'* — I'?||.

Using A(L) =1, — AjL —--- — AgL®, where
Al 0 - 0
2 LIS
A_ |0 A 0|
0O 0 -.- A™

S

s=1,...,5 and Ay =1,,, we obtain

TP S AR AL AT A= S S A (BT ) A
s=0 r=0 s=0 r=0
(D.6)
which is a sum of (S + 1)2 terms, where we set ['"_ = 7! ST %X, . Inspection
of the right-hand side of (D.6) shows that (D.4) holds, with ||I'* — I'¥|| replaced with
|IT* — T'?||, under Assumptions 2, 7 and Propositions 2 and 6.

Turning to |[T* — 1|, since [P —T%|2 < 37 327 A D2 A — A T2 A2,
it is sufficient to prove that (D.4) holds with ||I'* — I'?|| replaced with any of the
|A07 Al — A%  Al|’s. Denoting by al, the a-th column, with 1 < a < ¢ + 1, of
A7’ we have

JAT A7 - AP AP <30

A A~ 2
A ak ol k
(as jk,sfrarﬁ Asey jk,sfrarﬁ

~ 2
Aj o j/ T ~k
((asa asa)]‘-‘jk,s—rar,8>

(D.7)

I T
where I'},

is the (j, k)-block of I'®

S—r?

and the second inequality follows from applying

the C, inequality to each term of the form

(Agi)crjk,s—réfﬁ - ai:)z]:‘;}k,s—rafﬁ)2 = ((é‘éa - aga)lrgck,s—ré‘fﬁ - agi):[‘;ck,s—r (éfﬁ - afﬁ))2'
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The two terms on the right-hand side of (D.7) can be dealt with in the same way.
Let us focus on the first of them. Using twice the Cauchy-Schwartz inequality, then

subsequently the C,. and Jensen inequalities, we obtain

Z((éga - aga)/ :;k,s—rél:ﬁ)Q
B=

m m q+1 g+1
< SN S (@, -2l (@l, - al)ally B Al
j=1 k=1 a=1 =1
m q+1 m q+1
v o e . "
= ZZZ (aioc _a?sa)/(a?sa _a?sa)ar,g’ ;Cli:,s—’r ?las—rarﬁ
k=1 p=1 j=1 a=1
m  q+1 m q+1 ' ' ' ' 21/ m X R -
< DD DA — Al @ —al)] T (8l T T8l
k=1 =1 j=1 a=1 j=1
m  qtl 21/21 m g+l m S
A7 "k} A A "k
= m[Y ] [Y @, —al)@, —al)] T3 Y T[> (@ P ,at) ]
j=1 o=l k=1 =1 j=1
< AB, say,
where

2
a k! s P ak 1/2
(arﬂ jk,s—r jk,s—rarﬁ> }

m q+1 m 9 12
Ak T > Ak
< [(q + 1>/m Z Z <ar£3 jz'l,c,s—r jm'k,s—rar6> } - Ca say.
k=1 =1 j=1
First consider A. Letting a//, = (aga,1 aga’z agmqﬂ), note that aia,(; = e:lA[j]gs(S:

where e, and ggs are the a-th and (s — 1)(¢ + 1) + d-th unit vectors in the (¢ + 1)- and

(¢ + 1)S-dimensional canonical bases, respectively. Writing, for the sake of simplicity,

B; and C; instead of B;? and CX

iz

as defined in (2.14) and (2.15), we obtain, from
(B.1), and applying subsequently the C,, the triangular, the C, again and then twice
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the Cauchy-Schwartz inequalities,

m q+1
SN (@, —ad,) (3, — )]
7j=1 a=1
m q+1 g+1
< @+ DN @, sl )Y
j=1 a=1 §=1
m q+1 g+1 . 1/2
= )0 [e (B, - B)E + B, - )0 ) g )Y
j=1 a=1 §=1
< 22(g+ )P2(Y By - B)C I + [B,6HE - e
J=1
S 23/2(q+1 3/2 [ZHB BJH 1/2 Z”C 1|| 1/2
7=1
ch — I8 Z 1B, G5 lICyF] )
< g[8, - B S 16

j=1 j=1

1

NG - Gl 1B Z [T Ti el R E
=1 i=1 j=1

Denoting by b/ the entries of B;, i = 1,...,¢+1,6 = 1,...,S(q+1), the C, inequality

and Lemma 10 entail

STIB -BF <3 (00 S @ - vy
J=1 j=1 i=1 §=1
m  q+1 S(g+1) . '
<(g+1)°8%) (b5 — b75)* = Op(m(max(n™t, p;1))*).

In a similar way, one can prove that ) 7", IC; — C||® is Op(m(max(n _1,p;1))4).
Moreover, Assumptions 2 and 7 together with Lemma 10 imply that » ™", |B; "6 an
Zj:l ||Cj 1”16: as well as Zj:l ”Cj 1”8 and Zj:l ||Cj 1||167 are Op(m).
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Collecting terms:
A = mlg+ DN (@, - al) (@, —ad,))’]
j=1 a=1
S 23/2 q + Z ”AZ AlH 1/2 _ OP (m3/2 ma.X(nil, p%l)) (D8)
=1

Turning to C, we obtain, by means of similar methods,

m q+1 m m
¢ < ((q+ 1/m)2{ [0 (D (@kaka)®) " [ ( > (tracell D5, ) )
k=1 p=1 =1 k=1
U 1 2 R 1/29) /2
< (fa+/m)* [l + 0 303 (Ensal) )0 (3 (macell B ) )1}
1 6=1 j=1 k=1
URKAER 1/4 -t 1/4
S (q + 1)1/2 [(q + 1)4 Z Z Z ar,aﬁ m_l Z Z (trace[rjllc s— rl-‘jzk s— r]) }
k=1 a=1 f=1 =1 k=1
m q+1 q+1 1/4 m m g+l g+1 )
(a+ [ D3 D (@ae) T [(la+1)°/m) 3 3 (Fias(s = )]
k=1 a=1 =1 j=1 k=1 a=1 g=1
_ Op(m1/2),
where 45, ,5(s — r) stands for the (a, 8) entry of I ks Collecting terms yields

o R . 1 1/2
m AT AL - AT Al < (WAC) = Op (Cur), 7,5=0,..., 5.

Now consider the second statement in (D.4). Again, it is sufficient to prove that
it holds with ||I'* — I'?|| replaced with any of the |A,7 A’/ — A I A’||. Without
loss of generality, we can assume that the number M of elements selected by Sy is of
the form M = M*(q+ 1) for some integer M*. The two terms on the right-hand side
of (D.7) must be dealt with separately. In the first of those two terms, substituting the

summation » ,_, for > ;" gives
m M* g+1 g+1

S (@ - al B ak) = Op(mlmaxtn 7).

j=1 k=1 a=1 g=1
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Indeed, the left-hand side is bounded by a product DE, say, where
m q+1

D=m'" g+ 1) [0 (&, — al) (&, —al)’]”
71=1 a=1
and
M* g+1 R o\ 1/2
F=2Y (2 W T))

k=1 p=1

can be bounded along the same hnes as A and B are in the proof of the first statement.
As for the second term of (D.7), using arguments similar to those used in the first

part of the proof, we obtain

M* q+1 1/2 m q+1 M* 4 1/2
<m[) [D (@&l —a) (@, —al, ZZ > (@l B als)] ]
k=1 a=1 g 18=1 k=1
= FG, say

It easily follows from Proposition 9 that F = Op(m(3;) , while G = Op(1) can be
obtained using the arguments used to bound C in the proof of the first statement.

Collecting terms, we obtain, as desired,

m71/2||81/\/I<ASfWSU7TA;‘ - Asf‘ifrA/r>” = Op (CHT) ) 7’, s = 07 s} S |:|

Starting with Lemma 11, which plays here the same role as Proposition 6 does for
the proof of Proposition 7, we can easily prove statements that replicate in this context
Lemmas 1, 2, 3 and 4, using the same arguments used in Section B, with x, y and &

replaced by Z, W and ® respectively. Precisely:

(I) In the results corresponding to Lemma 1 we obtain the rate (,r for (i), (ii), (iii)
and (iv). Note that no reduction from 1/n to 1/y/n occurs between (iii) and
(iv), as in Lemma 1. For, (iii) has Op((uyr) + O(1/n) = Op((ur), while (iv) has
Op(Cur) + O(1/v/n) = Op(Car)-
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(IT) The same rate (,r is obtained for the results of Lemma 2.

(III) The same holds for Lemma 3. The orthogonal matrix in point (iii), call it again

Wq, has either 1 or —1 on the diagonal. Thus V:Vq = Wq.
(IV) Lastly, Lemma 4 becomes
/ Dz [ Az 1/2 ) o\ 1/2 xx
ISt (P (A7) =P¥ (A)* W, ) | = Or (Gur). (D.9)

Going over the proof of Lemma 4, we see that ||c—d|| has the worst rate, whereas

here ||a — b||, ||[b — ¢|| and ||c — d|| all have rate Op (7).

(V) Moreover, in the same way as the proof of Lemma 4 can be replicated to obtain

(D.9), the proof of Lemma 6, see below, can be replicated to obtain:

|P*(A%)/2 — PY(AY)2PW, || = Op (n*Cur) . (D.10)

E Proof of Proposition 11
Let

v, = ((Az)l/QPz/ﬁz(Az)l/Q)fl(Az)l/QI;‘)z/Zt _ (Az>71/215z/2t
= (A)7VPPY(A(L) — A(L)x, + (A%) /2P — WH(AY)"/?PY)A(L)x,
+W?(AY)V2PY A (L), + W2 (AY) 2PV PY (AY) 2y, (E.11)
Considering the first term on the right hand side of (E.11),

[(A%) 2P (A(L) = A(L) ) xill = [I(A%/n)"/2Pn " 2(A(L) — A(L) x|
< A/ B (A L) = A(L))x].
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Since ||(A*/n)~'/2|| = Op(1) and ||P?|| = 1, by (D.8), we get

I (AL — ALl < 73D [ (AL - AL (A - ADx ]
r=0 =1

p m ‘ ' 1/4 m g+l g+1 14
<> (Yo ) (Y (D @ — al)?))

r=0 i=1 i=1 j=1 h=1

p m m
<YYo (@ )Y AL - A

r=0 i=1 =1
= Op (Cur)

setting x; = (x}'..x7..x™)’ for sub-vectors x! of size (¢ + 1) x 1.

Next, considering the second term on the righthand side of (E.11),

| ((A5)7 V2B — W=(A¥) 2PV ) A(L)x|
= [I(A=/n)7 ((R%)/2B% — WeAZ(A¥) 2P A(L)xi/n]
= JI(A%/n) " ((A%)/2B% — WAA® — AY 4+ A](A¥) 2P A(L)xi/n]
< (IR /m) I ((A5) 2B — W= (M%) 2P ) ||| A (L)% /]
A /m) [ IW=(A" = A%)(A*) 2P| A(L)xe/n] = O (Gur)

since, by (D.10), [|(P*(A*)"/2 — PY(A¥)Y/*W?)[| = Op (n'/*C.r) , and

HA(L)Xt/nH - /2 (X;A,<L)A(L)Xt/n> 1/2

p

o 1/2
< n7l/2 Z (X;#A;Arxt,r/n>

r=0
p

< 0y (KX /n) PO (ATAL)) P = Op(n ),

r=0

boundedness of A; (A’ A,) being a consequence of Assumptions 2 and 7. As for the third
term on the right hand side of (E.11), (A¥)"Y2P¥A(L)&; is Op(n~'/2). To conclude,
note that W2 (A¥)~1/2PVP¥(AY)/?v, = W?v,. [

%)



