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Introduction
Many numerical models exist for weather predictions 
and seasonal forecasts. These models operate on 
scales too large to accurately capture events such as 
volcanic eruptions. To overcome this issue, the UK 
Met Office dispersion model, NAME, was developed. 
Whilst NAME does have basic functionality for plume 
rise, it cannot accurately model buoyant plumes and 
gravity currents. We therefore develop a prototype 
Smoothed Particle Hydrodynamics model for free 
shear flows with emphasis on entrainment and the 
creation of gravity currents in volcanic ash clouds.

Governing Equations
Governing equations of fluid dynamics are conservation of mass, 
momentum, energy and, additionally for plumes, buoyancy. These 
equations are converted into a form compatible with SPH. Total 
derivatives are used that follow the particles. Monaghan (2005) 
explains that spatial derivatives of functions are obtained simply by 
analytically differentiating the kernel. Pseudo-incompressibility of air 
is achieved through the use of a low-energy, numerical pressure. 
Turbulence is modelled using an eddy viscosity.

Self-Similarity Analyses
The dependency of the eddy viscosity, νT, in 
the turbulence model, on the entrainment 
coefficient, α, is determined through a self-
similarity analysis. We model an unsteady jet 
with constant volume- and momentum fluxes 
to find a characteristic velocity, wm, and 
width, rm, which indicate that νT = α/8π. This 
is then applied to the full shear flow models. 

In order to obtain a better understanding of 
the viscosity model, Π, generally applied to 
SPH, a second self-similarity analysis is 
performed. We find that the bulk-viscosity is 
orders of magnitude too large for application 
to air and therefore only apply the part which 
prevents non-physical particle penetration.
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Free Shear Flow
The model for free shear flows uses periodic side boundaries to 
alleviate the issue of not having enough neighbouring particles 
at the edges. The base has a set of fixed particles and the top 
of the domain is left open. Particles are generated at a constant 
rate with initial velocity for jets and initial buoyancy for plumes. 

In a steady-state jet, entrainment is successfully modelled and  
causes the mass of the jet to increase in the longitudinal 
direction. Velocity decreases with height giving a constant 
momentum flux as expected from theory. The spreading rate 
observed in the model is however greater than the typical 2α. 

A steady-state plume is expected to look much the same as a 
jet. The momentum flux is however not constant as forcing is 
continuously applied by buoyancy. This causes the particles to 
accelerate and creates issues with maintaining a constant 
particle spacing. The spreading rate is again too high. 

In a stably stratified environment, the temperature of the 
ambient increases with height whereas the plume particles 
decrease in temperature due to mixing. At some height, the 
temperatures will be the same. Above this point, particles will be 
slowed and start to drop down to a neutral buoyancy level. 
Here, the increasing volume of fluid leads to the creation of a 
gravity current where fluid moves out laterally. This process was 
accurately recreated in the model, fulfilling all original aims.
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Figure 5.8: Volume and momentum flux for generated planar jet at time t = 47.5s. Volume flux
changes linearly after initial height and momentum flux is constant.

5.5. Jet

A steady-state jet is expected to entrain
fluid and progressively increase its mass
(and hence volume flux) as it moves in the
longitudinal direction. In doing so, the ve-
locity should decrease so that the total mo-
mentum flux remains constant (Schlichting
and Gersten, 2003; Bickley, 1937).

For the jet modelled in this paper, fluxes
are calculated as described in Section 3.2.1.
Plotted in Figure 5.8 are the volume and
momentum fluxes for the jet at time t =
47.5s. At this time it is assumed that the
jet can be considered steady-state. The vol-
ume flux appears to increase with height at
a rate of around 0.4m/s whereas the mo-
mentum flux appears relatively constant at
a rate of about 0.2m3

/s

2. The increasing
volume flux and constant momentum flux
are as predicted by Schlichting and Gersten
(2003); Bickley (1937). Note however that
because the data is only sampled every me-
tre there are significant errors visible in the
data. It is therefore not clear if the vol-
ume flux increases proportional to z

1/2 as
predicted.

Figure 5.9 plots the characteristic ve-
locity and width of the jet obtained from
the volume and momentum fluxes. The-
ory suggests that wm evolves at a rate of
z

�1/2 and rm linearly in z. From the fig-
ure it cannot be concluded that the mod-
elled plume’s characteristic velocity evolves

as suggested. The characteristic width on
the other hand does appear to be linear.
Using this to calculate an entrainment co-
e�cient as ↵ = 0.5drm/dz gives values a lot
higher than 0.1.

In order to improve the results, more
time should be spent on the boundary con-
ditions and pressure to ensure that the flow
is as close to incompressible as possible. It
is worth considering di↵erent values of ✏

that can be used to modify the flow ve-
locity. Currently a value of ✏ = 0 is used
meaning particles move at their own veloc-
ity as opposed to the field velocity. The
model should be run for a longer period of
time to obtain a true steady-state solution.
It is then possible to obtain values of the
characteristic velocity and width more ac-
curately which can be used to obtain a re-
vised spreading rate. Finally, it is worth
altering the initial velocity of particles as
this will determine the relative amounts of
energy in the system.

5.6. Plume

A steady-state plume in an unstratified
environment is expected to look much the
same as a steady-state jet; entraining am-
bient fluid and spreading at a rate 2↵. The
volume flux should increase in the longitu-
dinal direction. However, unlike in a jet,
the momentum flux is not constant with
height. In the case of a jet, momentum
is added at the source by providing the
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Figure 8. Volume- & momentum flux of jet
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Figure 5.10: Model run for plume in an unstratified environment. Displays entrainment, spread-
ing and di�culty with maintaining equidistant particles.
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Figure 5.11: Characteristic velocity and width of plume.
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Figure 9. Entrainment & spreading plume
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Figure 5.12: Plume simulation showing evolution over time. Figure shows the plume moving
above the neutral buoyancy level at z = 50m, dropping back down to the neutral level and the
creation of a gravity current. Plume was halted before final image.

ation. In the gravity current, particle spac-
ing is roughly equidistant at �r. When an
ambient is included, entrainment, spread-
ing and the creation of a gravity current are
all possible. The same issues indicated for
the plume in an unstratified environment
are present.

6. Implementation into NAME

This report set out to develop a pro-
totype Smoothed Particle Hydrodynamics
model for volcanic ash clouds for future
implementation into the Met O�ce’s dis-
persion model, NAME. Particular attention
was paid to the modelling of buoyancy, en-
trainment and the creation of gravity cur-
rents.

SPH relies on a set of arbitrarily dis-
tributed particles that carry the model
properties. An integral kernel approxima-
tion is applied that averages these prop-
erties over space. A particle approxima-
tion is then applied to convert the inte-
grals to summations over neighbouring par-

ticles. SPH and the Cubic Spline kernel
were tested on a number of functions, il-
lustrating reasonable accuracy which could
be improved by increasing the number of
particles used or by decreasing particle dis-
order through the use of an average field
velocity. SPH was originally intended for
compressible fluids. Through the use of a
low-energy, numerical pressure a pseudo-
incompressibility has been achieved. Is-
sues with SPH are identified at boundaries
where the integral of the kernel over its do-
main is not unity. This is resolved through
the use of period boundaries.

The governing equations of mass, mo-
mentum and buoyancy conservation were
converted into a form compatible with SPH.
In doing so, a self-similarity profile was
developed for the evolution of the char-
acteristic velocity and width of the fluid
which allows linking of an eddy viscosity to
the entrainment coe�cient. A second self-
similarity analysis identified the magnitude
of the viscosity model that is generally ap-
plied in SPH and found this to be orders of
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Figure 10. Plume in stratified environment
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Figure 1.2: Free shear flows showing from left to right, an entraining jet, a buoyant plume and
a plume in a stratified environment forming a gravity current.

large scale grids, allows the development of
a meaningful addition that can readily be
implemented into existing schemes. This
paper will consider jets (testing entrain-
ment), plumes (considering buoyancy), and
finally stratified environments (testing in-
teraction with a changing environment - in
theory provided by MetUM - and the cre-
ation of gravity currents). The di↵erent
flow types are illustrated in Figure 1.2. Un-
like in NAME, the e↵ects of chemical reac-
tions within flows will not be studied.

One of the core features of jets and
plumes is their ability to entrain. This
refers to the process of irrotational, non-
turbulent regions of air transitioning to a
rotational, turbulent state (Holzner et al.,
2008). This proves particularly interesting
for SPH as a key advantage of the method
is that the computation is only where the
matter exists (Monaghan, 2005), unlike in a
grid where one may compute locations that
are not of interest. However, in the case of
entrainment, ideally from a computational
e�ciency perspective, these non-turbulent
particles do not exist before being entrained
or their number is at least minimised. En-
trainment is crucial in free shear flows and
therefore requires careful consideration, as

it is this process that causes fluxes in jets
and plumes to increase in the longitudinal
direction.

Paper outline as follows. First, in Sec-
tion 2 the basic ideas behind SPH are ex-
plored and the essential formulations set
out where Appendix A tests SPH on a
number of functions to illustrate that sen-
sible results are obtained. In Section 3 the
governing equations for free shear flow are
set out and adapted to SPH. These equa-
tions are implemented in Section 4. Here
issues such as particle movement, bound-
ary conditions and the integration method
are also considered. Finally, in Section 5
the model is run and results are generated
before drawing conclusions in Section 6.

2. SPH concept and essential formu-
lation

SPH was invented to model non-
spherical phenomena in astrophyics (Lucy,
1977; Gingold and Monaghan, 1977). It
provides reasonable accuracy for a small
number of points, is relatively simple to
program and is robust. In SPH, the state of
the system is represented by particles that
carry individual properties. SPH does not
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Figure 1. Characteristic features of free shear flows

Smoothed Particle Hydrodynamics (SPH)
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Figure 2.1: Kernel assigning weighting to di↵erent locations based on distance.

require a grid to calculate spatial deriva-
tives. These are instead found by ana-
lytical di↵erentiation of interpolation for-
mulae (Monaghan, 1992). The governing
equations then become ordinary di↵erential
equations which can be solved using stan-
dard routines. In the case of free shear flow,
these equations are conservation of volume,
momentum, and additionally for plumes,
buoyancy.

There are three key ideas behind SPH.
First, the problem domain is represented
by a set of arbitrarily distributed particles
without the need for a mesh. This allows
the method to easily deal with large de-
flections and free surfaces. These particles
carry properties such as mass, density, pres-
sure, position, velocity and buoyancy and
can move independently. Note that these
particles are not individual fluid elements
but rather vessels for the above properties
which are then smeared out throughout the
domain.

Second, an integral representation is
used to allow any function of the proper-
ties above to be expressed in terms of a
weighted average of its values at other lo-
cations (Monaghan, 1992). Essentially, to
find a property of a location under con-
sideration, the method finds locations close
to the one being considered. It then av-
erages over their properties with ones that
are closer getting a greater weighting as il-

lustrated in Figure 2.1 for a particle field.
This is termed the kernel approximation.
Particularly, the integral interpolant can be
written as

hA(x)i =
Z

⌦

A(x0)W (x � x0
, h)dx0

, (2.1)

where x is the position under consideration,
x0 is another position and W is an interpo-
lating kernel that determines the appropri-
ate weighting to assign to the function at
position x0. W is dependent on locations
x and x0 and a smoothing length h that is
used to determine the extent of the kernel’s
domain. Throughout the rest of the paper
we will simply write

hA(x)i = A(x), (2.2)

as is common in the literature.
The third key process behind SPH is

to convert integral functions into approx-
imate functions using discrete particles -
termed the particle approximation. This
converts the integral in Equation (2.1) to
a summation over neighbouring particles
within a local support domain, h, using
dx0 = �Vj = mj/⇢j, as

A(xi) =
X

j

mj
A(xj)

⇢j

Wij, (2.3)

where
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Figure 2. Particles & kernel
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Figure 2.3: Function f1(x, y) showing from top left to bottom right the function values assigned
to each location, the function values obtained after the SPH operation, the di↵erence between
the assigned and obtained function values for each particle and the function value obtained for
each particle with a typical particle domain indicated in red.
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Figure 2.4: Error in SPH particle approximation. Error reduces as a greater number of particles
is used and when particle disorder, ⇠, is reduced.
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to each location, the function values obtained after the SPH operation, the di↵erence between
the assigned and obtained function values for each particle and the function value obtained for
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Figure 2.4: Error in SPH particle approximation. Error reduces as a greater number of particles
is used and when particle disorder, ⇠, is reduced.
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Figure 3. SPH error (left) and result (right) compared to test Figure 4. SPH error

SPH is a Lagrangian method that uses spatial filters to model 
compressible fluids (Monaghan,1994). The problem domain is 
represented by a set of arbitrarily distributed particles that carry 
properties of the flow such as velocity and density. An integral 
representation allows any function of these properties to be 
expressed in terms of a weighted average at other locations, termed 
a kernel. Integrals are then approximated via summations over 
particle locations. This gives accurate results which are improved by 
increasing the number of particles or lowering particle disorder.
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Figure 5.7: Energy for typical buoyant particle system. Thermal energy is a small component of
the total energy and can hence be ignored. Buoyancy is the main component of kinetic energy
and numerical pressure is small.

Table 1: Parameters used in SPH free shear flow model

Parameter Jet Plume
Plume in strati-
fied environment

Time-step �t [s] 0.05 0.05 0.1
Running time tend [s] 50 25 100
Particle generation time Tpar [s] 5 1.5 5
Initial velocity w0 [m/s] 1 0 0
Particle temperature T [K] - 290 290
Reference temperature T0 [K] - 280 280
Change in temperature
with height

dTe
dz

[K/m] - - 0.2
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Figure 5. Energy conservation
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Figure 0.1: Volume and momentum flux for an unsteady jet. Showing from top left to bottom

right the volume flux, momentum flux, time derivative of the volume flux and time derivative

of the momentum flux.
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Figure 6. Change in volume- & momentum flux
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Figure 7. Characteristic velocity and width
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