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Course objectives:

This course is an introduction to the theory of stochastic integration and the Ito calculus, a
calculus applicable to functions of stochastic processes with irregular paths, which has
many applications in finance, engineering and physics. The course shall focus on the
mathematical foundations of stochastic calculus, motivated in particular by applications to
stochastic models in finance. We will develop the theory in the setting of semimartingales,
which covers all examples of interest in applications - including jump processes.

Prerequisites:

Students are expected to have graduate-level knowledge of probability theory, stochastic

processes, real analysis and measure theory.




Outline:
Stochastic processes. Right continuous processes with left limits.

Filtrations and sigma-fields.

Non-anticipative processes. Optional and predictable processes.
Riemann-Stieltjes integration with respect to tinite variation processes.
Obstructions to the extension of the Riemann Stieltjes integral to infinite variation paths.
Martingales and local martingales. Properties of martingales. Doob's inequality.
The Ito stochastic integral: definition and fundamental properties.
Semimartingales: definition, examples.

Quadratic variation. Ito isometry formula. Lévy's theorem. BDG inequality.
Brownian integrals. Ito processes.

Poisson random measures. Poisson stochastic integrals. Ito-Lévy processes.
The Ito formula: pathwise and probabilistic versions.

Stochastic exponentials. Stochastic exponential of a martingale.

Change of probability measure. Girsanov's Theorem.

Stochastic differential equations. Strong solutions and weak solutions.
Representation of martingales as stochastic integrals.

The Tanaka formula. Semimartingale local time. (*)
Functional Ito calculus (*).
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