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M:QxE&—=N
(w, A) = M(w, A),

1. For {almost all) w € Q, M(w,.) is an nteger-valued Radon measure on
E: for any bounded measurable A C E, M{A) < oo 1s an integer valued
random variable.

2. For each measurable set A C E, M{.,A) = M(A) is a Poisson random
vartable with parameter u(A):

vkeN, P(M(A)=k

3. For disjoint sets Aq.
independent.




PROPOSITION 2.14 Cnnstructfon af Pﬂisson r&ndom measures
For any Radon measure yi on E C R®, there exists a Poisson random measure
M on E with intensity j.

PROOF  We give an explicit construction of M from a sequence of inde- R
pendent rand-::um va.riabies. “r’e begln b}T Cﬂﬂﬂidﬂl‘illg the case ﬂ(E) <00, 00— ..... ...... ..... ...... ...... ...... ...... .....

1. Take Xy, X3, ...to beiid randemvaﬁablessnthatP(XiEA)=ﬂ%, ______ NN

2- rIlake AI(E} to be a PﬂiSSﬂn ra.ndﬂm mia.ble on (Q*F‘P} Wit.h mean = ...... ...... ..... ..... ...... ...... ..... .....

(t(E), independent of the X, I

3. DEﬁHEM(A)=EﬂE}IA(x1), fﬂrall.ﬁlég. ...... ...... ...... ..... ...... ..... ..... ...... .....

It is then easily verified that this M is a Poisson random measure with inten- S
sity p. If p(E) = oo, since 1 18 a Radon measure we can represent EcRlas T

a union of disjoint sets E = | J._, E; with 2(E;) < o and construct Poisson
random measures M; (), where t.he intensity of M; is the restriction of u to E;.

Make the M;(") independent and define M(A) = 352, Mi(4) forall dc €.
The superposition and thinning properties of Poisson random variables (see =~ R N O O
Section 2.5) imply that M has the desired properties. [| ..... ..... ..... ...... ...... ...... ...... ..... .....










E;(Panenh a.l formula foc Poicsen random MecSUICS

------ PROPOSITI ON 3.7 Expunent:a] formula for Poisson random mea- I -
Let M be a Poisson random measure with intensity measure j. Then the -

following formula holds for every measurable set B such that /.A\ (B) <o and
for all functions f such that [ ef W yu(dr) < oc:
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PROPOSITION 2.15 Convergence of Poisson random measures
Let (Mn),,zl be a sequence of Poisson random measures on E C R? with
| intensities (ftq)op1. Then (Mp)nz1 converges in distribution if and only if
—— - ------- the intensities (1) converge to a Radon measure ji. Then My, = M where
M isa Pusson random measure with intensity p.




Jx ([0 t] X A = number c-f jumps cfX oceurring betweeu {] a:ﬂdt
h e subsch o RN[g]
whose amplitude belongs to A. "‘f‘f"( o HXA] < oo
Jx defines a random measure on [0,7] x B¢\ {0}, whlch is called the jump

measure of the process X:




| AH quantltlm mvnlvzﬂg the jumps uf X can  be cumputed by mtegratmg M
- variousfuucions against Jx. For example if £(1,1) = 1 then one obain
the sum of the squares of the jumps of X:




PRGPDSITION 3 6 J ump measure of a cmnpomld Pmssml process

Let (X¢)izo0 be a compound Poisson process with intensity A and jump size
distribution f. Its jump measure Jx is a Poisson random measure on [0, 00) x
RY with intensity measure p(dt x dr) = di x v(dr) = dt x Af(dx).




................... PROOF of Prupumtmn 3.6 From the Definition (3 12) it is clear that
Jx 18 an integer valued measure. Let us first check that Jx(B) is Poisson

——— distributed. It is sufficient to prove this property for a set of the form B =
B[ty te] x A with A € B(R?). Let (N,);0 be the Poisson process, counting the
———  jumps of X. Conditionally on the trajectory of N, the jump sizes Y; are 1.1.d.
—and Jx([t1,ta) x A) is a sum of N(ts) - N(t1) i.id. Bernoulli variables taking

value 1 with probability f(A4). Therefore, L~ Poisson (A H)
I '1_""' 1

E[Eiu.fx([lhtg}xﬂ)] — EI E[ Eiuj x{{h,f‘ilﬁﬂ}lﬁ-ﬁ ¢ 2 0]]
...... = E[{e™f(4) +1- f(‘q)}s"ﬁ*ﬂ-ﬁih}] = exp{A(ts —t;) f(A)(e™ - 1)}

because N(ta)— N(t;) is Poisson distributed with parameter A(tg—t; ). Thus,
Jx([t1,t2] x A) 18 a Poisson random variable with parameter f(A)A(t2 —t;)
which was to be shown.




~ Now let us check the independence of measures of disjoint sets. First, let

~ us show that if A and B are two disjoint Borel sets in R? then Jx ([t1,t2] x A)
—and Jx([t;,t2] x B) are independent. Conditionally on the trajectory of N,
 the expression iuJy ([t1,to] x A) +ivJx ([t1,t2] x B) is a sum of N(t3) — N(t;)
_1.1d. random variables taking values: |

Zk iu
iu with probability f(4):  E€ = ((Z,;ji 1;(?2)1 .
Z, = | iv with probability f(B);
0  with probability 1 — f(A) — f(B).

~ Proceeding like in the first part of the proof, we factorize the characteristic

~ function as follows N(h)

E[eiqu([tl,tzlXA)+iva([t1,t2]><B)]__E[e E&}ﬁ ]

= B[{(e™ ~ Df(4) + (¢¥ — 1)f(B) + 1}V ()N )

= exp{A(t2 — t1)(f(4)(e™ — 1) + f(B)(e"™ - 1))}
_ E[eiu.]x([t1,°t2]xA)]E[eiva([tl,tg]xB)].

~ Second, let [t;,ts] and [sq, 2| be two disjoint intervals. The independence
—of Jx([t1,t2] x A) and Jx ([s1, s2] x B) follows directly from the independence
— of increments of the process X.
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— o(t,y) = Z Pojli=ola;(y) + Z E Oi I 1] ()14, (y),  (8.20)

7=1 =0jy=t T

""" T where 0 = Ty < T7 < Ty < --- < T, are nonanticipating random times,

— (0ij)j=1..m are bounded J:T‘-measurabie random variables and (4;);=1.m —

e ----- are disjoint subsets of R? with u([0,7] x A;) < co. The stochastic integral
T f{u T] xR o(t,y)M (dt dy) is then defined as the random variable

ENEEE /{, | 9lt,)M(de dy) = SN 6 M(IT:, Tivt] x 4;)
""""" uE =0 = T

fffffféf%?fff SO S GyMr, () - Mr(47). (21
EEEEE i=0 j=1 T

s a Fovssen Fa; NN

| f—mH1 Mﬁ'ﬂsﬁ‘j ..................... fA) ..... ...... ...... ...... - -



. — [ NN . rir rar ar ra v N
__________ i xl;‘* /; N o(s,y)M(ds dy)zZZtﬁij[MTi +1M(Aj)— )

_____ i=0 j=1 T

- ___________ ::é ........... .._.___._._ \Q’xm!ﬂxﬂ{dh} _________ _____ _____ . ______ ______ _____ _____ ______
______ B mEEMAE SR sNEdENEC AL AESuSMMMEKdEssmmmn







................................ l@ .Su ....... . Cﬂfi










................. .................. X .......... ............ ........ b-.xMtds ....... dx)&/u&- ..... 1 ....... " ...... ...... ..... ...... ...... ...... ...... ..... ...... ...... ..... .....

+L ..... ...... T e R et R L S o S I S S ...... ...... e — — ..... ...... {1 ..... ...... ...... ..... ..... ...... ..... ...... ...... ..... .....




- quﬁ” [JM ]ThTH-l} X A )

1—[}3 =]

By restricting to terms with T; <t (i.e., stopping at t), we obtain a stochastic
 process:




Far any szmple predwtable functwn q.‘) Q X [ﬂ T] X ]RE‘I - R the ;::r*.w:n::.tzf.s:sé N
................. (Xt)te DT] deﬁned by thg mmpensﬁted gntggyul

:::::'2::::::?.:::: X; = f O(s,y)M(ds dy) N
| 0 JRd

...... 18 a square integrable martingale and verifies the isometry formula:

- [// dw} -




PROOF For j _'1 ..m define Y/ —M(]ﬂ t] x Aj) —*Mf( i)- T

— Proposition 2.16, (Y/ )te[u 7] is a martingale with independent increments. - ------ —
7 Since the A; are disjoint, the pmcesses Y7 are mutually independent. T T T T T T
- ~ Writing M (ITint, Tisant] x Aj) = TH: i YTJ‘, ~p» The compensated integral ........... N

- Xf. can be Exprﬂssed a8 a sum 'ﬂf Stnchﬂstlc ]n’ﬁegrﬂ]s: ..... ...... ..... ...... ...... ...... .....

qublj( Tissnt T-:ht ..... ...... ...... ...... ...... ______

1=0 J_ ..............................................
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