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Abstract— Fundamental limits of communication is studied
in a 4 x 4 interference network, in which the transmitters are
equipped with cache memories. Each of the receivers requests
one file from a library of N equal-size files. The caches at
the transmitters are filled without the knowledge of the user
demands, such that all possible demand combinations can be
satisfied reliably over the interference channel. The achievable
normalized delivery time (N DT) is studied under centralized cache
placement. By combining the interference alignment (IA) and
zero-forcing (ZF) techniques, a novel caching and transmission
scheme is presented, and is shown to be optimal for all possible
cache sizes; fully characterizing the NDT for the 4 x 4 interference
network with caches at the transmitter side.

Index terms— cache-aided networks, centralized caching,
interference alignment, zero forcing, normalized delivery time.

I. INTRODUCTION

Wireless network traffic is experiencing a substantial trans-
formation as it is increasingly becoming dominated by video
content. To exploit the features of the video traffic and to cope
with the exponential growth of future network traffic, cache-
aided networks have emerged as a promising approach. In their
pioneering work [1], Maddah-Ali and Niesen proposed a novel
centralized coded caching scheme, which creates and exploits
multicasting opportunities across users, significantly reducing
the required delivery rate compared to uncoded caching. While
the model in [1] assumes the delivery of demands over a
noiseless multicast link, further studies extended this model to
noisy delivery over broadcast channels [2], [3], [4], broadcast
channels with feedback [5], [6], and the Wyner network model
in [7]. While these models are still limited to a single server
delivering all the demands to users equipped with caches, a
3 x 3 interference channel is studied in [8] considering cache
memories at the transmitter side. In this model, contents are
cached in advance at the caches of the transmitters, and are
delivered in a distributed manner over an interference channel.
Since the contents are distributed across multiple transmitters,
the delivery requires exploiting both the interference alignment
(IA) and zero-forcing (ZF) techniques. In [9], authors address
interference management in a cache-aided network model
with an arbitrary number of cache-enabled transmitters and
receivers, employing ZF as well as interference cancellation
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Interference Channel

Fig. 1: The 4 x 4 cache-aided wireless interference network
with transmitter caches.

(IC) exploiting the side information at the receivers caches. A
constant-factor approximation of the sum degrees-of-freedom
(sDoF) is provided in [10] for a general K x K cache-aided
interference network with storage capabilities at both ends,
when leveraging IA and IC. In [11], a general interference
management scheme for both centralized and decentralized
placement schemes is presented, considering caches at both
ends and exploiting IA, IC and ZF techniques. In [12], the
normalized delivery time (NDT), introduced in [5] and [13],
is studied for a centralized cache-aided Gaussian interference
network with an arbitrary number of transmitters and receivers
and caches at both ends, and exploiting a combination of IA,
IC and ZF techniques.

The interference channel model is extended in [14] to a
cloud-aided fog radio access network (F-RAN), in which the
transmitters can fetch contents from the cloud through finite-
capacity links. The authors study the achievable NDT for a
centralized placement phase and propose a delivery phase that
leverages transmitter caches as well as the cloud links. They
also provide a lower-bound on the minimum achievable NDT
for a general cloud and cache aided network. Decentralized
caching for interference networks is studied in [11] and [15].

In this paper, we consider a wireless interference network
consisting of single antenna terminals. We address the 4 x 4
network scenario with cache capabilities only at the trans-
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mitters. We propose an achievable scheme which aims to
minimize the NDT, capturing the worst-case latency under
centralized placement, that is, the cache contents can be
centrally coordinated. The proposed delivery scheme jointly
exploits IA and ZF techniques. Our results indicate a general
improvement of the achieved NDT compared to the results of
[9]-[12] for the 4 x 4 network with caches at the transmitter
side. Moreover, the scheme is proved to be optimal in terms of
the NDT performance as it meets the lower bound presented
in [14] for any cache capacity. The gain emerges from the
combination of ZF and IA compared to [9], [10], [14], and
from the increased number of aligned interference signals in
comparison with [12] and [11]. The results presented here
fully characterize the NDT for a 4 x 4 network with cache
capabilities at the transmitter side.

II. SYSTEM MODEL

We consider a wireless network with 4 transmitters
{Tx1, Tx2, Tx3, Tx4} and 4 receivers {Rxy, Rx2, Rx3, Rx4}
(see Figure 1), and a library of N files {Wy, Wa, ..., Wy},
each consisting of F' bits. Each transmitter is equipped with
a cache memory of size M F' bits. We impose the condition
4M > N, so that the transmitters’ caches are sufficient to
collaboratively cache all the files in the library. We refer to the
global normalized cache size at the transmitters as ¢ = 4M /N,
where ¢ € [1,4], and limit our attention to integer ¢ values,
while the extension to non-integer values will follow from
memory-sharing [8].

The system operates in two phases; in the placement phase,
all the caches in the network are filled without the knowledge
of user demands. The cache content of Tx; at the end of the
placement phase is denoted by a binary sequence P; of length
MF, Vi € [4]}, where we denote the set {1,..., N} by [N]
for any positive integer N. The cache placement function that
maps the library to the transmitters caches in a centralized
manner is known by all the nodes, while each transmitter
knows only the contents of its own cache.

The receivers reveal their requests after the placement phase,
and the delivery phase follows. Let W, denote the file
requested by Rx;, Vj € [4], and d £ [dy,...,ds] € [N]*
denote the vector of receivers’ demands. The delivery phase
takes place over an independent and identically distributed
(i.i.d.) additive white Gaussian noise interference channel. The
signal received at Rx; at time ¢ is:

4
Yi(t) =Y huXi(t) + Z;(t), (1)
i=1

where X;(t) € C represents the signal transmitted by Tx;,
hj; € C represents the channel coefficient between Rx; and
Tx;, and Z;(t) is the additive Gaussian noise term at Rx;.
We assume that the channel coefficients H £ {h; jYiel].je4)
and the demand vector d are known by all the transmitters and
receivers.

Each transmitter Tx;, Vi € [4], maps the demand vector d,
the channel matrix H and its own cache contents P; to a chan-
nel input vector of length L, X; = [X;(1),..., X;(L)], where
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L is a function of file size F'. We impose an average power
constraint P on each transmitted codeword, i.e., 1 [/ X;||? < P.

Receiver Rx;, Vj € [4], decodes its desired file Wy,
using d,H and the corresponding channel output Y; =
[Y;(1),...,Y;(L)]. Let W; denote its estimate of Wa, . The
error probability is defined as:

P, = max maxPr (W W, ) 2
T de[N)t jeld] i 7 Wa, 2)
We now introduce the proposed delivery metric, NDT, first
used in [5], [14], which accounts for the worst-case latency in

the delivery phase.

Definition 1. Delivery time per bit A(t, P) is achievable, if
there exists a sequence of codes, indexed by file size F', such
that P, — 0 as F' — oo, and

3)

Definition 2. For a given family of codes achieving a delivery
time per bit of A(t, P), the normalized delivery time (NDT)
of the family of codes in the high signal-to-noise ratio (SNR)
regime is defined as:

L
A(t,P) = 1%&35??’

A(t, P)
N ’
o) = Ph—r>noo 1/log P’
The optimal NDT is defined as:
§*(t) £ inf{6(t) : 8(t) is achievable}.

Our goal in this paper is to characterize the optimal NDT,
0*(t), for the 4 x4 network with caches at the transmitter side.

“4)

III. MAIN RESULT

Our main result is the following theorem, which presents
the optimal NDT, §*(t), for a 4x4 network for any cache
capacity M at the transmitter side, or equivalently, for any
value of ¢ € [1,4]. The proof of the theorem is presented in
Section IV.

Theorem 1. For a centralized cache-aided 4x4 interference
network with a library of N files, and transmitter cache
capacity of MF bits each, the following NDT is achievable
for a global cache size t = AM/N:

if1<t<2

. 5
if2<t<4 ©)

—1/12t +4/3

The placement and delivery algorithms for the scheme that

achieves the above NDT performance is outlined in Section

IV. The optimality of this scheme follows from the comparison

of the achievable NDT with the lower bound provided in [14]
when the fronthaul links are ignored.

5 (1) = {—7/12t +7/3

IV. ACHIEVABLE SCHEME

In this section, we develop a coding scheme that exploits ZF
and A jointly in a 4x4 centralized cache-aided interference
network with cache memories at the transmitter side. We
present our scheme for integer ¢ values, that is, for t = 1,2
and 4. The achievable NDT for any other ¢ value follows from
memory-sharing between the integer points [8].

17
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A. Placement Phase
We use the same algorithm as in [9] for the placement phase,

which divides each file into equal-size non-overlapping

subfiles, which are indexed as Wy, for i € [N] and V C [4],
|[V| = t. Subfile W,y is stored at all transmitters k € V.

Each transmitters stores disjoint partitions of each

t—1
file, fulfilling the cache size constraint.
Consider, for example, M = 2 and N = 4, ie., t = 2.
According to the placement phase explained above, file W7 is
divided into 6 equal-size subfiles as follows:

W1,12, W1,137 W1,14, W1,23, W1,24, and W1,34,

where Subfile W 23 denotes the subfile of file W/, stored at
Txo and Txs. Same partition applies to files Wo, W3 and Wy.

B. Delivery Algorithm

We present the delivery scheme separately for ¢ = 1,2, and
4, as different ¢ values require exploiting different interference
management schemes. We do not present the scheme for t = 3
as it turns out that the optimal performance for ¢ = 3 can be
obtained through memory-sharing between ¢ = 2 and t =
4. Without loss of optimality, we assume that each receiver
requests a different file from the database, which corresponds
to the worst case demand.

1) t = 1: In this case, the transmitters collectively have
just enough cache capacity to store the whole database;
and therefore, they all cache distinct contents. Accord-
ing to the placement phase explained above, each file of
the database is split into four different subfiles: W,
(W1, Who, Wy 3, W,4), Vn € [N]|. When each receiver
requests a distinct file from the library, each of the transmitters
has one subfile intended for each of the receivers. This
corresponds to a 4 x 4 X-Channel. Thus, the placement phase
has transformed the interference channel into an X-Channel.
For this type of channels, using the IA technique of [16], it
can be shown that a NDT of §(1) = 7/4 can be achieved.

2) t=4: This point corresponds to the trivial scenario, in
which all the database is available at each of the transmitter
caches (M N). Therefore, in the delivery phase, the
transmitters can fully cooperate and act as a multiple-antenna
transmitter with 4 antennas. Hence, they can leverage zero-
forcing to cancel the interference at the unintended receivers,
resulting in the NDT of 6(4) = 1.

3) t=2: For this point, each of the transmitters is able to
store half of the database, allowing us to use a combination
of IA and ZF schemes. We explain the proposed transmission
scheme for the delivery phase on an example. Consider the
following network configuration: M = 2 and N = 4 with the
file library denoted by {A, B,C, D}. During the placement

phase, file A is divided into (4> = 6 subfiles as follows:

2
Ar, Ais, Azz, Ay, Aoy, and Asy,

where subfile A;; is cached by transmitters Tx;, Tx;. The
same file division and placement scheme is applied to files B,

978-1-5090-3097-2/17/$31.00 ©2017 |IEEE

18

D3

Rxy: |A%2 HA%S HAgs ||A%4 ||A§4 ||A§4 | C}:
1 1 1 1 1 i D}

Rxa: |Bm HBls ||323 ||Bl4 ||Bz4 ||Bs4 | C;L(
4 4 4 4 4 4 BJIY

Rxs: 012 013 023 014 024 034 A%(
3 3 3 3 3 3 B}(

Rxy: |D12 ||D13 ||D23 ||D14 | D3, | |Dss A2
X

Fig. 2: Alignment of the subfiles in (6) at different receivers.

C and D as well. Note that each transmitter caches 3 subfiles,
each of size F'/6, from every file, fully utilizing their cache
capacities.

In the delivery phase, we assume, without loss of generality,
that receivers 1, 2, 3 and 4 request files A, B, C and D,
respectively (i.e., the worst case demand combination). Let
Afj denote the subfiles of file A that have been cached by
transmitters Tx;, Tx;, while %k indicates the receiver at which
the transmitters Tx; and Tx; zero-force this subfile. Using
this notation, the whole database can be represented with the
following subfiles:

A%% A%Sa A%?ﬂ A%Alv A%AL’ A§4>
B%Q? 3%37 B%?n Bll4= 32147 B§4>
C%Q’ CiLSa C§3a 0%47 0347 C§4»

D?Za D:1337 DgSv D:1347 Dg4v Dg4'

(6)

Note that, each of these subfiles is zero-forced at a receiver
that has not requested it. For example, each subfile of file A
in (6) is zero-forced at Rxs, while it is requested by Rxj.
In the same way, subfiles of file B, requested by Rxa, are
zero-forced at Rx;.

Next, we focus on the transmission of subfile A2,. This sub-
file is intended to be zero-forced at Rxs; hence, Tx; and Txo
precode it with scaling factors hgo and —hog, respectively. It
will be received at receivers Rx;, Rxo, Rx3 and Rx4 with the
equivalent channel gains: hllhgg — hlghgl, hgl h22 - hgghgl,
hglhgg — h32h21 and h41h22 — h42h21, respectively. These
channel gains can be restated in terms of the channel matrix
minors, thus, receivers Rx;, Rxs, Rx3 and Rx4 receive subfile
A%Q with scaling factors M34734, 0, —M14734 and -M13}34,
respectively’.

We now annalyze the interference caused by the trans-
mission of subfile A2,. Rx; requests file A, thus subfile
A2, is intended for this receiver. Due to ZF pre-coding, this
subfile does not cause interference at Rxs. However, signals
corresponding to A%, do cause interference at Rxz and Rxy.
Based on the choice of ZF receivers for the subfiles in (6),

IML-, j is the minor of the channel matrix H, which is defined as the
determinant of the submatrix of H formed by deleting the i-th row and j-
th column of H.
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the transmission of A subfiles cause interference only at Rxs
and Rx,4. Following a similar reasoning, the subfiles of file
B interfere only at Rx3 and Rx,4, while both C' and D act as
interference at Rx; and Rxs. All these subfiles are transmitted
simultaneously, and at this point, the potential benefits of TA
in this setting are conspicuous. If we accomplish to align all
the interfering signals into the same subspace at each receiver
(see Figure 2), we would achieve a NDT of 6(2) = 7/6.

Next, we present the construction of the IA scheme. To
guarantee the decodability of files, we precode files C and D
with the scaling factor 8. The purpose of this scaling factor is
explained later. As mentioned above, the interference at Rx;
and Rxy is caused by the subfiles of files C' and D. C and
D subfiles arrive at Rx; with equivalent channel coefficients
ﬂMg&X and ﬂM247x, VX C [4] with |X| = 2. While these
same files arrive at Rx, with equivalent channel coefficients
ﬁM137X and ﬁM147x, VX C [4} with ‘X‘ = 2. The goal
is to align all these interfering signals in the same subspace
at each interfered receiver. To do so, the real IA technique
presented in [16] will be used. Defining the interference vector
as the absolute value of the equivalent channel coefficients
with which, the interference signals arrive at both receivers,
we can construct:

WA

[BMa3 34, BMasz 14, BMas s, BMas s, BMas 13, BMas 12
BMayzs, BMay 4, BMays 23, BMagos, BMas 3, BMay 12
BMi3 34, BMi314, BMi3 23, BMi3 24, BMi313, BMi3 12

BMiaza, BMiga, BMiaos, BMis2a, BMias, BMigal].

(7

Vector u(!) is the input to the function G(u) in [16, Sec-
tion IV]. We define Gy (u) as follows: let u be a vector
consisting of K components; then we have:

In(u) = (ul?, ..

The function Gy (u) provides the monomials that are used
as beamforming directions for the transmission of subfiles.
These subfiles are transmitted using the integer constellation
consisting of points Z¢g [16, Section V]. As a result, subfiles
of file A and B are streams that consist of points from the
constellation:

>

veGn (u)

A

LU, 1< ng,...,ng < N).

UZQ.

Similarly, the interference at Rxs and Rx4 is caused by sub-
files A% and B%, VX C [4], with | X| = ¢. These subfiles are
received with equivalent channel coefficients M4 x, Mas x,
M3, x and Moss x. The resulting interference vector is:
NOPA
[Mia,34, Mia2a, Misia, Misos, Misis, Miso
Mos 34, Masos, Mosa, Moyos, Moyi13, Moy 12
Mi3 34, M13.24, M1314, M2134,23, M13,13, M13,12
Mas 34, Moz oa, Mag1a, Maz a3, Moz 13, Mas12].

®)
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Again, we can construct a constellation that is scaled using the
transmission directions provided by the monomials QN(u(Q))
created using the interference vector in (8), resulting in the
following signal constellation:

>

veGn (u?)

’UZQ.

Focusing now on the receivers, we want to assess whether
the interfering signals have been aligned, and if the requested
subfiles arrive with independent channel coefficients, so that
their decodability is guaranteed. Starting with Rx;, we see
that the desired files A2,, A%;, A3;, A3,, A3, and A2, are
received with equivalent channel coefficients M3y 34, M3y 24,
M34)14, M34,23, M34’13 and M34’12, respectively. So the signal
constellation at Rx; is:

>

>
veTr (u?) veEGN (u?)
>

Z vZg + Msa 23
veEGN (u?)

vEGN (u?)
veGN (u?)

veEGN (u?)

Cp = M3y 34 VLG + M3y 04 vZg

+ M3y 14 vZq

€))

+ M3y 13 vZg + M3y 12 VLQ.

Regarding the interference, the subfiles C7,, Cf5, Cas, Cf473,
C3,, C44, D1y, Diy, D35, D}, D3, and D3, are received
with the equivalent channel coefficients SMi4 34, SMia 24,
BMisaa, BMis23, BMisas, BMiai2 BMay 34, Moy 24,
BM24714, ﬁM24723, IBM24713 and 6M24712, respectively. Re-
member that these subfiles are transmitted using beforming
vectors v that are obtained from the function of monomials
gn (u(l)), which has been constructed using the same equiva-
lent channel coefficients. Hence, for these subfiles the received
interference constellation is given by:
>

>
vEGN (uD)

veGn (uM)
> Lo+ BMuas Y, v+
veGN (u))

veGn (u)
UZQ + 5M14)12 Z ’UZQ

vETuM)

veGn (u)
’UZQ + 5M24724 Z UZQ

vETu)

veGn (uh))
VLG + Mo 23 Z vZg

veTu)

veGn (uM)
’UZQ + 5M24712 Z UZQ

vETu)

veEGN (u))

Cr £ BMi434 VZq + BMia24 vZg
+ Mg 14
+ BMia 13
+ Moy 34
+ BM24,14

+ Moy 13

>

vEGN 41 (uD)

C UZQ.

(10)

Equation (10) proves that all the interfering signals have
collapsed into the same constellation space. Thus, proving
that all the received directions are independent is the only
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remaining condition to satisfy the constrains of [16, Theo-
rem 6]. The proof that the intended messages are received
along independent directions is straightforward, as the equiv-
alent channel scaling factors Msy 34, M34 24, M34,14, M34.23,
Ms4.13 and M3y 12 do not have any contribution to g(u@)), at
the same time, these channel factors can be shown to be linerly
independent. Regarding C', the received directions represent a
subspace of the set of directions Gn 1 (u(!)). Finally, the only
condition that remains to be proved is that the directions of the
intended messages C'p and the directions of the interference
signals Ct do not overlap. This is where we use the scaling
factor . This scaling factor is chosen to be independent of
the channel minors. As Cp is received along directions that
are independent from (3, we can assert that these two sets of
directions do not overlap, ensuring linear independence; and
therefore, separability. As a result, all interfering subfiles have
been aligned in a subspace of dimension 1/7.

Due to the symmetry of the problem, this result can be
extended to the interfering signals at Rxs, Rx3 and Rxy,
proving that IA is feasible at all the receivers. Note that 6
subfiles are transmitted, and all the interfering signals collapse
into the same subspace (see Figure 2), leading to the achieved
NDT of §(2) = 7/6.

The proposed joint IA-ZF scheme implemented in this paper
achieves the lowest NDT in the literature for the above 4 x 4
scenario with caches at the transmitters of normalized global
size t = 2. It also matches the lower-bound on the NDT
presented in [14]; and hence, the optimal NDT is characterized
for all cache memory sizes for this particular setting.

A comparison of the optimal NDT performance for the 4 x4
cache-aided interference network, characterized in this paper,
with schemes proposed in other papers is presented in Fig.
3 for different transmitter global cache sizes ¢. The scheme
presented in [14] is referred to as STN, and is plotted here
for zero fronthaul link rate. The scheme proposed in [12]
is referred to as XTL in the figure. We also include NDT
lower bound of [14], which matches our scheme. The STS
scheme corresponds to memory-sharing between the points
t =1 and t = 4, and does not exploit IA and ZF techniques
simultaneously. The XTL scheme also exploits IA and ZF
jointly for ¢ = 3, at which point it meets the lower bound;
however, the figure shows that the same performance can also
be achieved memory-sharing between our proposed scheme
for t =2 and ZF for t = 4.

V. CONCLUSIONS

A novel caching and transmission scheme has been pro-
posed for a 4 x 4 centralized cache-aided wireless interference
network with caches at the transmitters. The proposed scheme
uses the ZF and IA techniques simultaneously to fully exploit
the available cache contents for interference management. It is
shown that the proposed caching and delivery scheme achieves
the optimal NDT for this setting at all values of the global
cache size t, fully characterizing the NDT for 4 x4 interference
networks. We highlight that the extension of this scheme to
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Fig. 3: NDT vs global cache size ¢ performance comparison
for different schemes in the literature.

larger networks is non-trivial, and is the focus of our ongoing
research efforts.
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