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Aim
TO review

*Lagrangian stability theory due to Arnold
(including Rouchon’s basic result)

To present
*Preliminary results on sectional curvatures by numerics



1. Introduction
Differential geometric approach
Linear stability
classical mechanics of particles
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Preliminary observation: vorticity ~ Jacobi field
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Pressure hessian ~ sectional curvature



2. Arnold’s theory a Ia Rouchon

V. Arnold,

Sur la geometrie differentielle des groupes de Lie

de dimension infinie et ses applications a 1l’hydrodynamique
des fluides parfaits.

Annales de 1’institut Fourier, 16 no. 1 (1966), 319--361.

available at http://www.numdam.org

P Rouchon,

Jacobi equation, Riemannian curvature and the motion of a perfect
incompressible fluid.

Eur. J. Mech. B/Fluids, 11(1992)317--336.
http://cas.ensmp.fr/“rouchon/publications/PR1992/GEODESIC.pdf
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P Rouchon,

Dynamique des Fluides Parfaits

Principe de Moindre Action Stabilite Lagranienne
http://cas.ensmp.fr/“rouchon/publications/PR1991/oneral.pdf
compressible fluid

Arnold-Khesin
‘‘Topological methods in hydrodynamics’’,
Springer (1998)

Arnold
¢ ‘Mathematical Methods of Classical Mechanics’’
Springer (1978)



Eq. for Jacobi field: derivation
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Jacobi egs.
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Derivation
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¢ (|| w) will not contribute
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Rouchon’s basic result

M=P— (Vu)!vu,

Amin = MIinimum eigenvalue of M

[M] = time—2, time scale of particle dispersion
1 L 1
U (€ )\?/6 M - ¢'da

%ma;n tr(M(2,0) 2 min 20u(€) = min Amin(a, )

tr(M (x,t)) = Ap — ((91’&])(81’&]) =-5:58§<0

Unless S : S = 0, we have negative sectional curvature
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tr(M(x,t)) = Ap — ((92’&])(82’&]) =-5:8<0

( 1
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3. Numerical results
NoO previous works
ABC flow

asSinz 4+ cCoSy Asinz 4 Ccosy
u= | bsint+acosz |, =] Bsinz+ AcCosz
cSiny +bcosx Csiny+ Bcoszx
V-((u-V)u)+ Ap=0,
V(€ V)u) + Lag = 0
20u(8) = [ (§- P& —|Vag|?) de
:—é((aB—bA)Q—I—(bC—cB)2+(cA—aC)2)SO

Nakamura et al. (1992): Fourier series
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Taylor-Green vortex

u —

Case.1 velocity

£ =
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C'sinxsinyCos z

a COSxSinysinz
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cSinx siny Ccos z

2Uu(&) = 0 (new)
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Case.2 vorticity

(c —b)sinz CcosyCcosz
=] (a—c¢c)coszsinycosz |,a+b+c=0
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3
2Wu(€) = — - <a2B2 + 5242 + 2(bA — aB)?

+(A+ B)?(a® +6%) + (a+b)*(4° + B%)) <0 (new)



Case.1 Numerics A=-B=1,C =0
(IVagl?), (- P- &), (Uu(&))

sectional curvature becomes negative (new)
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Case.2 Numerics A=-B=1,C =0
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Jacobi field &, Case 1 velocity
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Jacobi field &, Case 2 vorticity
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Preston (2004)

Jacobi field does not always grow exponentially in time
even though sectional curvatures are negative

Example: plane parallel Couette flow, Orr (1907)

Negative sectional curvature arises for such a peculiar case,
which is stable but has only continuous spectrum
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Case (1960)
U= (U(y),0)

u = (u(z,y,t),v(z,y,1))

() = [ v(a,y, e do

—Oo0

O
up(y) = /0 e Plyy(y, t)dt
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normal mode equation

(p+ikU)Lpvp =0

(a)discrete spectrum

(b) continuous spectrum
pyo + ikU(yg) =0
Lpyovp = 6(y — yo)
lv]| = O(t~1) Orr(1907), Case(1960)

Jabobi field = O(t) Preston (2004)



Relationship between Eulerian and Lagrangian instabilities
u=stationary solution 2D Euler eq. with no stagnation
points

1€l () < V3 + 2412

in

Sup|u|/t / /
t)dt

Preston (2004)
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exponential growth (rather than algebraic)
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5. Summary and outlook

e Review of Arnold’s theory

e Nlumerical evaluation of sectional curvature

e Remark on Couette flow

Application to dispersion of fluid particle

e Structure of Jacobi fields

e Eigenvalue problem of M
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Extention to Viscous case (Rouchon 1992)

([ Ou

- FuVu=-Vp+uviu,
<
Dx(a,t)
\ Dt - u(:c(a,t), t)
4 Dé_ .
— = V)utf, V-£=0

\%{=—(f-v)u—l-vAf—Vq, V-f=0
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Av(§) = P-&— (u-V)Vag —v(€- V)Au+vA[(§-V)u]l + Vy

2
S — —Av,y(é) —|— v\ <§>

ot2 ot
2
1
19 / 08\" 4.,
20t 0t

contribution from the last term is always negative

1//<(;§>.A<(;§>dw=—l//v<i§>2

In

dxr <0
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1992 J. Phys. A: Math. Gen. 25 L45-L50

S.C. Preston,

For Ideal Fluids, Eulerian and Lagrangian Instabilities are Equivale
Geometric and Functional Analysis, 14(2004)1044--1062.

G. Misiolek,
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T Kambe,
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World Scientific, 2004, New Jersey,
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Curvature statistics of some few-body Debye-Huckel
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JFC van Velsen, J. Phys. A: Math. Gen. 13 833-854

The average Riemann curvature of conservative systems

in classical mechanics



JFC van Velsen 1981 J. Phys. A: Math. Gen. 14 1621-1627

On the Riemann curvature of conservative systems
in classical mechanics
JFC van Velsen - Physics Letters A, 1978 67A 325-327

Hamiltonian system
"Hamiltonian description of the ideal fluid"
P. J. Morrison, Rev. Mod. Phys. (1998)
http://prola.aps.org/abstract/RMP/v70/12/p467_1



& Lemma

For M, N=3 x 3 real symmetric matrix, tr(N) = 0 There
exists a unit vector w s.t.

1
w! Mw < gtr(M), w! Nw =0

Proof N can be diagonalized
A O O
N=] 0 B O
O 0 C

1
w = (s1,80,83)1, 8=+

V3

w! ' Nw = s34+ s3B + s3C =0
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Let

M =

S8 L
QO3
0o KQ S

in this principal frame,

1
wl Mw = g(a + b+ c) + 2(ps1so> + gsos3 + rs3sq)

Y wlMw = §(a+b+c)
all w 3
If

tr(M) ..
= contradiction

‘v’w,'wTM'w >

. for some w

w! Mw < tr(:]SW) :
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& proof (**)

Let us show

min 20w(EL) < Str(M(z. 1)), vz
RE 3

Set in the lemma M = M(z,t), N = Vu + (Vu)?

3 ortho-normal frame (eq, eo,e3) € R3
tr(M(x,t))
3 )

e1-Vu(z,t) -e; =0.

€1 M(Eat) e1 <

Assume

e1-Vu(z,t) =aes (a>0)
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where

1 o

Celan, w2, 23) = ¢ ((?)2 +(3

_ ) exp(1/(s—1)),
$(s) = { )

for 0<s<«1
for s> 1



Define ag, B¢

66(3}1,3}2,%3) || €1, (6 — O)

V-€~0

V- (Vae+ (&- V)u) =0,

R (ORICRIE

Be — ae, (e = 0)

v = /Sw(s’)ds’

))
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By e1 - Vu = ae-

therefore

(€c- V)u + VBe = O(e?).



(€.- V)u + VBe = O(€2)
O(e®) = (|(&c - VIu+ VB?)
— <|VCV€ — V56|2> + <|(€e -V)u + Voz€|2>
> <|V046 — V5€|2>

(Ve — VBe[?) = O(e®)

£€M£€=£€P£€_(€€V)u(€€v)u

=¢.- P& —|VB|? + O(3)

33



€e°M°£e:£e'P'£e_|v6€|2+0(63)

2
LHS = (""’“'—2) ¥(s)2e1 - M(@, t) - e1 + O(3)
therefore

<A'U,(€e)7 €e> — €1 M(Ea t) . e1k'2€6 + 0(67)7

ae= (2 (2 + (2 + (2))

= [|€]1° + O(e")

where
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£ =& - <|Tu—|rb2>“ (€., u) = O(eD)

€17 = 1€ 117 + O(e)
therefore

1
2Uu (&) —e;- M(Z,t) - eL+O(€)

L
||€6 ||2 <t|’(]\i(f, t))
- 3




